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FOREWORD

The correspondellee.betw6ei, graphs in the xy-Iblane and felations betv:reen

x and y was one of the profound discoveries of thematics. In particular,.

.ifno Itertical line can meet 'a graPh in more thanon point, then the graph

that of a function f*: x that is, for eiChfir. cnrdinate x of'a

3point on the graph' there is a UniqUe. number 3itit such hat (x,y) lies onthe

graph. A.centrel-purpose of. this.text is. to Au the relatiOnship between'

graphs of functions anethe expressions which define iglese functions. We- shall

concentrate our atte 'ntion on funClions defined by polyndtiq,strigonoTetric,

exponential and logarithmic expressions, or. by combinations of such expressirs

These functions are. usually referred to as elementary,functiips. . -

We ;shot:1d expedi t. erties'of the graph of-s>function are related

to the expreRsion-lhiehdefines the functiolks. For exampleloy analyzing the

functional 'expression we .should beAble to determine the location high and''

lr pointS on'the graph, and in addition answer questions abou-hthe sbape.of

the graph (sueh intervals of rise or fall and how the graph benda).. F. her-

more, if the function is related to some physical problem involving:moti it

: 9 seeMs reesonablela-hat analysis of its expression shOuld enable us4 to deter-

aspectS of the' motion as velocity and acceleration. Iikewtse:we

r might ecitbbe able ts determine from' the functional express ion such prd7
:/ '

ertie as ,the alt,gyae.value of the function and the area of a region bon9ded

by the.functiOn.c
, .

°.Ouraim i-A to develop some of the conceptb and techni.ques

enable us to obtain4kPortant information about .graphs of

:

N

The primary concept. 4hich We d'ezelpih Volumed s tha

at a point on .the graph of afuncti8h. his tangent .1
. -

straight 1pie which best fits'the gr h near that point: .Id

formulas Will be developed for findin the slope of the tangent line toithe.

graphs of various elementary function. For 'a given fanction,-. .f, such a

formula defines a new function called 'the derivative of f: This derivative
\

function is Often easy to obtain and its values give a measure Of the rate of

which will

elementary

f the

is d

ent line

as the

4,Z ---
change of they graph. In p rtd.cular, such aspects of7ffiotion as velocity and .

.,
acceleratioh are described by)' the de i iive, .Furthermore, high and ,ow points

-vs

of ttle.graph of ,f' can be given by z k of .the derivative awhile rise or

fall can be determined by the sign of the derive oe.")

4 .
.4-

r
. ' (
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Our fiat tasit is to analyze the simplest kind's of elemeAary functions,

namely polyilomials,,the sine and cosine functions,- and simple power, expszen-

tial and logarithiniefunctions. These are disTassed in Volume One, whilethe

more difficult tgihniques associated with various algebraic combinations

(siltns, Troducts, quotients, composition) of't14se basic functions" are left .

to Chapter 8 (in Volume'Two). In addition, the concept of antiderivative is

introduced' in Volume Two', thq anti riyative of f being a function whose

derivative .f. We shall show ho antiderivatives can be used to calculate

areas and to -solve such problems as determining veloCity given acceleration.

Furthermore, this relationship between antiderivatives and areaRrovides us

witlya powerful .geometric tool for analyzing and approximating functions.

bhapters l and 2- discuss polynomial functions, with Chapter 1 concentrat-

ing.
on definitionl.and simple algebraic and .geometric propertles. The concept

of tangent line at a point on the graph of= polynomial function is introduced

q>
in Chhter 2 and formulas for the derivative of a-polynomial function, are

Applications of the.derivative to graphing (such as finding high

and low,.points and intervals of rise or. fall); its interpretation as velocity

or aCcele'ration, and its use in approximationarealpo discussed in Chapter 2..

This same pattern is followed in the remaining gour chapters of this volume.

Deffhittons and simple properties 61.. the sine and cOsine functions and the

'power exponential and.logarihm functions appear in Chapters 3 and 5; reSpee-

A
tively, While .Chapters 4 and 6 disc s derivative formula for these respeC-

,
tive classes, as well as applications to graphing and approximations.
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Chapter 1

POLYNOMIAL FUNCTIONS

This is the first of two chapters on polynomial functions. Here we con-
.

centrate on the definition and.simple algebraic and geometric properties of

polynomial functions, leaving4to the next chapter a discussion of tangents to.

polynomial graphs.
a

DN. concern is with.the relationship between the graph of apolynomial

function and the expression whitch defines the function. This relationship is

easy to descralrfor'constant and linear functions for these correspond to

nonvertical lines1(Section 1-2). For quadratic functions the graph is a

parabola whose location and general slope can be easily determined by using

the quadratic fgrmula. In fact any quadratic graph is just a translation or

scale change of the graph of the squaring function (Section 1-3).

After discussing these familiar cases'we turn to polynomial functions

of degree three or larger.,Here the situation becomes more complicated.

Synthdtic division serves initially as a tool for plotting points (Section

1Z4). Later interpretations are more profound. The general relation between

zeros and factors of the polynomialis discussed in Section 1-5. In Sections

1-6 ana 1-7 we discuss methods for locating and approximating zeros of poly-
,

nomial functions. The final section of this chapter indicates some of the

kinds of information about the graph of a polynomial function which can be

quickly obtained from its expression, inc uding the important result that the

, degree is a bound for the number of time its graph crosses the x-axis.

Further algebraic results are discussegin Appendix 2.

4



1-1. Introduction and Notation

In this chapter we

expressions of the form

shall-be concerned with fundt s)that are defined by

a
0
+a1 x+a2 x

2 + ...$+a
n
x
n

where n is a nopl.negative.integer and'.the coefficients 'a
i
(i = 0; 1, 2, 3,

n) are real numbers. Such expressions are called polynothials,-a6pthe

functions they-define are,called polynomial functions.

Wp comMonly denote functions by a single letter f, using the symbol'

f(x) to denbte the value of f at the point x. Thus a polynomial function

f is a function whose rule is given by

f(x) = a0 +0,1 x+a
2
x2+ ... + a nxn.

This notation is particularly useful when we wish to calculate various values

of f, For example,

.(1)

The values f(0), f(-1

suppose f is given by

f(x) = 2 + x

and-,f(t)

2

are then given by

f(0) = 2 + 0 1 0 = 2

t(-1) = 2 + (-1) - ( -1)2 = 0

12) 7 2 + - ( = 2 34: .

/e can substitute other letters or expressions for x; for example

f(t) = + t t
2

t(2 - y) = 2 + (2 7 y)
y)2

3Y Y2,

f(a b) = 2 + (a + b) -. (a + b)2'

= + a + b - a - 2ab - b2.

We may also denote the function defined in,(1) by

(2) f x -) 2 + x - x
2

,

thus stressing that f is an operation or association: We frequently intro-
.

duce another variable to stand for f(x). (This is especialp convenient for

graphing.) For example we may rewrite (2) as f x -)y, where

2

11



(3)
2

y = 1 x2

Figure 1-la

"The graph of a function f is the set of pairs (x,f(x)) as we picture:

them on a plane, say. the xy7plane. (In Figure,l-la we sketch the graphs of

three polynomial functicins:). Much of our effdit in this and the next chapter

will be directed toward quickly obtaining such pietures. The graph (a modet).

can help us to examine the behavior of a function (which may' itself be an

idealized mathpmatical model Of'some physical situation). Polynomial func-

tions often arise in applications. We. give 14ere two examples.

Example 1-1a. If we,say."the volume of a sphere is a function of its

radius" we mean that if f is the vblume function and r is the'measure of

the radius then f : r o V, where V is the measure of the volume. In

particular we know that

(4)
. 3

.V =
4

3

g _ ,

.

.

The.expretsion
)+

yr
3

is, of course, defined for '.any real number',
3 .

.

volume function r )V:.is., hOwever, defined only When r > 6:
.

If the radius is doubled we, can write

(2r) = 3 n(203 =
3-2

--.yr 8(1:4- yr3),
3 3

The

s.

which tells us that.doubl-ing the radius multiplies the.volume by'eight.

9
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Example 1 -lb. A ball isTthrown straiqt%up with an initial velocity of

.

feet.per second so that its, height s feet above the ground after' t

seconds is given by the i"unction

(5) 7
't = 64t-- 16t- .

' (We shall later derive functions such as this as a consequence of various

physical assumptions about velocity acceleration and:gravity. ). This funCtion

can onlYi,serve as aniidealized mode of the physlca4 situation over a particUlar'..

interval of values for t. Since s = 0 when t =40 or t 4, ..-the function:

.skrvei,as a.mathematical model over the interval 0 < t 4;..the4ball Is in
6

the air fOr 4. .se'conpis, To find-how -many seconds it takes for the ball to

reach its maximum height we can (by cOMpleting the square) write the function

in the form

-16(t - 2)2 + 64.

The quant4y. -16(t - 2)24 is negati:ve unless t = 2. .Thus S' cannot exceed

64 and equals 64 only wheb t = 2. Therefore, we.conClude that the ball

reaches amaximum height of 64 feet after 2 seconds.

height of
ball after
t seconds

64 ft
it

s feet

ground

Figure 1-lb

While we picture (Figure.1-1b) the motion function (5) as a parabola (ii

we think of the physical motion of the ball itself as vertical (i).

4
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Exbrcises 1-1
.

1. In Example 1-la we expressed the volume of a sphere as ,"a function of its 2

radiUs." Express the volwe of a sphere as "a function of its diameter."

2. Suppose that Oellet is prOjected straight up and after a While cpmes

straightaown via the same vertical.path to the place on the ground from

which it was launched.,. After seconds the distance' s feet of the

pellet above the ground is described by'the equation

16t2,

which defines the functiOn

-.
f : t 16dt - 16t2.

(a) What is the value of s when t = 4?

(b) Evaluate f(6).

I

(c) How high slave the ground is the pellet after 4
1

seconds?

.(d) What is the height of.the pellet 'after 6 seconds?

(e), CoMpre your answers for parts (c) and (a). Explain on physical

grounds.

(f) How many secondSTI:s the pellet in the air? .

(g). How. long does it,ake the pellet to.reach its highest point?

(h) How high does the pellet go?

3. Tbm is standing on the top of a railroad car which is moving at'a speed

of 32 ft /sec. as it passes a station. As he passes.Dick on the station

platform Tom throws a ball straight upward with an initial speed of

.64 ft/sec. After t seconds the ball is a horizontal distance of x'

feet.and a vertical distailce of y feet from a point.opposite hick.

The distances, x ft. and y ft. are given by the equations

x = 32t

and

y = 64t - 16t.

(a) Does Tom have to move to catch the ball?

(b) What is the path of the ball as Dick sees it from the platform ?.

(c) Write y in terms of x. 4

5
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(a) Name .the cunre that is the graph of your equation in part (c).

.4

\,(e) Ellttch
'the

graph of y = 2x - 7...

(f) j For ghat vajues.ofx does y = 0?

('g) What is t when x = 128?

(h) After haw many seconds does Tom catch the ball?

(i). How far down the platform from. Dick does tom catch the ball?

15
6
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1-2. Constant and Linear Functions
4

4

The simplest ynomial functions are constant function. If c is°any

real number, then thd functibh f which associates with every real number x

the yalue. c,

f : x

. .

is called a constant function. The graph of such a function is a line parallel

to and
,,, Ici units from the x-axis. Sortie examples of constant functib s re

=AO

graphed in Figure 1-2a. ; - *_/ ).
y

2

1
Y =

AiConstant notions ar-Nuite simple, yet they occur frequently in mathe-

maics and science.. A physical example of such a function is

/

Figure 1-2a

y- 2

f 32.

Here the. constant is the acceleratiOn due to gravity; that is, the constant

amount by which the velocity of tallxincreasq,s each second. When distaxce is,

measured in feet and time in seconds, this constant is very nearly 32. In

other words, the velocity,of a failing body increas0 32 feet per second

every second.

c'
A simple principle will later be useful why we encounter constant func-

tions:

(1)
if f is a constant function and the value f(a) is known,

.

then f(x) = f(a) for a11 x.

For example, if we know that f,is a constant function and that

VO) = 10, then we know that f(3) is also 10r. Clearly:, (1),is just a

restatement of the fact that if f constant function' then all values

of f are the same.

1 6



1 ,

'''

A linear fun g ,ion. f is a function defined b an 5cid.tosston of the form .
- ...

. --------
mix + bI that is, -f, is 'near if .there,arevi uI.ers m anti. ,b sich that foe.

\ ..
.

all x

r

7, .. ..4 LL

,... .

\- (
., 2

(2) v f(X) -mx + 1)\

. 1+
1 ;,p . 0

- df.: m = e`then f is ECdon'starit function:' Therefore, we shall*suppose -t&,:t -.
. ..

. m / '&. The graph of (2) is a line wiakch crossyS the y/ axis at they poi * (0,b).

7%ince
;

_ . _, , .1
,-,-,

., 41 :

(
.)

---. 10) = b; :-
.

°

1

460

-t
.'

b is called the i- intercept of f, The number m is called ie. slopl.
41

of fT
.._%

and .gies a measure. of . tie steepness of the graph. Four libear: fu4ctions are'
,

sketched in Figure 1-2b. `

(3)

/

//
/
/

.x )y = x x 74 y = 2x +

x

_

Y (

1
x -'Y = 2x - 1 y = -x 4+ 2

'45' X

.1"

'Y

Figure 1-2b

If f is linear and xi / x2, then the slope m is given by .

f(x ) f(x 1).

x2 - xi

that is, m is the tangent (trigonometric ratio) of the angle of inclination

of f. (See Figure 1-2c).

17.
8
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N
Figui'e 1-2c

,...

ri.
, :

-.;..Vie ratio (3) is, of course, a simple donsequence of (2) 'since

f(x) -:f(X1) (mx2 + b) '1- (mii tp)
_

x2 -xi
.' X2 xl

'. ,Ikwill often be 'convenie& to use a, slightly different'form_of the-

/xpression (2) . This is cghtsokined in the follow). g;.

The equation 9f the line through (h,k

(4)
y = k + - h).

ith slope m is

`Example -2a. Find the 'equation of the-line through (1,2) and
,

(
1 2

,

N. .

(
,..

rs

The slope of ttlis 1 ne is

m =.

( -
2 ;

8
;

9

'so., using tEr7pTilint T1,2), the form (14 gives thestequtlon

0 Using the point

y = 2 +
8

- 1).
9.

gives the equation

2 '8, IA
y = + {x +

3.. 9. 2

SlOple algebra shows that thepe two equations are just different forms of the

Oquation

18
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d .

. . '

9 .

The graph of tlis*litA* Shown Fiitle 1-2E. I ./0,,7

t.,

(1y2)

FigUre 1-2d,

gA number of very conceptssh e. simple
, .

seful formulations for

constant and linear func-taorls: Of these We shall go discuss slope Ts velocity;

mrti
. )

invers0.11ear furictions, translation enctkscale chafige, d proport.ionality.
"....

Slbpe as Velocity

The slope of a linear funt4on has various phys.501 interptItations. For

example, suppose a. man walks forth along a long straightread at the uniform
g b

rateof 2 miles per'hour. At Some particular-tima.,4fsay time-:t 7this

. .

man passed the milepost located one,mile north of Baseline Road. An hour
A

before this, which w shall call time t = -1, he passed the milepost located

one M)le south of,,,Ba, line Road. An lour after We t = 0,- at tithe t =

he paSsed.the milepost located three miles north of Baseline. Road. (See

Figurkle:),

position at t = 0

position'
at t 1-.

.BASELINE ROAD

-positionoTt t

Figure 1-2e

10,1 (3

r1.17



).

7", 7 A 11-

1.1r s ;.t., he n travels 2t, Willes. Since e rs.;.t.snilepost.' 1 at
.

4

%-et : 0,...he.must b at milfpost .2i + 1 at time t, Usin' f(t);sto 1-

repre.pent the directtO d stance Lin mtles) from Basire-4he.Roild at timeP..t"
-7

&.
hou&I;we yRe that .' .

% ..... 1 ?..

.. .' ,

f' :: :-toP(t) .-!+,2t + 1
k,IV% '.

,

. he graph., of f shown
..

descrifts-ale man's motion.
.

itlie'mants po ition4versus time.
C,.. pe

distqace. .

(in rikiTts) 0.

f 412t +

in Figure

velocity
(in mi/hr).

1-2f thus plbs

time (in hours

Figure 1-2f

time (in hours

Figure 1-2e,

.
In Figure 1-2g we man's 4elocity versus time* FOr/all values

of' t durihg the time .h .is walking his velocity is' 2 mileS per hour.
t

Hence if g(t) is his spead at time t then

g t -)2,,.

that Ls, 4- -.A.s a constant function...Ih this case, the slope of

-function ...,dgan be interpreted as velocity. We shall enebunter

tionship again.

lot the

' 4:

Inverse Linee'rFunctions

We recall that the rule for converting from Centigrade to Fahrenheit is~

given'by.the formula

the position

this rela+

(5) = c + 32 .

5

4"'
and the rule for convertihgfrOm Fahrenheit to Centigrade is given by the

formula.



z
*. (6) 010t. 2'( - 32) e

9
4. . .

, 6

In that each Of these -formufa'a is useful, it is important to be able to get,

say (2) from.(1). Ih (5) toget.from C to F we first multi by 2 and
,--..r

5

then add ,32. Starting with F we must, therefore, first subtract 32 .and

4 9
-, then divide by That i,s, to gat C -loesfir:st find -F,- 32 then

F - 32
°

.

%

.

.

,,c-,,,, .

. or 2.(F - 32); whence C = 2-(F -- 32).
...

9* 9
-,........---/

c

9
Example 1 -2b:. Consider the functions f,: x x + 32 and

32)g : x
51 - 32) and.their graphs, sketched on ore set of axes in Figure

1-21:I.., We observe immediately that the slope\of

ig,
N-e
is the reciprocal of the lope of f.

is 9 and
5

the slope of

Let- US. make some

Figure 1-2h
......0.

further observations to see how the functions

and their graphs are related. Co er the equation y = f(x) = '; x

(P-6-%

f and g

+ 32.

x by .

n 9up x
5

To find the valugYof y for a

9 and then add 32; i.e.,

given v lue of x we first multiply

on the graphikFigure 1-21) we first "go

r

12 A

ti



t
,tothe dotted line and then "go up"

.

32 more. Finally we "go across"

to get. sr'= g-x +.32: To gO.from.41

Sr back to x we just reverse'the

arrows of Figure 1-2i. We.firSt'':

9
subtract 32 to get\ -5 x and then

divide by
5

to get x; i.e.,

x =
9

5

Let' x and Sr. exchange Toles and

compare this form of the equation

.for f "with the function g.

ba

°./
/ 0
/v = x
/ 5

32 /

,/

/
/.

/
/
I.

/

4

/

/
/

//

/

x

Figure 1-2i

The two funCtions f and 'g are obviously closely related. In general,

if m # 0; we say that theAlinear function

1
.x x -m m

is the inverse of the linear function

f x -*mx + b.

The slopes of g and f are reciprocals of e ch other; that is, the

product of the slope is 1.,
6

The graph of fly can be easily obtained from the graph of f. Suppose

that (c,d) Mel:On the graph of f, so that

Sol ng for c, we have

d = f(c) =,mc + b.

4.
c = d - - = g(d).

Thus (d;c) lies on the graph of g. The converse of this_statement can be

similarly established. We summarize in (7).

If g is the inverse of f, then (c,d) lies

on the graph of f if and only if (d,c) lies

on the graph of g.

t

rt
13



Thus thegraphs of f and its inverse g are symmetric.with.respeCt to

ihe line given by yd= x. This has a simple geometrip interpretation, for it

says that the graph of the inverse g can-be obtained from the graph of f

merely lqar interchanging the coordinates of each point., This suggests the

following (messy) way to obtain the graph of the inverse g from that of f.

Merely trace the graph of y = f(x) in slow drying ink and then fold carefully

along the line given by y = x. The Wet ink will then trace the graph of the

inverse of f, ((Consider this mechanical procedure for the graphs of y = f(x)

and y = g(x) in Figure

Translation and Scale Change

The graph of

y = mx t b

can be obtained from the graph of y 7 x by translation and scale change.

For example, the graphof

y, = x + 2

can be obtained by shifting the line given by ,y = x two units to the left

or two units upward.

11 23



. The graph of y n be obtained from the graph of 'y = x by a
1.

simple scale change. If we use a horizontal unit which is three times the

k
vertical unit, the line whose .equation is y = x in Figure 1-2j is giver-1'1)y

y = 3x in Figure 1 -2k. V

Figure 1-2j Figure 1-2k

Proportionality

The concept of proportionality is very useful in physics as well as other

parts of science. We shall use the idea frequently in this text. To say that

y is proportional to x means that there is, a number1 m such that

y = mx

for all numbers x. 'The number m is called the constantAf proportionality.
//-

Note that if y is proportional to x, then y doubles when x is

doubled. The same relationship holds for tripling, halving, etc. In scieRce

the experimental observation that y doubles, triples, halves, etc:, when x

does to same usually leads to the hypOthesis that y is proportional to x.

8
Further observation is then used to test such an hypothesis and if no contra-

dictory evidence is found this, proportionality is usually stated as a law and

thereafter systematically used. For example, if air resistance is neglected'

it is usually safe to use the assumption that the velocity of a freely falling

body is proportional to the time it falls.

We shall also make use of proportionality as a memory device for recon-

structing formulas of interest. For example, in Chapter 4 we shall observe

that the area of a sector of a circle doubles, triples, halves, etc., as the

arc doubles, triples, halves, etc,; then assert that the area A of a sector

is proportional to its arc x; i.e.,



A = mx.

The following principle (8) enables)us (in Example 1-2c) to determine m, the

constant of proportionality.

If y is proportional 'to x and if y = a when

(8)
x = b / 0 then That is, the constant of

proportionality can be determined once the value of

y is known for one nonzero value of x.

Example 1-2c. Assuming that the area A of a circular sector is propor-
-

tional to the arc length' x; find a formula for A in terms of x.

We know that A = mx and we want

to find m. If x = 2yr then' we know..

that A = yr
2

.. Thus we must have

so that

yr
2

= (2yr)m,

2
vr

m =
2yr 2

whence we conclude thpt

r2x

4.1

At

Figure 1 -22. A circular sector', :

Example 1-2d. Assume that the velocity of a free -falling body-is directly

proportional to the time it falls. Suppose tivt a ball is dropped from the:top

of -a building and attains a velocity of 64 ft/sec %fta.. 2 .seconds. How

fast will it be falling,after 5 seconds (assuming thatAt hasn't hit the
.

ground by then).?

Since the velocity v ft/sec is directly proportional to the time t

sec, we have v = mt, where m is'the constant of propO'rtionality. If

v = 64 when t = 2, we get m = 32. We obtain the linear function

t -)y = 32t. When t = 5; v = 160; therefore, after 5 seconds the

velocity is 160 ft /sec.
\

25
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I. Refer to Figure 1-2f.

Exercises 1-2

(a) What is the slope of the linear function t -)2t +:1?

.

..

(b) What are the units of "Vise over run
11 in .the graph of -t -)'2t .+.3.?

(c) Compare tlkg number and units of parts (a) and (b) idtn..the4ogstant

'function and vertical units of Figure 1-2g.

2. (a) Orfseparate sets of axes sketch graphs of functions

g -)32t and g' t -4)32. IndiPate- vertical.and horizontal

'units 'appropriate to Example 1-2d.' A,

(b) What is the slope function of the linear function E t -)32t?

'

-(c) What are the units of the slope of your graph pf g : t -> 32t?

-(d) Compare the vertical units for your graph of g' :'t -4.32 with

your answer to partjc).
. N

(e) What word from physics is commbtrssopiated with the ratio of

units You found in response to part (c)?

3. Assume (as in Example 1,2d) that the velocity of a free falling' body Is

directly proportional to the time it falls. Suppose that a penny is

dropped from the top of. a tower and attains a velocity of 48 feet per

second after 1-
1

seconds. Determine the impact velocity-if the penny
2

hits the ground after -24 seconds.

4.. For the function f x -)2x + 1, find
-M

(a) f(0)

(p) f(1)

(c) f(-1)

(d) for h / 0,

(e) for *x / a,

f(x + - f(x)
h

f(x) - f(a)
- a

5. Find the slope of, the,function f if. for all real numbers x,

(a) f('x) = 3x 7

(b) f(x) = 6 7 2x

(c) 2f(x) =3 - x

(d) 3f(x) = 4x - 2
-,A

17
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6. Find'a linear function ,whose slope is -2 and such that

(a) f(1) = 4

(b) .r(o)

(c) f(3) = 1

('d) f(8) 7 -3

7. Find the slope of the linear function f

(a) :1(0) = 4

(b). 4:(2) = 3

(c) f(5) -= 5

(d) f(6) -,-13.

if f(1) = -3 and

.

Find a function whose graph is the,line joining the points

(a) P(1,1), Q(2,4)

(b) P(-7,4), Q(-5,0)

(c) p(1,3)-, Q(1,8)

.*(d) P(1,4), Q(-2,4)

9. Tind the iiteay function whose. graph passes through the point with

coordinates. (-2,1) and i,s pai.allel_to the graph of the function

f x -43x - 5.

10.. Given f x 4,_ find a function whose graph is parallel to the

.graph'of f 'and-passes through the point?

(a) P(0,5) ()

(b) P(-2,3)'

(c) P(1,5)

(d) .P(73,-4)

11: If f is a constant function find

(a) f(1) = 5

o

=

(t). .f(0) = 4.

2-

f(3)' if

1827



.12. Do the points P(1,3), Q(3,-1), and S(7,-9 ). all. lie on a single line?

Prove,your assertion. .

13 The graph of a-linear function f passes through the points P(100,25)

and .c(101,39). Find **.

(a) f(100.1)

.(b) f(100.3)

(c) f(101.7)

(d) f(99.7)

14., The graph of a lineal- function f passes through the points P(53,25)

and Q(54,-19). Find'

(a) f(53.3).

(b) f,(53.8)

(c) f(54.4)

(d) f(52.6)

_15. Find a" linear function with graph pardtlel to the line with equation

x - 3y + 4 = 0. and passing through the point of intersection of the

lilies with equations 2x + 7y + 1 = 0 and .x - 2y + 8 =,o.

16. Given the points A(1,2) , C(7,0),. and D(3,71), show that

-ABCD i§ a parallelogram. J.

17. Find the coordinates of the vertex C of.the parallelogram ABCD if AC

is a diagonal and the.other vertices are the points:

(a) A(1,-1), P(3,4), D(2,3)

(b) A(0,5), B(1,-7), D(1!,1)

18. If ,t is a real number, show_ that the point P(t + 1, 2t + 1 ) is on

the graph of f : x 7r2x - 1.

(a), IT you graph the set of all ordered pairs of the form. (t - 1, 3t + 1)

for any real number t you will obtain 'the graph of a linear func-

tion f. Find f(0) and f(8).

(t) If you graph the set of all ordered pairs of the form

(t - 1, t2 + 1) 'for real t, you will obtain the graph of a

furiction f. Find. f(0) and f(8).

r
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20. 'At what temperature do Centigrade degreeS equal Fahrenheit degrees?

21: If the slope.ofa. linear functiOn, f is negative show that if

x1 < x
2

.then f(x1 ) > f(k
2
).

22. Consider the linear functions f : x 7*Mx.+ b and g : x -*pc + p such

that m / 0, / 0 and p = g(q) if q = f(p) for all. real numbers

p and q. What is the` elationship between m and., 0

23. If f : x *teoc + b, m # 0 find g, the inverse of f.

,24% What is the equation of tfie line. perpendicular to the line given by

'y = mx + Yr, m / 0, at the y-axis,

,25. If f(2x - I) = loc2 - ax + 3, find 'f(2x)

6
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1 -3 Quadratic Functions.

As we discuss the.behavior of polynomial functions

f-: x -)a + alx + a2x2 + ....+ a x
n

0 n

we-shall use some conventional terminology. If a
n

0 we say that the degree.

of f is n. For example

has degree 0, while

f : x -4112

f : x 2 - 3x + x2 - x5

'has degree 5. -This convention assigns no degree to the zero function

(1) f : x 0.

The zero function shduld not be confused with the zero of a function.
.

We say/tha'a number r is a zero of the function. floc a root of the

eqUation f(x) = 0 if f(r) = 'For example, 3 is a zero of the function

x
2'

- x

or a root of the equation.

2x
2

- x 15 = 0,

since f(3).= 0

If r is a .zero Of f then (r,O) lies on the graph of f; that is,

the graph of4 f crosses the x-axis at the point where x = r.,

Polynomial functions of degree 2 are known as quadratic function's. Let

us review some Of-the properties of quadratics., The zeros of

are given by

(2)

f :x-)c+bx+ax2
, a /0,

-b .42 - Itac - 42 -
_ . and r2

2a 2a

If b
2

- itac < 0 these roots are complex numbers. Real roots occur if

b
2

- itac > 0.

21



b 4ac = 0 then r
1

r2= r- and we cahfactor-to obtain.

f : x -4.:11(x - r1)2,

b ,

where. If b
2

-1-[gc >. 0, then rr1 = ,r2 = -
2a 1

to obtain

and we can factor

(4) .f x -,a(x - ri) (x - d.

.In the following three examples we illustrate the graph of f for ,ah

of these cases. In the final example we review a method for graphing quadratics

by translation and change of scale.

(ph
-

Example 1-3a. Gp f :-X -)1.+ x + x
2

.

In. this case a = b = c = 1, so

b
2

- 4ac < 0

and. f o real zeros. We should expectgthat the graph of 'f dosn't

crOssthe'x-axis. In,facti the graph of f lies entirely above the x-axis.

We can show this by "completing the square" to obtain

1

3
(1x.+ x2 --+ 7+x+x

II_3 x)2

Since
1

+
x)2 1

> 0 unless x = - 2 , we see that

while

3f(x) > - if. x -
4 ' 2

3

f(-

1

7'7

3
Thus the graph of f lies above the line given by Y = Tr touching

c

this line at the point. (- 2 , ji-)-
Furthermore, as x increases beyond the

.

value x
1

'

the quantity (22-' + x)
2 becomes very large as x becomes

2
1.

large. Also as x decreases (to the left of x = - v the quantity (2- + x)2
40

2

increases, becoming very large as we assign numerically large negative values
t 1

to X. Thus, without plotting points other than (- ---, 0 we can conclude

that the graph of f appears as shown in Figure 1-3a. Of course, a more

22



accurate picture can be obtained

becomes Barge
4\

as x moves
farto the left

minimum(-
1

by plotting some points (x,f(x)).

y

Orbecomes
as x moves
far to the. right

1

Figure 1-3a. + X + X2

Example 1-3b. Graph f : x -44 - 4x + x .
f

' In this case c = 4, b = -4, a = 1 so that

4142
b - 4ac = (-4)2 - 4, (1)(4) = 0

and f has the single zero x = 2. Therefore, we can write

f : x Lx I 2)2. i
The quanti-i.y (x - 2)2 > 0 if x / 2' so that we have f(x) > 0 if x / 2

and f(2) = O. Therefore, the graph lies above the x- axis,' touching this axis

at the point (2,0). As x increases to the right of x = 2 or as x

decreases to the left of x = 2, the quahtity (x - 2)
2

increases, becoming

very large as x moves far away from x = 2. As in the previous example,

this.gives us enough information to quickly sketch the graph of f, shown

in Figure 1-3b.

3, .0



becomes large
as x. moves
to thb left becomes large .

as x moves
-to the right

'ti

2,0) minimum

Figure 1-3b. x 7 4X.+ X2.

Example 1-3c. Graph f : x -41 - x - 2x2.

Since c = 1, b = -1, a = -2, we have

The zeros of f are

. - 4ac = (.-1)2 4(-2)(1) = 9,

(-1) +
-4

ye /can write f in the form

-1 and
-(-1) - 1

-4 2'

f : x -4-2(x + 1)(x -
2.

x

The graph of f crosses the x-axis at the. two points (-1,0) and

1

If x < -1, each of the quantities x + 1 and x.- 7 is negative. Upon

o multiplying by -2..we 'see that
4ft

f(x) < 0 if x < -1.

Similarly, we cottd argue that

and

f(x) >0 'if -1 <x <

f(x) <0 if x -22L .
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Further arguments show, that as x decreases to the left of -1 or increases

to the right of
1,

the values f(x) decrease, getting far below the x- axis'

as x moves far to.the right, or left.

In the interval -1 < x <
1

, the graph of f lies above the x-axis.
2

We can "complete the square". to obtain

1 - - 2x
2

= -2(x
2

+
.1

x -

= -2(x2 + 1 x +

2

1)2 9
-2(X-1- +

This expression' has its greatest value when x.= - so.that

the highest point on the graph of f. .(See Figure 1-3c.)

maximum

(1.-, 0)

(-142

is

far below x-axis
as x moves left
or igght

Figure 1-3c. f': x - x - 2x
2

.

0

.Example 113d. Obtain the graph Of y = 1 - x.- px
2

froth the graph of

y = x
2 by translation and scale change.

In Example 1-3c, we showed that.

1 - x - 2x
2 = -2(x + 1)2 +

4 73-

The graph of

(5) y = -2(x

0

can be obtained from'the graph of y = x
2

by a sequence of

changes of scale. In Figure 1.,3d we shoWthat the graph of

+1,2

25

translations and
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that of y = x 'shifted to the left t

unit.:Replacing y by "stretches"

the y-axis by a.factor of 2, yielding

the graph of

y = 10

from that of y = ()ce+ (See

Figure 1-3e.) "folding" the gfdph.of

y = 2(x +)2 over the x-axis we get
- -

the graph of
.

y = -2(x,+ t)2,

shoWn in Figure 1 -3f.

Figure 1-3d: Horizontal translation

to obtain the graph of
1

y = (x + )2 .

.44\
\ X

\ VA..?

%

/.

/ .

Figure 1 -3e. ".Stretching" to

=1.2(x.+1)2.

obtain the graph of

y

Figure 1-3f. 'Reflecting ("folding")

in x-axis gives.to

obtain 'the graph of

y = -2(x + t)2

u ,Replacitg y by y - we shift the, graph of y = -2(x + )2 CUpward n9 .

, 1 2 9

units to: obtain the graph of ,

shown' in Figure.173c.

y -g= -2(X 41.)

26



1

In general, the graph of any quadratic function can be obtained from

the raph of y =-x
2 by such a gequence of translations and scale change.

..

"!.
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- 1. Consider the function

J4(14ame he type of functi f is, if

(a) a = 0, b = 0, c #0

(b) a = 0, b / 0, c = 0

(c) a = 0, b / 0, c / 0

(d) a #0, b = 0, c = 0

(e) / 0, b / 0, c = 0

(f) a / 0, b-/ 0, c / 0

Exercises 1-3

ax2 + bx + c.

2. Aristotle claimed that the speed of a free falling object depends on the

weight of the object as well as the length of time it falls. 'Galileo

discovered that the speed of a free falling object depends only on how

long it falls, and,,in particular, that speed y -ft/sec is directly pro-

portional to ti t.. se onds.

(a.) .A ball is .ropped from the top of a building and attains a speed of

64 ft/eeC after 2 seconds. how fast will it be fdiling after

5 seconds?

(b) A life raft is dropped from a helicopter and hits "the water after

10 seconds.. If the aft is falling at a speed of. 64 ft/sec after'

2 seconds, determine ow fast it is going as it hits the water.

3. Galileo discovered that t.- distance traveled by a falling body of any

weight depends only on ,th length of time in which it has been falling.

Specifically it was discove that the number of feet fallen is directly
. ,

proportional ,to the square of the number of seconds elapsed.

(a) Suppose we timed the fall of a ball from the top of a building 400 "

...'-feet high and discovered that the ballbit the ground after 5

seconds. Find,how long it would take for the bal hit the ground

if it were dropped from a building 144 feet high

----

(b) Suppose that a ball is dropped from a television tow- and hits the

- ground after 10 seconds. Previously we discovered hat the ball

hit the ground after 5 seconds when it was droppe from a building.

400 feet high. How high is, the television tower?



4. For ach of theLfollowing pairs of functions, (u,v). is on-the graph'of

f' a d (u,w) 'is on the graph of g. Determine which is correct:

v >fw, v

(a) f x -)ax

g : x -2x2

(b) f x
2
x2

g : x aac2

(c) f x - 2§." x2

g x -2x
2

5. On the same set. -,of axes sketch the graphs.of the functions x 5x
2

,

1 2
x
2

and,
10 x

. Describe the location of the points (p,q) and (-p,q) on the graph of

y. = ax
2

, relative to each other and the coordinate axes.

7. A ball is dropped from a 47th story window of the Time-Life Building in

New York'City. Its distance s feet above the Avenue of the Americas

after t seconds is described by the equation

s = 576 - 16t2,

which serves to define the function

f ,t 16t2.

(a) Determine how many feet above the pavement the ball is after falling

the first 2 seconds.

(b) How'high above the ground is the ball after zero seconds of falling?

(c) How high 'above the Avenue of the Americas is the 47th story window

of the Time-Life Building from which we dropped the ball?

. (d) If 576 116t2, evaluate f(4).

(e) Four seconds after it is 'dropped from the 47th story window, how

far is the ball from the pavement?

(f) Find the value of t for yhich 16t2 = 576 and t > 0.

(g) Determine how long it w ld-take.for a ball drOpped from a 47th

gtory window of the Ti e-Life Building to hit the,pavement below.

4.
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8. A ball is. dropped from the top of the Fidelity Union Tower in Dallas,

Texas. After t seconds the height s ft. of the ball above the

.ground is given by
,

s = 400 - 16t2.

(a) Whit is the height of,Fidelity Union Tower?

(b) How long does. it take for the ball to reach the ground:

.9. The Woolworth Buildingin New York City is about 784 feet high. A ball

is dropped from the top of:the:Woolworth Building so thitt ,itsdistance s

feet above the ground after t seconds is described by the equation

s = at
2

+ c.
..gg/

(a)I Relating your experience with other problems7of this type to this
.

problem, try to determine appropriate yalues for .a and c.

(b) .How long does it take for the ball to reach the ground?

10. The vertex of the parabola given by y = ax
2

+ c is the point

If a > 0 the graph of the function x -)ax
2

+ c opens
2(upward,downwrd)

and the vertex of the parabola whose equation '=-ax +-b is the

point.

(highest,lowest)
.

The graph of the equation y = a2 + c, where a is a non - negative real

number and c > 0 is always a which is symmetric to the

, congruent to the graph of ,x -3ax
2

and c units
(above,below)

the parabola given by, y = ax
2
,

11. A flowerpot falls from a 75th story: windowsill of the Chrysler Building

in New York City. We know that after t seconds the height 'feet of

the flowerpot above the ground is given by the equation

s =.1024 - 16t2.

(a) How long does it take for the flowerpot to hit the sidewalk at the

r."'"
corner of Lexington.Avende and Forty Second Street directly beneath

the window?

(b) The distance.from the 75th story windowsill to the roof of the

Chrysler Building is '22 feet. How tall is the Chrysler Bdilding?
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12. Suppose that a ball is thrown straight up from the ground with an initial

speed of 64 ft/sec and is not acted upon.by the force of grairity. What

isieits height above the ground after 10 seconds? .'

A ball is thrown from ground level straight up with an lUiPil-speed of
/

64 ft/sec.' Its distance s -feat aboVe the,ground after t seconds is

described by the equation

s = 64t - 16t2,

which speeifies the function 'f such' that s = f(i).

(a) What is the value of s when t,.=

(b) ..Evaluate f(2) .

(c) What is the height of the ball above the ground afterA'3 'seconds?.",

after' O.. seconds?

(d) 'Sketch the graph of s =.64t - 16t
2
.,

(e) What is the path of the bEill?

. .

.(f) What is the name of the graph of the function f : t Li6t2 + 64t?

,

13. .Suppose that a pellet is prbjecte straight up and after a. while comes"-
-..

straight down via the same vertical path-to the place on'the ground from.
. . g

which it was launched.. After' t seconds the distance s ft: of the

pellet above the ground' is described by the equation /

s = 160t - 16t2,

which defines the function

f : t -)160t - 16t2.

(a) How high above the ground is the pellet after 4 seconds?

(b) What is the. height of the pellet after 6 seconds?

Compare your answers for parts (a) and' .(b).. Explain on'PhysiCal.

grounds.

(c)

, .

(d): How many' seconds is the pellet in the air?

(e) How long &es it take for the pellet to reach its maximum height?

(f) How high does the pellet go? .

31'.
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14. The'procluct of two consecutive integers is zero. What could the integers

be?.

15. Suppose that you are standing close'td the edge onthe top of a building.

80 feet tall. You throw a 'ball upward with an:initial speed 'of 64 ft/

.sec in a nearly vertical path.' After t seconds thejleight s

the ball above the ground is given by the functiOn-

, s = 80 + 64t.- 16t2;

(a) How.long does it.take for the ?all to reach the ground?

(b) How' high aboVe the building:is the ball 'after one second? after

feet of

(c)

three seconds?

The _bell passes the edge of the.top of the building from which it

was thrown as it falls to the'ground. After how many seconds does

this occur? .

4
Ok

(d) After how many seconds does the ball reach' its maximum height?

(e) How high above the building doeS the ball go?

. For each'of the following pairs of equations, given that (4,v) is on

the graph of the first equatfon and that (u,w) is on the graph of the

second determine the values of u for whi(h v < w,

(a) "y = 3(x - 4)2 (b)
/

y = 3(x -.4)
2

y = -3(x - 4)2 = 3(x +.4)2

V -f w.

1, . .
1 2

17. Compare theegraph of x -> 2(x - 3)
2

+ 2 with that of x -*-g

listed Chartct,eristics by completing the .followIng

on the

.

Function
1

,x -, - x
2

2 / 1 .2
lc' --* -4 - 3) 4-

2

(a):' Name of graph

(b) Opens (upward or downward)- - P."

(c) Equation of axis, .,,

ti

(d) Coordinates of extremud point (vertex) }
...:,..

,

(e) Type of extremum (minimum or maximum)

1 2
1 Sketch the graphs of x x and x.--)--.k

1; 2
x - -3) + 2 on the same set

-2

of coordinate axes. Check your answers for Number 17 against your.graphs.

tie



19 .(a)
A ._

Using one set of coordinate axes plot the graphs:6f the following.

2
(i) = -x

(ii) =' -x2 + 4x + 5

.y = -x2 2x + 3

(b)' On 'one set-of coordinate axes -quickly sketch the graphs of

F x
2

(ii) t x -1/ -(x - 2)2 9)

: 7* -(X 1.) + 4 '

20. Conaider the functions f 4 x -*ex

.(p,q) be :it' point .on_ the gral6h of f.

and g =* (x - h)2 + k. Let

'(a) We know that i(p) = q. Another equation relating p and q is

q =

(b) We want to show that the point (p + h, q + k) lies on the graph

of g.'.Show that g(p + h) = -q + k.

,

(c) To every point (p,q) on the graph of f there corresponds,the

point (p + h, ) on the graph of g.

(d) In particular, we see that the vertex

given by .y.= ax
2

corresponds to

parabola. given by. y = a(x -.h)2

( / )

rtex (

of the parabola

) of the

Determine the coordinates of the vertex and he equation or, the axis .of

the. parabola given by each of the following equations.-

.(a)

. (b)

(c)

J=. 2(x - 3)2

.= -2(x 3)2

Y = (x 3)2

+.4

(a) = - - 112 - 1

(e) y =.3(x. + 1)2 + 2

(f) y = 5

1
- 2) 2 :3

. :

22. Determine the extremum 'point of each graph in' Number 21 and tell

wheiher it is a maximum or minimut:

33



23. For each of the following pairs,of equations, given that (u,v) is

on the graph of the first equation and (u,w) is on the graph'of the

second, determine the values of u for whiCh v < w, //-= w, v > w.

(a) y =:2(x -.3)2±6

y. = 2(x - 3)2 - 6

(b) y = 2(x - 3)2 +

y = -2(x -5)2 - 6

(c). y = 2(x - 3)2 + 6

. t

y = 2(x.+'3)
2

+ \

24.. Write each of the fpllowing equations_in the form y = a(x - h)2 + k.

.

(a)

(b)

'Y = x
2

6x + 9

y = 2(x2 - 6x + 9)

(c) . Y =. 2x
2

- 12x + 18

(d) y =2(x2 6x +.9),+

(e) Y = '2X - 12x + 22

(f) y = F2(x2 - 6x + 9)

(g) y = -2(x
2

7 6x + 9) + 4

(h)\ y = -2x
2

12x - 14

(1) Y
x2

+ 6x + 9
,

=\5c2
c-

( j ) y 2x + 1

(k) = -
2

+ x -
1

y x
2

= -
1

x + x(i) .y
2

2

(m) y x
2
+ 2x + 1

( n ) y = 3x
2

+ 6x + 9

(o). y 3x2 + 6x +. 11
a

(q) y - 4x + 4)

2
x 4 11 .

(r) 7 5 5

43
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25. For the function f x ,ax
2

+ bx + c;

f(xi) = f(x2) = 0, then

&"

0, prove .that if

-b'±42 - 4ac
xl or -

2a

26. Use the fact that pq = (4+2)2..- (9-4-1)2...for all real numbers p, and

q todeiive the quadratic formula from the general, quadratic equation.

r ts

O
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1-4. Polynomial Functions pf.Degree Higher Than One

Most of our.initial work with.pblynomial functions will be concerned with

two related problems.:

Problem 1. Given function f and any number x in its domain,

find _f(x).

Problem 2. Given.a functibn f and any number y in its range, find

all. numbers x such that f(x) = y; in particular, find those values

of x for which y = 0, the-zeros-of f.

Later We sha study the second, and harder, .of these two problems.

Soon-we shall also develop techniques for determining maximum and minimum

points, intervals of increase and decrease and behavior for large values of x

for polynomial functions of degree higher than two.' As in the quadratic ex-
,

amples of the previous section these. techniques will enable us to sketch

graphs of higher degree polynomial functions very quickly. Fornow.we con-

sider Problem 1. To'graph polynomial functions and find the,solqions of.

pblynomial equations, it is important to evaluate a given f(x). for different

values.of x. For example, to graph

f x -'3x3 - 2x
2

+ x - 6,.
ik

we may want the values ,f(x) at x = 0, 1, 2, 3, etc. Of course, we may
.

obtain these values by direct substitution, doing all of the indiCated

plicatiorg and additions. For most values thin is tedyous. Fortunately,

there is an easier way which we shall Call s nth is substitution. To under-

stand the method, we,shall analyze a few easy examples.

Example 1-4a. Find the value of

f(x) = 2x2 - X + at x 74,

We write

f(x) = 2 - 1 x + 3.

When x = 4, this becomes

[2(4) - 1]4 3 = 31.

Note that to evaluate our,expredsion,we can

6

4,5
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(i) Multiply .2 (the coefficient of x2) by
1 and add this

$

product to -1 (the coefficient of

(ii) Multiply the result of.(i) by 4 and add this product to

3 (the constant term).

Example 1-4b. ,.Find f(3),* given

°

We may write f(x) as

or

f(X) = 2x3 - 3x2 +:2X +

- 3x 2)x

- 3)x 21x

To find the value of thi expression when 3 we may start with the

inside parentheses and

(i) Multiply 2 (the coefficient of by 3-and add this product

to 1? (the coefficie
.1,

"(ii) Multiply the resu (i) by 3 and add this product to 2

(the coefficien of x

(1.11) Multiply the result of (i by .3 and add this product to

(the constant term).

The result is f(3) = 38.

These steps can be repres nted conveniently by a'table whose first row

consists of the coefficients o the successive powers of x* in descending

order: (The number at the'far right is the particular value of

substituted.)

2

0.(2 3 = 6 (3

2"/ 3
/

-3

x being

2 5

-3) = 9 (11 .3) 33

11
,/

38

/7

When:this tabular errangement is used, we ta-oCeed from left to right. We,

start the process by rewriting thefirst"coefficient 2, in the third row.

Each. entry in the second row is 3 times 'the entry in the third row of the

Preceding colUmn. Each entry in the third row is the sum of the two entries

above it. We note that the result 38, can be checked by direct substitu

tion.

_37
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Now let us consider the general cubic polyomial

f(x) = a x3 + a2x2 + alx + a
0' 3

0.

When x = c, we have

which may be written

°

.f()=a3 c
3

+a2 c
2 +a1 c+a,

f(c) = [(83c + a
2
)c + a

1
]c + a0,.

Again the steps employed in the procedure can be represented in tabular form

a c
3

al

ac + a
3 2

80

[(a c + a )c + a c
3 2

a
3

a3c + a2 c.+ a
2
)c + a

1
f(c)

°As in earlier examples; the number being substituted is written to the right

of the .entire,8rray..

. .

Example 1-4c. Gi'creri f(1x) = 3x
3

2x + x 6, determir0004f(2).

3 -2 1 -6
'=

t, 12 0

6 8 18

3 4 9 I 12,
'.

.....

Now 12 is the result sought, namely f(2). This may be check '',.,direct

substitution:

f(2) = 3(2)3 = 2(2)2 + 2 - 6 = 24

. ;

Example 1-4d. Given f(x).=.x
4

- 3x2 4-'2;j'!7.,.
rOf%

that -a
3

= 0 and that this number must be writen4in.

as one of the detached coefficients in the rst.-row':

. 1 0 -3 2

3 9. 18

3 6 20

Thus, f(3) = 55, which, as before, may be checked byditept. 8Vbstitution,_,

.diiprOO;lateTle'oe

With a'little care and practice, the second

often be omitted when c' is a small integer.
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f(x)Example 1-4e. Given f(x) e x
4

- x
3

- 16X
2

+

(for x = -3, -2, -1, 0, 1, 2, 3, 4, 5.

evaluate f(x)

We detach the coefficients. In order to avoid confusion, it is sometimes
. ,

convenient to write them down at the bottom of 4 sheet of scratch paper and

'slide this down,.covering at each step the work previously done. As suggested

above, we omit the second line in each evaluation and write the value of x

we are...using adjacent to the answer. The results appeatikin Table 1-4a.

The last two columns now become a table of f(x) and x. Note that the

row'thatcorresponds'to xt= 0 has the same entries as the crfficient row.

Table 1-4a

Coefficients of f(x) = x - - 16x2 + 4x + 48

1 -1 -16 4 48

1 -4. - 4 -.16 ' 0 -3

'.1 -3 -10 24 0 -2
i .

1 -2 -14 18 .3o -1

1 "-1 -16 4 r48 0

-1 ° 0 -16 - -12 36 1

1 1 -14 -24 '0 2

1 .2 -10 -26 -30 3

1 3 . - 4 -..2.2 0 4

1" 4 4 24 168 5

e ,

. f(x) x
_

...y9 ::. ..

° -The metEroddescribedillnstrated above is often called synthetic

sUhtithtionOnflYnthe44144nin algebra books. The word "synthetic"

:.,...,,,- ..,reliterally meetitIttiepWrou can see Is that "synthetic
-15ttitution"'i4:144,r90-0:0t;:later we shall illustrate why the process

is also calledeS 4i.4:66.
cam''

gives a quick and efficient means of

evaluating f(x),: ;now able to plot tne graphs of pOlynomials more

easily. than 14oUld7W ease-if the values of f(x) had to be computed by

.direct substitution: -,

-39
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Example 1-4f. Plot the graph of the polynomial function

f : x -420 - 3x2 12x + 13.

We prepare a table Of values x and f(x) by synthetic substj.tu-

tion, and then plot the points whose oordinates (x,f(x)) appear in Table

V4h.

Table 1-

Coefficients of f(x) = - 12x + 13

-3 -12 13

2 -9 15 =32 -3

-7 2 9 -2

2 -5 -7 20 -1

2 -3 -12 13 0

-1 -13 0 1

2 1 -10 -7 2

2 3 ,3 3

2 5 8 45 4

f(x)

From the table we observe that the points (x,f(x)) to be plotted are

(-3,-32), (-2,9), (-1,20), etc. These points.are located on a rectangular

.coordinate system as shown in 'Figure 1-4a. Note that we have chosen dint
scales on the axes for convenience in plotting.

49
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f(x)

-

( '- 1 , 2 0 )

40

20

-

(0,13)

(-2,9)

(3,4)

(4;45)

1.

-4 -2 -1 ' 0 1 2 3 4

(2,-7)

(-3,-32)

-20

-30

Some Points on,Graph.of

.2
f : x 2x

3
- 3x - 12± + 13

Figure 1-4a

Now the problem is. how best to draw the graph. We shall assume that the

graph has no breaks. The question remains whether the-points we' have already

plotted are sufficient to dive Us a fairly accurate picture of the graph, or

whether there, may be hidden."peaks"
0
and "valleys" not shown thus far. We are

not in a position to answer this question categorically at present, but we

can shed further light on it.,-by plotting more points between those already

located. By use of fractional values of x and the,method of.synthetio

substitution, Table 1-4b.is.extended as shown in Table 114c.

a

41



Table 1-4c

Coefficients of f(x) = 2x3 - 3x2 - 12x + 13

2 -3

2 -8 8

2 -6 -3

2 -4 -10..

2' -2

'2 0 -12

2 2 -7

2

=12 113

r

-7.

18

2

13

75

9

20

f(x) .

When we fill in these points'on the gi-aph, it appears that if we connect the
. ^

points by a smooth curve, we ought to have a reasonably accurate picture of

the graph of f in the .interval from -3. to 4. This is shown in Figure 1-4b.

.1
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Graph of f : x 2x3 - 3x2 - 12x + 13

Figure 1 -+-i
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Exerci -4

1. Evaluate the following polynomials f r the given values of

(a) f(x) = x4' + x - 3; x = -2, 1, 3

(b) ,f(x) = x2.- 3x3 + x - 2; x : -1, -3, 0, 2,
3 2 1

2= 3x - 2x + 1, x = , 2

= 6X3 -.5x2 - 17X + 6; x = 7 ,3 1

(c) g(x)

(d) r(x) 1 1
2 ' 2

(e) s(x) 6x3 - 29x2 + 37x - 12; x = 0, 1, 2, 3, -4

F(x) ='3x4 3 35x2 + 8x +12; x =

(g) G(x) x10 + 10; x = 2

2. If f(x) = 2x 3 - kx2 e+ 3x - 2k, for what value of k will f(2) = 4?

3. If f(x) = x3 + kx2 - 3x, for what value of k will f(2) = 2?

4. (a) Find the value of each of the followirftfuctio )s-her

(i) x -4 2

(ii) x 2x - 7

(iii) x 2x2 - 5x - 7

(iv) x -4 2x3 3x2 - 12X + 13

(b) Plot the graph of the function

x 2x3 - 9x2 + 20.

(c) Compare your sketch of part (b) with the graph of
f : x 2x

3 - 3x2 - 12x + 13 in Figure

Find, the value of each of the following functions when x = 1.

(i) x -42'

(ii) x -42x +1

(iii) x -4 2X2 x - 13

(iv) -42x3 - 3x2 12x + 13

(b) Plot the graph of the function

(a)

x 2x3 + 3x2 - 12x.

Compare your sketch'of part (b) with the graph of.

f : x -42x3 - 3x2 12x + 13 in Figure 1-4b.
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6. Plot the graph of each of the following functions and compare each graph

with the graph. of f : x -4 2x
3

- 3x
2

- 12x + 13 in. Figure 1 -4b.

(a) x -) -2x3 3x2 + 12x = 13

(b) x 2x
3

- 3x
2

- 12x

7. Plot the graph of each of the following functions.

(a) x x3

(b) x .3 + 4

8. Plot the graph of each of. the following f n c ti o n s .

,

(a) x -*x
3

- 3x
2

+ -4

(b) x x3 + 3X2

9 SketCh the graph of each of the following functions.

(a) x.-*2x3...: 12x + 13

(b) .x -) 2x3 *2x

10. Sketch the graph of x -)x over the interval -
2
< xZ 3
- -

11. Plot the graph of each of the following functions.

(a) x -4 x4 2x3 - 5x
2

+ 6x.

(b) x -) -x4 + 2x3 + 5x
2

- 6x
,

(c) x -4 x4 + 2x3 - 5x -
2 6x

12. For 'f .x -444 + 4x - 13X2 18x3

values in the following table,

we give sow of the functional

I
-2 , 2 3.

f(4- -304 0 44 44 0 -304

(a) From'Ithe table estimate the value of x for which the funstion has

.4,-44`,

`a maitimum value.

(b) Sketch the graph of f, with special care given to the interval

0 <X <a.

13. Approximate the _:maximum value of the function

'

`f : x ,-)739 - 6146x2 - 128x3 - 640x.'
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1-5.- Remainder and Factor Theorems,

Momentarily we shall turn away from graphing and take another look at the

process we described in Section 1-4, in .order to develop some theorems that

will be useful infinding the zeros of polynomial functions. The synthetic

substitution.:USed to determine .f(21-, given

x x3 : 7x2 + 3x -

4"thebasis for this development, so.:let us examine it closely.

-7 L P

2 -10 -14

-5 -7 L16,

We. rewrite the first row in the synthetic subst:itutiOn-as thb given poly-
,

nomial (by restoring the powers of x), and then:attach the same power of

to each entry in a given column. )(us we obtain
eao

_3
. lx- 7 -7x

2
+3x

2x 710x -14

2
-5x/ -7x -16

.,-

The polynomial in the.third row i the sum of the two preceding polynomials.

Since f(x)

written

- 7x2 + 3x - 2 'an f(2)

f(X) + 2x2 - 10k - 14 = x

= -16,

-
5x

2

the above addition can be

t'
,p x + f(2).

BY factoring, we may write

f(x)'+ 2(x2 7) = x(xG 5x , 7) + f(2).

Solving for f(x), we have

f( = x(x2 - 5x 7) 2(x2 - 5x L. 7) + f(2),

.f(x) =',(x .2)(x2.,-- 5x - 7).+

The:form of this eXpressiori.maylook.familiar. It is, in fact, an

ample of thediVision,'algOrithg

Dividend =(DivisOrT(Quotient) + Remainder..

In our example, , 2) is the,clivisor,.then:

A

q()!!)v= 5x - 7

55



6

is,tte!RpOtientt and i'(2), is the remaender. .Phi og' result may be. generalized.
a

i;It is:of sufficiegt.impOrtance '.plo be,'Aated4s a ¶heorem.
Al-2 - ..

..-

4 i

ONAINEER' T . If F(x) 14 a polyhomial$Of 'degree- n > 0 and if c is

. -,
'i4.

a nuMber, them .the reminder in4pie divlsion.9f!!!'f'(x). by x - c is

90
f(t).;.*It s, 4.

., 40 I
f(x).' = (fx - c)ex).+4tc), \

47'

where the,quotient, q(x) a 13olYnoMial Oree -
0.

4".:

. ..

''-
Proof'. We shall prove:the thecirem only. in the case of tht3 general cubic

' '72:

polynomial,

f(xl: = 83x3-+ a
2
x + a

1
x +

Following the pattern of the.previOiia example, to determine

the synthetic. ftbstitution

(a )
3

a
2

al

'-g, .
...

a3c -4.(3 c t a )c (a c
2,

+ .ac + al)c
...,.Z, 2.: . 3

(a c + a ) (a c '+ :6 c +-a a c3 + a c
2

+ e lc + a0)2 ..,,

, 3 2 3 2N, 1 3, 2 0

As before, writing in the appro priate pow of xj.lwe g

t''

^

f(c) we write.

383x +Ia
2
x
2

2
+ a

3
c

+ a,x

+ (a3c + a2)cx
D

+ a
0

a c
2

+ a
2
c +.a1

3 1

.!, ',.

a3x3 + a
3
c + a lx

2
+ a

3
c
2

+ a
2
c + a

1
)x + (a

3
c

.

.+ a
2.
c
2
. + d'

1
c + a0) r,

.

,

WW note that the polynomial in the tlird row is the sum of the two preceding

polynothials, that,the polynomial in the first row is f(x) and that
,

0 Oi. 1 2 ..-
ii! ' ..14a.i

(a c + a c ,1 a c 4- a' )' is f(c);. Hence we may write
3 2 1 0

":k. . -:

4

;

or

,f(x) + crax2 + (a .c + a2)x + (a c
2 +ac+ a

3 .3 2.. 3 2 1 - t'r
..;

.--t ,
ti3C[ii x' + (6 c'+ a )x + (a + a c + a )] + f(c).

3, 3 2 J. 3 2
.

Thus we have ,, ...
: .

. 't

3

,

x + .(a
3
c + a

2
)x a

x
c.
2

+ a'2 c 44,a

4
f(9'= (x i? c)q(x) + f(c).

47
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The process is the same for higher degree polynomials. It gives

f(x) = (x c)g(x) + f(c),

where q(x) is .a polynomial of degree n - 1.

cLf_the remainder f(c) is. zero, then the divisor x and the quo-

tiento q(x) are factors of :f(x). Hence we have asan immediate consequence

the Factor Theorem.

FACTOR.THEOREM. If c is a zero of a polynomial function f of degree ..

> 0, :then x - c is a factdr;of f(x), and conversely.

Proof. We know from the-Remainder Theorem that there exists a polynomial

q(x). of degree, n - 1 such that

f(x) = (x - )q(x) f(c).

If c is a zer f, .then = 0 and

1.(x) = (x- c)q(X).

Hence' x - c is a factor of f(x)', by definition.

Conversely, if x -'c is a factor of f(x), then by definition there'

is a.Olynomihl q(x) such that

,f(x) = (x - )q(x)'.

For x = c, we Obtain

f(c) .= - c)q( ) = 0,

and hence c 'is a zero of f.

Example 1-5a. 'Find the quotient and remainder if

is divided 125, x - 3.
1.

Hence'

:and

f(x) = 2x3 6x2 + x -

-2

q(x) = 2x2 +

f(3) , -2,

,
x
2

71- x - 5 = (x 3)2')c2 + 1) 2.
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Example 1-51. Show that x 6 is a factor,of

f(x) = x3 - 6x
2

+ x.- 6,

and find the associated q(x).

-. IL6
6 0 6

a . o

Here,. f(6) = 0, q(x) = + 1, and

f(x) = (x - 6)(x + 1).

4
In testing for the divisibility of a polynomial by ax + b,

write

ax b = a (x +
b

( -
b

we

and see whetkier- = 0. By the Factor Theorem ax + b is a factor of

f(x) if and only if f(,:
a
--) = "4. (Note that - g is the root of ax + b = 0.)

In applying the Factor Theorem, it may sometimes be easier to compute

f(c). by directsubstitution rather than by the method of synthetic substi-

tution. Thus,.to show that x - 1 is a- factor of

f(x) = 2x73 - x37 - 1,

we; note that -f(1) = 2 - 1 - 1 =.0.

Evaluating f(1) by the synthetic substitution 'method would take considerably

longer.

At thispOintyou may wonder what to do when confronted with a polynomial

such as

8x4 - 28x3 - 62x2 7 + 15,

which you, might like to factor. Note that Factor Theorem is only a iirestingi

device. It does not locate zeros of polynomial functions. (Methods, other

than blind guessing, for doing this will be developeelater.



Exercises 1:2

1. Find q(x) and f(c) so that f(x) = (x - c)q( f(c) if,

(a) f(x) = 3x3 + 4x2 - 10x - 15 and "c = 2

(b) f(x) = x3 + 3x2 + 2x + 12. and .c = -3

.(e) f(x) = -2)(4 + 3x3 + 6x - 10 and c=7. 3

(d) f(x) = 2x3 3x2 + 5x - 2 and c
1

=

2. Find the quotient and remainder when,

+ 4x
2

- 7x - 3 is divided by x - 2

+ 3x
2

- 4 is divided x + 2

+ 4x2 - 7x + 1 is divided by .3x -.2

3. If. fn(x) is divided by gm(x) / 0 so that a quotient q(x) and a

remainder r(x) are obtained, what is the degree of q(x)? of r(x)?
. .

4.. Give a linear factor of each of the polynomials.

(a) r(x) ='6x3 - 5x2 17x

(b) s(x) = 6x3 - 29x2 + 37x 12-

Consider the function f : x -)x
3

+ .4x
2

+ x - 6.

(a) Determine f(-3), f(-2), f(0), 1(1)., f(2), ant- f(3).

U) Factor f(x) over the integers.

6. If f(k) = 2x3 + x
2

- 5x + 2,. determine f(x) at x = -2, -1 .0, 1,

and - Factor f(x): over thArintegers..1

2

7. If f(x) = x3 + 3x2 - 12x - k, 9find k so that f(3) =

8. Find a value for k so that

fro, x
3.

- x
2

- 12

is exactly divisible by x - 3.

( N

D termine f(1) if f(-1) = 0 and

: x. ->ax5 + ax
/I + 13x

3 11x2 10x -
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10. (a) Divide x5 + x 5x3 x
2

+ 8x -.4. by x - 1.

(b) Find g(1) if g + 2x3 - 3x2 -.4x + 4.

(c) Determine a, 0, and r if

x5 x4 - 5x3 - x2 + 8x 4

(x - 1)3
ax +13x, +Y.

(d) Determine A, B, C, D,. E, F if, for all values. of x,

(x - 1)3(x + 2)2 = Ax5 + Bx4, + Cx3 +
2

Dx + Ex +

11.. Consider the functiOn f : x -)x 3
3X. We submit a 'eable.to show three

successive synthetic divisions of f(x) = x3 - 3x and resulting quo-

tients by .x 2.

( a)

1 0 -3 0

2

1 2

2

1 I 6

Determine -g( x)` and f(2) if

f(x) = (x - 2)g(x) + f(2).

(b) Determine- p(x) rind g(), if

g(x) = (x - 2)p(X) + g(2)

\(c) Determine q(x) and p(2) if .

P(x) = (X 2)q(x) + P(2)

.(d) What is q(2)?

(e) Show that, for all:- x, we can write.

f(x), = (x - 2) (x -2)f(x 2)q(2) +.p(2)1 + g(2)

5l
60
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(f)

(g)

In Chapter 2 we shall find it useful (for

to be able to, express a given function in

already developed the equipment necessary

polynomial function such. as f : x -)x3 -

the results of parts (a). through (e) of this

B, C and D ifi for all x,

f(x) = x3 -3x = A(x - 2)3 +.B( - 2)2 +

SketCh the graph of the function

f : x
3

- 3x.

analysis ancil.tr0n4liitf!tm).

i n of

to do this.':fgr.;/700

3x, *1.1ith

problem

(h) Sketch the graph of the function

F : x )x3 + 6x2 + 9x + 2.

/ .



1-6. 'Locating Zeros of Polynomial. Functions

-From the iiiScussion in the previous section we know that a number r is

a zaro.of a polynOmial function f if f(r)'= 0. Furthermore we know that.

the. zeros of first and second degree polynomial functions can be found by

solving linear and quadratic equations, for which there are simple formulas:

We.know hOw.to find the zeros of polynomial functions of the firSt and

second degree.

If f : + b, 0, then f(- = 0.

1/77 17:
If f : x + ,c a / 0, thea f(

-b t
2a

c)

Upon examining these solutions,:mathematicians noticed that the zeros are

expressed in terms of the coefficients by formulas involving only the rational

operatiohs (addition, subtraction, multiplication, division) and the extrac-

tion of roots of numbers, an& belLeved that it might be possible to express

the zeros of functions.of higher degree than the quadratic in the.same manner.

In the first half of the sixteenth ,centIlry::sUch.formal expressii3ns for the

zeros.of the third and fourth degree."-polyndmial.:7functions were obtained by'

Italian mathematicians. unfortunately, theSe formulas are too complicated to

be of practical value in Mathematical analysis. Mathematicians..usuallyfind

it, easier/ifven'in theoretical questions to work with, the polynomial rather

than with/any explicit expression for the. zeros.

WhileEhese-explorations produced, Some significant,. if largely peripheial,

theSr'were later abandoned:tobe replaced:by better procedureS. 'having

rejected the pursuit of,formulas to soIve'equations Of higher degree, mathe-

t maticians came to believe .that perhaps the most"fruitful'path was to guess at

.-;the solutions.

Inspection of the x-intercepts of graphs we have sketched in earlier

v4ytions enables us. to approximate .zeros of polynomialfunctions. But plotting

4hstis time-consuming, and there are better methods. Inherent in the pro-.

preparing,a table for graphing, howesrer, is informaton that helps us

O make intelligent_ guesses abpat the zeros. This information is contained in

heorem..
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THE LOCATION THEOREM. If f is a polynomial function and --if a and. b are

real numbers such that f(a) and :f(b) have apposite signs, then there

is at least one zero of .f between a. and 'b.

Geometrically this theorem means that the graph of. f from (a,f(a)) lo

(b,f(b)) intersects the x-axis in at least one point.
f(x)

In Figure'AAs.we illustrate the

Location Theoreth with the observation

that f(a) and f(b) are of opposite

sign so that f must have at least

. one zero between a and,.b.

The Location Theorem depends upon

fact that the graph of a polynomial f(a)

function has no "gaps", and hencecan-

not have both pOsitive and negative

values without crossing the x-axis

in between. .A complete proof of tills

makes' use of a suitable formulation of the fact that the real line has no

"gaps" end Will be discussed further in the appendices. Si'hce the LocatiOn .

Theorem seems intuitively plausible we shall assume that it is true and con-
,

a

f(b)

Figure 1.-6a

centrate on its consequences.

T'-
Example 1 -6a, Given that the polynomial function

f : -)12x3 8x2 21x + 14

haa three real zeros, lOcate each of.them between two consecutive integer.d.,

We use the Location Theorem to search for- values of f(x) that are

Opposite in sign.. It is convenient to do !this in a systematic way by Syn-
. 0

thetio substitution,, setting down the 'work as in Table 1-6a.
6



Table 1-6a

Locating the Zeros of f : "x -12x3

12. -8 -21 11r

12 14

12 4 .-17

12 16 .11 36 2

12 28 63 203

12 -8 -21 14.

12 -20 -1 15 -1

12 -32 43 -72. -2
,

f x

- 8x2 - 21x + 14

Location bf a
'zero

The intervals that contain the real-zerOs'oll f are indicated by the

arrows at the right in the. table. Thus, we see'thht the real zeros of f

are located:between 0 and 1, between 1 and 2, and between -2

-1..

We hasten to add that it is entirelipossible for f to haVe zeros.

betNeen

this possibility in Figure 1-6d.

a and b when f(a) and f(b) have the same sign. We illustrate

'Figure 1-6d

40.

Since the problem of locating zeros of a polynomial function is essen--

tially a matter of trial, we should ask the very: practical qUestion: "How

far should we extend the table of x and f(x) wheh we-search for-the loca-

tions of the zeros oe:2 f?"- In.Example 16:-.6b-this :question arises.



Example 1-6b. Locate the real zeros of f : x --)2x - xC - 2x. + 6.

We repeat a procedure similar to Example 1-6a'and.compile Table 1-6b.fr

Table 1-6b

Locating the Zeros of f : x -42x3 - x2 - 2x + 6

-1 -2

2 -1 -2

2 1 -1 5

.2 3 4 14

2 5 °13 45

2 '-1 -2

2 -3 1 5

.2 -5 8

2 -7

f(x)

0

1-

-3 ,

x

The Location.Theorem tells us that there is at

between -1

where

arid -2-. We can.then write

f(x) X - r)q(x)'

q has.degree 2; say

q(x) = ax
2

+ bx
.

+ c.

least one

Depending upon the sign of b
2

- 4a4;:,.this,will'have two distinct real zeros,

One repeated real zero or two compleX zeros.. Thus there are four possibilities:.

real zero r

. (1) there may be one, two, or three' real zeros, all contained in the

interval betWeen -1 and -2,

('2) two zeros may be complex, in which case there is- only one real

zero,

(3) one or two real zeros may be in'some other interval of the table

between successive integral values of x, or ".

(4) one or two real zeros ma intervals outside the values of
r

shown in the table.
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While it is difficult, to rule out the possibility of complex zeros or

'zeros between other entries of the table we can at least showthat no roots

can occur outside the interval -2 < x < 2.

Possibility (4) appesi's unlikely for the simple reason that when we

evaluated .f(2) = 14, all the entries, in the corresponding row of Table 1-6b*.

Were positive. They-will be still greater for greater values of x;,

table shows. this for x = 3, and you can .check it yourself for .x = 4. ,Thus

it appears. that for f(x) must be positive, so that_there glannot be

a zero of. 'f greater than 2. We shall prove this, as well as thefact that

there"cannot to a. zero.-of the given polynomial less than -2, by application

of the following theorem..

UPPER BOUND THEOREM FOR THE ZEROS. OF A:POLYNOMIAL.FUNCTiON. Suppose f is a_

polynomial function with f(a) > 0 for a > O. If

f(x) =,-(x - a)q(x) + f(a)- and if all the coefficients of q(x) .are

positiVe, then all the real zeros of f are less than a. We then

call a an upper bound for the zeros off.

Proof. For x = a, f(x)-= f(a) >.0. For x > a, by hypothesis,

x - a, q(X), and f(a) are all positive. Thus, x > a is not a zero of

f, and all real zeros of f must be less than a.

Now you will.see from Table 1-6b 'that 2 is an upper bound of the zeros
.

of the given polynomial. -We.really did not need1 to. evaluate f(3).

, .

What about a lower bound for the zeros? Since any negative root of

f(x) a positiVe root of f(-x) = 0, if we find an upper bound for

the positive roots of f(-x) -='0, its negative will be a lower bound for

the negative roots of f(x) = O. Let us apply this test to our example.

From the given polynomial

we find that

f(-x) = -2x3 - x2 + 2x + 6.

Since we are trying to find the roots of the equation, f(-x) = 0, it will

be less confusing to multiply-each member of this equation by -1 in order
4

to have a positive coefficient for the third degree term. Thus we have

-f(-x) = 2x3.+ x
2

-1,2x - 6.
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,
Using synthetiC sUbstitUtion, me Obtaln the results, shown in Table 1-6c

, .

or. TositiVe ,Values of k. :

Table 1.76c

EValuating .f( -x) = 2x3 x

2 -2

3

2

3

This table tells us two. hings . First ,-a positiy4e root of -f ( -x) = 0

occurs betFeen 19, and .2, Which means that a negative' root, of f(x) =

"occurs . between -1 and -2, as preViously. 'shown in Table 1-6b.. Secondly,

bound: for the roots of -f( -x) = 0,, and' hence, -2 Is a

lower hound for the roots, of .f(x) = 0. This ,is the conclusion for which we

have been searching. In actual practice, 'however., it. is unnecessary to

evalua-4e -f( -x) to find a lower-bound for the zeros f Notice in

Table 1-61a that the synthetic 'substitution for x gives alternating

signg for the coefficients of q(x) and f( -2) .

O 14
-,,Suppose a' negative nuniber a* is sUbs'tituted (synthetically) in If (x)

If the coefficients of q(x) concluding with the number, f(a) alternates in

sign, then all of the real zeros of f are greater than a We say that a

is a lower bognd for the zeros.

In Example 1-6b, we have found that .2 an upper bound' and -2 is

lower 1Sound for the real zeros of the given function. Hence, all the real

zeros of :f are contained in the interval. ; -2 < x < .2 and we have found

thttt one zero lies between' -1 and. -2.

Methods for showing that, in fact, 'f has, onlyone real zero (which we

know must lie in the interval -2 < x < -1

section.

are beyond the scope ,of this



Exercises 1-6
.

Find interval8 between consecutive integers that contain the real zeros

of f, given that:

(a)` f(x) = x3 - 3x2 + 3

(b). f(x) = 3x3 + x
2-

+ 3

(S)

(c) f(x) = -.x - x
2

f(x) = 3x.3 - 3x + 1 (Hint: evaluate f*

(e) f(x) = 2x3 - 5x2 x + 5

(f) f(x) = x3 - 3 + 6x - 9

4 3 2 ,

(g) f(x) - 6x + x + 12x - 6

. :Determine the values or k for Which

least one reel zero between

(a) .0 and: 1

(b) 1 and 2.

In lemple 1-6b we located at-least one;zero of

between:.-.2 and -1

as a Vehicle for the

the

x 2x3 =.x2 + 6

(Table 1-61))..'While'tiaqt example serve's primarily

development of: larger considerations' we afford you

satisfaction bf completing it here:"

(a) -Eva4late f(-

0?) .Divide 2x3. x 2x +.6

(c) Tor what valuea25171 x does

-(4) .11614 ma* times doest thegraph Of.:

Cross the i- axis ?,

HoW many real' zeros has the.f4nbtlbn.

are the zeros of f - x
2



q.

4. (a) Locate real zeros of eabh.of the olloWing*Cunctiorls.

-(i) f x =) x3 - 3x 11. lq

(ii) F x x3 + 6x2 + 9x

-(b) FREor ex the als

(c) "What are the zeros of.each of the folltul (Consult Exercises

1-4, No. 11.)
"4.

ji) 'f.: x .3x

(ii) .F : x -x3 + 6)c 9x + 2

5 Use the Factor Theorem to find a cubid

anct*3.

equatiol,whose roots are
'4

You a176 -familiar withthelfact thattfor thee general qUadra.4c.equati700,
-

aX
2

bx.+ c = the sum of the:roots is - - and the prQduct of-the roots

is
a

. Similar relationships exist between theroots and the coefficients

of polynomials of:higher degree. The following prOblem (Nos: 6, 7,'and 8)

are intended to illustrate these.relationshipS. for third-degree Polynomials;
-

'I
.4

Use tDe roots of the equation given in Number 5 forleaCh of the following'

parts:: 1

(a):Find the sum of the roots. Compare this result with the coefficient:.

:of x Obtained in Number 5,

possible two-factor products of-the roots.;

aThat is3 find (-OW + (-013) +;(1)(3). CtiMnSre this resultii;

With the Coefficient of ,x.,obtainea 1n NuMbei 5. .

Find lhe product of the roots. CoMpare this Fe,sult With'the:7con:
]

stant term obtained in Number

- .

(,b) Firld the sure of all

. 1
If the roosts of 3rd-degree 'polynomial.lequation, are

' 2 '

find

(al the ,sign of;the. roots,

and

(6) the sum' or all possible- two - factor products of.,tk roots,

...

(a) the product of the toots:. . °CT): .':'

--

* ,;
(d) Using the result's of ( ), (b), andj , write a polnorta

..equation of 3rd`degree havi 'ig the given roots.

Check. your results by Using the ,Factor Theorem"td:bbtaiii,the equaticirl.' (e)
6o ,
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find expreAiohe

-4!...

8 (a) :Using the °rem, write in expanded f4tm a 3rd-degree poly
.1a

4....10-. homi61 equation. having'theHroots r,,.r ; and r .

. " : 1_2 4; 3
.,., .

(b) FrOm the resu1t obtained 4 paTt'kEq, mad from the factUatany
Hos .,. , ., to ..1 'c....7.1........,

polynoMial of 3rd:degree can be'writt* in the form *
;':

4. 4'''' .4, :.,

0 .

3'' 3.' 3'

for the cOefficients land in terms
a a a3

qv, 3 .3
"-:. .

.

of the roots rl, r and r' .

-1' 2' ,,,,3

.1.- .,

.. .._

4
9. Find-.the polylhomial function f' of$ degree three thtt.has.Zeros 71, iy

and 4 and satisfies .6340nditi4)4,---f-(4 = /.k.
.v.

%61', k:
10 There is .a thebr6mAnOwn as Desderteq. R_ule of Siznathati.statee'thatthe

number of pOsitive.rOotS of AC( ;$F='0 cannot exceed.,,the number of varier

'bons in sign of the coeffien siof A variation in sign occurs" . .-4*
Votheverthe,sign'Of a coefficient,difftrs from' sign of the next ;c

o3

nonzero coefficient. Thus -.A, + 2Z-4- 5 :has la, variation's in sign.

. .*
,
. 4.:

.the roots.Of* f(-x) .=410 4are the negatives ol the root40of
io

f(x) =i,04 'thehuMber of negative roots of "f(x) = 0 cannot _exceed the4"..
i. .1W

< I

,,nuaer of variations in sign of: the coefficzAnti ofeaif(-x). Thus

+ + 5 has at .mast 2 :negatieToots,' sine`
f(Lx) =-.x .4- x3 ,k 5 has 2 °IiariqioA..11

Fl.ria the meximuM number of positive and nlative roots

the following .equations:

(a) 14* + 24 I = 0

-

(b) x -- 3 =.o x +.1 ='o

4 2
(c) 3x + x 'Ca x5 = 0

c



1 -7. Approximating Zeros

Methods for fihding rational zeros of .polynomial functions are discussed

in the appendiceS. A simple method, known as the method of repeated bisection
.;

can be.used,,*ong with the Location. Theorem; to approximate roots (either

rational or,irratl.onal). This method is easy to deserib'ansl is'simple

program on a computer. The arithmetic can becOme very complicated, however;

and,the method is fairly slow'. (Another, more powerful, method is described

in Chafter

Onsider the polynomial fuhction.

t't

f :,,x .-4 x3 +,3x -

Since f(6). = -1 < 0 .anil'that f(l) =3 > 0, we know (by the Locati n Theorem

that there is 'at least one zero between 0 and 1. We takethe

and 1, namely
1

, and fihd

Thusythere is p'zero between .0 and

Since

,.,

\\%`,....

we now that there

ti

. and since

A

1

2

1 > 0.
. .

We average again to obtain

1 3?(0 . + t 1 .< 0,

1 . 1
is a zero between .T and .7.

$1 -4. 1

T 2 4e.3

_ ET.1

r
.T.

4,tt't E. 1.4.; ., I 0,

.1. -0 512 __.

=',..'o' t'
..,

.' i..! .

-

iwe have located a zero
1 3

ero between ,,,,aht . For convenience-we-snow
1 4

decimal notation and averageUgain teobtain

ge of 0

1

4

Averaging these we zet

'
0.25 + 1375

0.3125:'
V 2

"since- f(0.3125) <.0 we kliow that there is zero between 0.125 and

use
r--

0.375.

4

b.



4.0

We could continue the process to show (Exercises 1-7, No. 1).that the

zero. is between 0.31 and 0.35. Having dOne this we could be certain that

the zero is 0.3, correct to one decimal place.
k

For obt:'aining.zerosof functions to some prescribed degree.of accuracy:,

the method of repeated bisection, is often used on high speed:computers since

the process is easy to .program.

Without a computer we try to speed the process' by shrewd guessirig% For

.example, we might observe that

is positive for x

x3 3x - 1

3
For x >

3
, we have

x3
1 3 1.

+ 3x - 1 > (-3 ) + 3(
3
) - 1 > O.

We could then test 0.32, 0.331, 0.330, 0.329, etc. until we

obtfit,in a.'negative value i. and then average to obtain further accuracy. Does

this really speed the process?



1. Show that a zero

Exercises 1-7

of f : x -,x3 + 3x - 1 lies between 0.3 and .0.4e

Extend the method of repe'ated btsection started'in this sectidh for the

function

: x -4x3 + 3x - 1

(a) to locatera zero of f between 0.31 and 0.35;

`(b) to show that a zero of ,f, correct to,two decimal placesis 0.32% ,.'

3. Find correct to the nearest 0.5, the real zero of

f x -,x3 - 3x
2

- 2x + 5 that lies between '3 and 4.

4. (a) Find, correct to the nearest 0.5, the real zeros of

f x3 -'2x2 + x - 3.

(b) Find:the zeros correct to the nearest 0.1.

5

.04Y^'

(A) Find .a solution of + x 7 3 correct to one decimal place.

(b) Find this solution correct to two decimal places.

6. Find the'real cube root of 20 correct to trip decimal places by solving,

the 'equation' x3 = 20.

.;6



1-8. Degree and. Zeros

(1)

Suppose f -is.the po4nomial function

f:x-4a0
+a1 x+a2 x2 +...+a nx, ,

What kinds of information about the graph Of f can we g

.expreseion? Fl example, note that

f(0) =

so that the constant term a
0

is the y-intercept,
the y-axis at the point (0,a0).

that ie. the graph crosses

This observation is, of course, quite simple. In the -nexi...chapterwe.:

shall show that the coefficient a
1

is the slope of the tangent line to' the
r ph of f at (0,a0) The other coefficients of f will' alsc.be of signi

.

ficance as we try to determine the behavior of f' near the 'point .- (0,a )... 'The ..

degree. of f also gives a. useful 'piece of information.

.(2) If f has degree n > 0, then the graph'of
tape x-axis no more than n times.

To say that the graph of f crosses the x-axis at (r,0) is'tO say that
f(r) = 0; that is, r is a zero of f. Our result (2) is a consequence .d

the following theorem.'
'`N,,41/4,

THEOREM 1-8a. If f is a polynomial function of degree n > q, then

has at most n real roots..:

Proof. If n = 0, . then f is a constant, function Since

f is assumed to hAe degiee; f cannot be the zero fUnCtiOr4,- lsb. that c. 0..

Thus, if a = 0 we knOW that: f has no zeros. Next -'we assItaie that 0.
By repeated useIn this case suppose r i ... r are Zeros of . ft1? 2" k -1,

the Factor' Theorem we can fector a polynomial ..f.($) es:
.4)-_-

f(x) = (x r1 )( - ) ... (X i.'isr')4(x)7.

_ . ... ;., -
..where q(x) is a nonzero polynOm .,,,,SinCe- there are

--e

. . multiply -the factbrs and write J" 9 , A. ' .1! I;
,4`' ''' :,, t4'!. ii..-:

--fivk-.f(x)
rr

where-the%dOts represent terms w 9 rs

in factors, we can
r.w... ,

**.

tbin. ig40 Hence f .34 have
,,:i

degree at least 1. By assumption,'a= jias 'degree rt.

that :is; f can have no more thilci.q,n' 'zerog.

we-tuna haV-e!. k;'s:



In general, of course,

the quadratic Function

(3).

May have less than n 'real ',roots..For example;

has no ±.6]. ierO:s(since

gua4ratl,c ',function

. . ,

....'1:re*C.ap telt:;by'.inapleCticid. that this funbtion ha- s -661y one real. zero. '.,.'In:Other''':-.
. . .

.',:14,0ras; f may fali'.6 hinfe, n real zeros by having. some zeros as . in

%. or repeated zi.ba, as in (4) . :',7'-'

?tha,,i:eaUlt ..(2) pan be Used -0..eliminate :.graphs for a 'fuha ion .

.. ...,

,..
'' 1.Y...

F:c 3A 0 A tatirple ,I. a inca' the graph shOwnsi.i-n !igUr a cro sas :the x-axis four
.,, .. ,

..,:. '
, . ,.., . ,

tinia.$.;! it cannot ba the graph,.bf a 'cUbice function I.. 1.

-:.:, -., .' :7'.:,, . j 2 : : .:. Y ;.: . ,

,54., .. .i. ;,..,, 1 . ,
,! 4

, .
: , .

. , . . :I.g _ , 4> . ;:.

Figure,; 3,-8a

Another consequence(-Of?.The em the,lai at distinct: polyn

give rise to



The proof'uses the fact that the difference of two polynomials is again

a polynomial. Suppose, for example., that .n > k and that a. / b.. Sub-

tracting4 g from f, we get the polynomial function

h x f(x) - g(x) = (a0 - b0) + (al - bi)x

7

+ (ai - bi)xi + + (a
k

-
k
)x + + a n.

Out 'assumption then tells us that h ia.not-the zero function x -40 since

h has degree-at leapt i > 0: -Theorem 1 -8a then tells., us that h 'cannot.

have more than n zeros, so there must be atileast one real number x such

that 'h(x)'0. Spice h(x),= g(x), we have therefore shown that

there iaatieast one number x such that

'f(x) / g(x).

The result (5) can be restated in various ways. For example, if f and

g have distinct polynomial expressions then the graph of f is not the same

as the graph of g. In (6) we give another seful form.

(6)

( 7.)

If if and g are,nolynomial functf ns such that f(x) = g(x):

for all x, then. f and g havy th same degree and their

expressions have theisame coefficients (orboth'are the zero

'function.). .

The expressidn for* alsodetrmines the behavior.of f for NalUes

x .far from the origin. For example, consider the function

- 3x + 2x
2

+ x3.

If x is far from zero,.(that L41 lxl is large) then the cubic term x3

dominates the Temaining terms.' To show this 'we can rewrite theexpression

for f(x) as

1 - 3x.+ 2x2 4-'x 3
3 (l 3 2 4

x + + 1
x
7

x

Ixf increases, the absolute value of each of the,terms

2

X

decreases so that

1 -3

3 ' 2.'
x x

771 3 2

÷
x x

en Ix' is. very large.

and

i4 close
;,..
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By this, kind of reasoning, we could show that for any polynomial function

f, the term of highest degree will dominate, all other terms when ,X is far

fiomzero. This means that the sign of f(x) will.agree with the sign of the

'term of highest degree for ixl,'large,-and hence the graph of f will lie

above or below the x -axis according as theavalue of this term is positive or

negative.

Let us combine this information with that previously garnered to sketch

the possible graphs of

: x - 3x + 2x2 + X3;

We know that 'f(0) = 1, . and that f can cross the x-axis at most three times.

Furthermore, the term x3 dominates when lxi is large, so that for x far

to the right the graph of f Must,be far above the 'x-axis and for ''x far to

the left, the graph of f lies far below the x-axis., In particular, the

graph of f must cross the x -axis to the left of the origin (since f(x) < 0

for x' 'far left' and t(0) > Some candid`ate's for the graph,of f, are-
----,

sketched in Figure 1-8b. Further information is needed toshow Which' graph

,might be an accurate picture of f.. In Ate next chapter we shall develop

methods' for determining the behavior of graph.Of polynomikl functions (e.g.,

`locating maximum and minimum points).
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(v)

Figure 1-8b. Candidates for the graph of _.3x + .2x2 + x3



Exercises 143

"If and g are polynomidI functions.and ?(x) = 0. if and only if

g(x) then .f' and-. g.are identical polynomial functions." Refute

or defend this statement.

2. Guess which of the candidateSjnligure 1-8b might be the best possible

graph for,.the function X -41 3x. + 2x. + x .

Suppose that there are only. a:finite number of,selected points. shown for

a.number of polynomial functions. One could only suess afthe complete

giaph, In each case indicatethe minimum degree that a polynomial fUnc-

tion:might have and still be .satisfied by these points.



In Numbers 4 through.-4 use the given functions and the pets of conditions

to.answer the following. If the answer cannot be determined write "unknown."

If a zero is of multiplicity we will count it as zeros.

(i.) Determine the*number of all real zeros.

(ii) Determine the number of negative zeros.

(iii) Determine the 'number of positive zeros.

Determ ine .the number of zeros at the origin.

2
f : x -4ax bx + c, a /,0.

(a) c = 0, a and b have opposite signs.

(b) c = 0,- a. and b have the same sign.

(c) b = 0, a and c have opposite signs.

(d)' b = 0, a and c have the same sign. .

(e) b = c O.

f x a x . + bx + c = a(x - h)2 + k.

(a) a 0, k # 0, h 0 and a and . k have oppoPite signs.

(b) a /-0, k 0, h = 0, a .and k have oppoSite signs.

.(e4) a / 0, k / 0, a and k. have the same sign.

(d) ,k = 0, a / 0, h > 0.

--*a0 + aix + a2x
2

+ a3x3, a3 / 0.

(a) a0 = a2 = 0, al / (1) a1 and a3
'

have opposite signs.,

(b) ao = al '= 0, a2 # 0, a
2

and 'a3 have the same sign,.

(c). a0 = al = 0; a2 # 0, a2 and a3 have opposite. Signs.

(d) a0 = a2 = 0, al / 0, a1 and have the same sign.

= 0, a / 0,
0

a0 a
3

have the' sa -sign. ,

= 0, a
0

/ 0,.a0 and a3, have oppo.site _signs.
, .



2 3 .x')a +. + a2x, + a x .+ ,

(a) ati = a3-.= 0, aol > 0, a2 < 0, all > 0

_
> 0, a >.0(b) al .=:a3 .= 0, a0 '< 0,, a

...:
(c) al 0,.ab-< 0, a2 < 0, a < 0

d)° 'al, a3 0, a0 >'0, a2 > 0, ail >*0..

(e) All coeffiCients are greater than zero.

(f) 0,. all other coefficients are less than zero.

(g) ao, a2 J. and a ar..egreater than zero and the other

4 than zero.

'.(h) ao,.,a3, and a

than zero.

are greater than zero and the other two are less

two are,less

4!:°'(i) a0 = = a3 = 0 a2 and ..have the same .

. (Note: (a), (b), atick (d) above are called biquadratics'.) .
. .. ,

Ifi Numbers 8 and 9 let the quadratic, functioh f : x -4 ax? +. bx 4- havehave

-real. zeros r
1

Eind r2 Under the conditions given answer the follOw d-ng
, .

questions. If the answer cannot be determined write "unknown." If a zero is

of multiplicity k, we will count it as k zeros.

Determine the number of real. Zeros.

Determine the number of negative zeros.

Determine the number of positive ,zeros

Determine the number of- zeros at the origin.

-4 au
4

+ u
2

+ c.

(a) n1 >

(h) 1 >

r2 < 0_

(d) = Oi r2 > 0 :

01.2.2(e) r2
0



(c) ri < 0, r2 < 0.

= r2

= 0,, 2 <- 0 o

The follOs:zing exercises requille the definition of odd rid eVen,functforfs.

Let' f be a function whose domain. Contains, -x 'whenever it COntaiiis. x

If ..f('X)-=,f(-x) then f is ax even function.
If fiXI,'".=';rf( -x)': then f is*.an odd function . :. . .,

10. Which Of the follo14i7ng functions

(a) f : x

f : x x2 + 1

(c) f x 3x3 2x -

(d) f : x -0;X5. + x

4-

are even, odd or.ne.ither?

11: Show that 'every polynomial function can be rewritten.as the sum of an
even function and an odd' functimk.

12°. What if anything can be'deterrained
following Polynomial Infictions?

, ,

about thvadness or eveness of the

(6) The produot of .an even and an odd function.
(b)' The product of two even functions.

(c)" The product of two. odd "functions:,.-

(d) The sum of an even and an oddA5unction:
(e) . The sum of two, eren;functions.:.

,,(f) ',The. sum of two odd functions. .

e
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4, .

For'the following exercises let the polynomial function.

f : + a x + a x
2 * a x have s + t) different real.

zeroS.., There are 1. ,positlye.,zeXcs,.. negative zerba and isone or.

,zero dependi on whether..thew-is-a,iercattheyprigin... From-cach

case draw a conclusionfconceiming.the g401:case as to the number of zeros

when each :x in oUr,functions'iaTeplace4,y'. xk.
. .

13.. Let k = 4 for -Elie. special case. Then consider
..4.
k ap a power of 2

V; '' 141'11,gene/71.1 case. , .,

4
. .'

(......iiii,..t,,,A... 2k
'06 : x -)a + a x + a

2
x . + a x

3k
+ ..,. + a

n
x

k
..'

0 1 3 .

,-tAight be wish to consider the zeros of the dr,iginal function
. .

hb'.torth of x = a...

14.
4

Special -case: k = 3.

General ease: k is an odd prime.

15. Special case: k = 9

i, .qvGeneral case: k is a powel' of an.. odd prime.

.." 16. Special case:. k = 1.5 V
r '

General` case k is the product of .
tvid odd primes.

,...

17. Special case: k =, 6% . -

c
.

General case:. is the- productu of poWer of two and ani.odd.ppime.
t .

a

2 n
18; Let the polynomial function f : x -4 a0 + a2x. +

.... + a X have
k:

exactly r real zero's Determine 'the number 46f zeros when the. folloid-

ing rep1acements are qadefor x. lc no determination is possible, .

,

.write "unknown." (k is a constant.)

4
- (a) x --)(x + k), k' / 0.

(b :.x.-4(-x), f is an evenifunction.:

'(c) )t.,7) ('-x); i f is 6n odd function.
.

(d) How many zeros does rf have'?
..

s' JO x -4kx, 1 < k.

.(1')
x -: k.x,; 0 < 1,10 <

'''.

t .-.. kr-'. (0 x. :-7> vx , if f. ha,p all,poSitive zeros vid k is'a natural number
If .

geater than one.` ,1,-. .

-__,

thY X .-) -17r)T ; if k Is an.odd',number, greater than blie.,

(i) 'x -4-4c , if, jcc is a naiiiral umber gvate'rthan one.

(j) kow'many zeros does k

(k),- 1-idia many zeros noes kieve an k / 1.1?

74
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19. .Let -f x
0

+.a
1
x -+ a x + ...-+ a

n
x , . a

n
0,' be

Motion of degree greater than o4e:

.0C. 4

(a Must nbe even OT odd? Explain;

Wfiats the maximum number of distinct zeros?

(c) What isithetinimum number of distinct zeros?

(d) Must the number of distinct zeros.be even or odd?.

..,*(10 When f(0) = 0..

.
(ii)s.'When -f(0)' # 0.'

an even polynomial

(e) How many sign changes will%therebe?

(II"' Me imam

MiniMum

Un
zeros?

(i)

*Conditions is it posible to have the following sets of
7

Allzeros are positive.

OM, .Ail-zeros are negative. .

.

All .tiarcic'are-pt therigin.

(g) Which coefficients muStbe. equal to zero?

20. Let the polynom01 functtiOn of, Number.19, be.an odd functioll and answer
.

. ' -.. ..
/

the quoptions of Number 19.'
'''..N

21. A rational function is farmed as the ratio two polynomials:

P(x)
Let

TM
ani) Q, are polynomial Tact:ions

TY
over tie Teals.

liV., ,,

'Ell What is the domain of R?

(b) Is it possible for R, itself. td be a polynomial function? 'Explain.

22. The'statement lim, R = L can be read "the limit of R. as x

: x -*a
.,-

t

approaches s' is L." .0ne example,.

'

lim = 0.
X

o , 6

can
1

be read approaches zero as x increases positively ft.hout
X

bound." 'NOtice'litt. x 1 +'co and
1 /

0, ever., o.
x .- : -

.-

_indicate 1./hiCh statements"' Seem to be true,OildWhich seem to be fhlse.



(e)

(f)

(B)

lira
2x + 1

4- 3
- 2

XX 4 co

lira
2x + 1

co
3-77-7r

lim 2x + 1
- 2

x
2

2x +1.1
lim - 2

x +
x +

lim
x

2x + 1

x2+ 3

_ 5 2
3x - 2x + 1,4

lim 4 2 -4. 4
x -, -4- ce 4x - 2x2 1

5 2.

3x - 2x ,+, 1,
4b) iim _ +.

3 t = ,, .

x -4 +.:, 4x - ,2x., 6,+;,1

3 2 -2 '

(i) lim
3x - 2:x, + 1

- 0
:,',.

x -4+ co 4x - 2k + 1

k

23. Determine the limit under the specified conditions if his is ossibl:

a +ak+a2x2
+

.
n

l
0 1

im R(x) if R(x) 2
0

x ).+00 b
0

+ b
1
x + .b

2
x + 4- XM

'

where an >'0 and ',b > O.
m

(a) if m >

(b) if m < n

(0 if m = n

24..Letf:x-9 a
0
+a1 x+ax

2
+...+a nxn,

1

TTqcdistinct real zeros and Rt.*

> 0, have exactly, r
. n

(a) How many real zeros '1,7,fi11 .:'," t. have?

(b) What is lim

X



25. The graphp of some rational functions approach a line asymptotically as
x ---)00. Which of -these lifles will appear to approsich a as x +0/

(a) 2x2 + 5
x 1

2x + 5
x 1

(c) 2x2 5

x
2 - 1

..

(d).
x4 + x3, + x2 + x,± 1

x3 + 2x +.x + 1

x3 - 2x2 + 3x - 1
-2x + 3x,... .

4..

26'. For each of the following rational functions find the slope of,tife
k `"),/

asymptote line as x ---. 00. t

2x3 = 3x2 + 1 1.

.1

(a)
2x2 + 3x - 1

(b) x
.

1 - 2x

(c) 2x4 +.x3 + x2 - 8
X3 - 7tX. -

j ;i

27 Suppos'e that. .f is a polynomi lifuncti* of degrae in and 's*

g : x , f(ax +. y where a a d b are consam f a / CE). dir,
/.

4)

.Ita) , Is g a polynomial function? If so what_..- its degree? If,
1...,

L not -wfiy not? ., ! .4

. ., d 0.
II

(b) If .a = 1 how is tile 'graph of i g relatedoto .-the graph of f?
,

. -
(c) If. b = 0 how are the graphs. related? tIt'

.3

(d) Use parts. (b) and (c) to indicate the relationship betweenLthe
graphs of f and "-g , for general a --and .. Consider

g( ) ...=
bf(a(x + :.'cl g(x) = f(ax + b)''.

0
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Chapter 2

THE DERIVATIVE OF A,P6ZiNOMIAL FUNCTION

Haying discussedpolynomial functions in Chapter ,1 we. now turn to one

aspect of the calculus Of,polynomial functions. The twb basic ideas of the
1,

eleinentary calculus are deriVative and Integral...ye can appreciatg, these.

ideas intuitively and understand their Userpincss before we formulate them

precisely. We:begin with the idea, of derivative.

If we'splect any point P on the graph of a polynomial. functipnand '

draw a line through I' withea ruler, it will be posSible to choose the
u.

. .

direction of the ruler so that very close to P the line seems to lie along

the graph. When this

if we stay' cloSe.enough to P,

it willbe impossible to dis-,

'ttnguish between the line and the.

curve. We-may appropriately refer'

to the straight line which has this.;,,r,

;property as the best linear approxi -.

mation...of the graph at P. The

straight' line is also said to "touch

or be tangent to the graph at P. Figure 2-la
.-

In thiNhapter, we shall be concerned.. j.

wtth.the determination of the direCti00,of:the tangent line Wany point o'01:

polynomial graph. 'We.shall do thiS neither experimentallyliOr inexactly

.-. precisely from the polynomial function itself.
4

;.--

We shall want to know whether slkficiently 'near the.Pchiii 1/44 graph-
ye' shall also be interested in the shape of the .gr80 ,!That:ise)

,
At

o above or below the tangent line, or whether perhaps the, sses over nr:

from One side of the tangent' to the other. Various possA6

depicted'in(i) -(iv).



Onc,N.zer-gcrioW, how to d'eterMine the tan esnt.and the shape of the graph we

shall: be i a pOsitton to 4-ind any points on a:polynomialgraph at which the

tangent 'line ,is Hdrizontal anethe graph, nearby is entirely above ori entirely -

below the tangerrt...- Such pointd are called' minimum and maximum Points res.

.

...MaXimum; an'O'-ext,remum ebecOme'r -a:. in plUrai) are words

of otiterrriot iespectively, ;

r Methods' fd'r tocating su,ch :points, sOmmt ime's , points, are

`0.pcirmbutly. Ae;Ching the! kraphs:;and 1.6c..at3.rig,. the zeros of

noMial linctions
4 .:!

';" a tt,

^'! The problem of Xinding 9e tang&it t6 polynomial ; graph at -a.: point P
.

. .
,

and the shape of the g,..4phlnearby is partisUlalry dimple if the point is on

the y-Axis As i,te (Stlafl see, in.,this ca'e.. the. result: -can be written by

6.
inspection. -At fir.st '.y,e shall; therefore. cbnine ourselves to this:easy.

;" 1

7'
:

c

special case,- afad
the: saie:'tn-:-Which'!the point is nit on the

3r
-;-4.5 . . . ;

, .

.ta From theit, condider4tior;s we; shall obtain :a general:- :fiz:)-r-.1311-afol": the ;slope

of ithe t;ngentk o the graph' of a 'polynordial function f at any point.

(x,f(x)). .'geritral result will be expressed ,,ed function; sometimes

called t 4,..clie:Sunction and .1/dually called the: 'derivative,. since it is

$ derived .
Original function by a

.
process. In the final se ns

of this cha r we shall apply these ideas: as we examine the behavior Of

'km
,polynomial Win. and in, later chapters we shall see that the same basic

concepts can he u 'ed to 'discuss functions other than, polynomial. functions.
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In this-.Seetion:*;*1-i61-1.,EA14ttate. 0:e rhethbd of ohta:ining an equation
. of. the: tangent- to g. palynoini. Agrt)ptV'ar=its4'ilaint of intAfction with the

1.
The :method is -q!li:te. t pony sts. merely. of omitting every. term,

"
whose degree is highr,- itian

V.%

EAttple : 2-la . Ihe'-irEj-
,

xis /al(6 1)*

obtained by oin' ti g; 'Yie.aeconi3.
. .

7.1
Figure 2-la

G is -the g/ph of f. : x >1 t x'-
Ts is the graph of y = 1 +

Moreover, since the omitted, term -4X2 is negative.for all values of
exeeire .'0, G lies below T except at P. (See Figure 2-la.)



Example 2-11a: T

P(0,2),,If we omItthe

the tangent through'

2.

Sinde x is ibsj_ti've for all'

lie aboye the' tangent, line T.

7

io

6

raph G x -)2.+ x
2. intersects the y-a/pat

?;. term and write = 2 we obtain the equation of
0

In this:,casethe tangent is parallel to the.

x 'except zero,, all points of .G except /
,e

Because P' is the lowest point on G, it i";-,'called,the minimum all,
, .

of the graph. (See Figure 2 -lb.)

figure 2-lb

G is, the graph f,: x x
°

T is. the graphof_y = 2. J .

Example 2-1c.: T1 4,;raphof

f : x -x +.,fx
3 intersects they.-axis.

PP..

at P(0,0)-.iThe equation

Y = x,

of .the tangent at P is.obtained by
4

omitting thp
3 . term. Since, x3 is

positive-for, positive x and negative

foil negative x, G is above T if

x"..> 0 .nd below T x < 0. (S,t'e

0 .0 .

*2-1c.), The graph G therefore

, i
crosses from,one side .of;the tangeg4

to. theother:: 15'; is .called a point -of'..
-

inflection of,the F4rdph .

G .;,s, thY graph x
.

.

T is the graph of y = x

82 90 4 4.

;

0
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Figure



The Iprocedureot omitting every term whose degree is.higher than one

Seems to 'work foi. obtaining the equation of the tangent to a polynomial graph

at its y- intercept. To explain why, we return to aampla 2-la We obtained

the equation y = L.+ x of the tangent to the graph' of

(1) x 1- + x 4x

2
at (0:1) _by. omitting the,term -4x :. We wfth to justify this procedur by

t

ahow,i.rig .that the. line Obteined:does represent the best lfnbar approxitati n

to the :graph at the point IP,:' This,..'1-dill.entitle us' t; y = I.+ x t

equation of .the .tangeal. te?/the 'graph at P.

FrOM (1) we have .

which may be written, as

.(2)

z.
tia

(4) = 1 + x - 4x
2

,

(x) = 1 + (1 4x)x

If x is -numerically small, tlid,expreasion.l.- 4x. in parentheses is close

.toJ -1. In fact,' we can make. 4x lie e..s0;Ose to 1 as we please by

making x numericall stall.

. Specifically, if we w.bah 1 - n4x .to be 10.-tpn .01 of 1 and hence. to
.7

lie 'between. .99 . and 1.01, iX Will the sufficle6t to, take 4x lie between

-.01 and .01,. and' therefor.e tfo. make x lid betwden -.0025 and .0025.
a 1.

This. result has a siniFieijgeomtyical inter.' etation (see Figure 2-1d).

- Let us consider three'lines L, and'L2 t ough P,(0,1) with slopes
°

1,'+ .01 - and 1 - .01. These.lin&a have t e equations

L:y= 1 t
/7'

= 1 +

.v
ya

0

o
:



Figure 2-1d:

Their slopes are so nearly equal that the differences can be shown on'

Figure -3a only by distorting,the'scale. Let AB be the interval

-.0025'< x.< .0025. On this interval AB, the graph of f x -)1 + - 4x )x

lies between L1 and L2 and, henAe, in the hatchedregiOn.

The numbers chosen were merely illustrative. They,were'designed to give

a- certain concreteness to the picture. .We,can make 1 - 4x lie between

1a' t e and 1.- e. for an arbitrarily small.value of e, merely by choosing

e e
between - 7 and 7,. We did.not need to choose e = .01.

'-'

Geometrically this means that if wejceep values for x close enough to

f : x 4 (1 - 4x)x lies between'tWo lines:

L1 y = 1 + (1 + e)x"

L2 : y (1 - e)x

which differ in!:.direction,as little as'we please. The only' straight.,

which.is always .included:batWeen such lines L1 and L2. is

zero the graph of

L.: y = 1 + x.

Hence, 'we see that L can indeed be regarded as the best linear. approximation

to f ; x -41 + x 4x2 at x = o.

We can confjne the graph GL Of x +.x 4oc
2 to a maller part.

. of the hatched region in Fi-gUi-p 2-1d by noting that G lies below L e5ccept;

at. the point P. Hence, onthesinteval AB, G .lies between L and .L2

to the right of P and between 'L and L1 to the left of P. (See Figure

2 -le.)

b.

.



Figure, 2-le

4
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1°. For each of the following

(i)-

. .

'Exercises 2-1

write the equation of the tangent o th graph of the'

.function at the -point of interseetIon the graph. of

the function with the y-axis;

(ii) draw the tangqnt line and sketch the shape

near. its y-intercept.

(a) x + x'
0

(f) x -)

(b) -) 4. x2 (g) x -) 2

(e) x 2 + 3x. 2x
2

(h)

(d) -) 3 +2x + x24' '(i)

(e) x.41+x+ x3 (j)e.

x 7° 1H- 2x +
:5

x x + x .

4
X -)X

of the graph

:1

For 'f : x +' x +, x2 dhow that if -.01 <.x < .01, then

1 + .99x < f(x) < 1 + 1.01x.-

Strengthen the result of part (a) by showifig that

1

(i) 1 x < f(x) < 1 + 1.01x, for x > 0

(ii) 1 + x < f(x) < 1 +1'. .99x, for x < 0.

Show the_impro ed results on 'a diagram.-

(c): Show that the results of part (a) can be 'obtained more simply by

noti'cit4;tbat exceptat the ,y-intercept, the graph>, of

2 .
1

f : -x ---)1, -4- x + x must lie above the grapV. of y = 1 + x.
I

3. In Eirdmple 2-1c we could write' ':x-)X-4.x3 as f .: X (1 + x

( a) Shoy 'that

"1) x' < f(x) < 1.01x,. for

(II) 1.01x. < f(x) < x, c-.for .0 > x

(b) Draw'a. figure topillustrat'e the geometrnal aping of the results

in (a) and (b).

.4



`Consider the --: 2 + 3x -

(a) At what'poin-6 'does thik,graph

ow that it 130 .<;f01,

.

' 3.01 - x > 2.99

(c)

2x.
of the function- cross the f(x) axis?

that f lies betwe4n

/ 2 + 3.61x and 2. 4- 2.99x.

. .

Draw a figure to illustra-e_the geometioical meaning..

5. Strengthen the, result of Number 4 binoticing that the graPh of the

function lies below the graph of the, straight -line

y = 2 + 3x.
. . -

What additional refinement .can be made in tile Pigure associlted with-

Number 4?.

6. Consider the function

f : x - -2x °- 1 = 11 + + x)x,.

(a) Show that if 0 < x < -.01, then the, graph of f Ties Letween;! the_

lines whose equati9ris are
_q-is

°
and

-1 - 2.61X

y - 1.99x,
( .

(b) Draw a figure to \show the geometrical interprietatiot4f this result.

7.' Consider the function. t : x 3 5 - 4x2
.

For -.02 < x determine the slopes of the 4nes between

which the graph of f' lies near the point (0,3

If 'it ia desired that near (.0,3) the graph of f lies between

the atraight lines y = 3 - 4.998x and .y = 5, - 5.002x, what

I values may Sc assume?

N.
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2-2. - The Ta'ngent at thee y-Intercept
e '

To - the tangent line to the graph Of

f : 1 + x - -.4x
2

- .

at the point (0,1) where its ,.graph crosses

mer,,ely omit the terms of degree larger than

N.the: ta ent

The 'desired.: tangent

1

the y-axis we

1. This gave

saw that we could

the equatiOri. of

line is thus the graph of the ilinction

. _

the bet linear approximatibh to the graph" of
.

Observe that the. diffbrence
a

fo(x)'!-. ) = =Loc?

contains jo terms of- degree lower than 2. Direct observation is really our

method cfpr finding tangents;we observe that,th0 quantity --1'tx ,,is numerically

much smaller :thaw x if x is,,c1Rse to zeTo. °

near the point

. = *01 then,

- g(x) -.00000004r.

diffeence f (x)

"./A v.
tt

even Mote. ranidly" are quite

kence . ¢(x)- ;;;(x) will be so much,

we can elj:de this diffetrence by ,x

°tiger, wands, if x. a, the ratio.

In fact, as x approaches, 0,.

even more rapidly. : A"
The, ,p4ra ses

imprecise. leVote

smaller thati x,

)5ave a

"ranch 'Sumner 'thd

that in fact, 'th

idt is small tha

small quantity.



For exampleNsing the successive.values ;01, .0001 and .000001,, we
.

obtain

f(.01) g(.01)
4(b01) F

f(.0001) - g(.0001)
.

.01

4(.0601) =, .0004
-.pool

f(.000001) g(.000001)
A(..Q00001) = -.000004

.000001

which are also approaching 0.

The function

.g x
-
L61 + x

- . . .

. is, in fact, the only linear function whih;satisfies the condition:

(1)
6

1(x) - g(30 approaches. 0 as f approaches

where f;:.x + x - 4x2.

To show that g is

us suppose. that there is so

nly linear'function which satisfies (1), let

her function

for which the ratio

(2)
f(x) - h(x) approaches 0 as x. apprOaches

-*a + bxr

We can write

so that

f(x) - h(x) =

f(x) - h(x)._ 1 -

x

If a / 1; then the term

- a) + (1 - b)x - 4x2

) + - -.4x, if x / O.

. otr

1 - a

4

will become very large fOr x near 0. The remaining terms

.

, (1 - b) - lx

will approach 1 - b as x approaches 0. Therefore, if (2) is to hold, we

-

must haveti

89
9



and "b 1;

the "other" function h turns outs to be the-function g.

In summary; the. functiime

; x + x

is the best linear approximation to .

0
f fx--)1+x-14x

4r

in the sense that, as x approaches' 0, the ratio f:'

approaches

. . N.

Furthermore g is the only.linear function with this property. Th,a serves

as further justification for saying that the line given by

y ex) . x +:1 /^

is the. tangent line to the graph of f at (0,f(0))

/ The following examples'serve to illustrate these ideas further.' .

A

Example 2-2a. Discuss the shape of the graph of

f : x -) 1 - x + x2 - 2x3

near the point P(0,1) where, it crosses the.v-axis.

This. function differs from those previously discussed in that two terms

of degree greater than 1 are present, However, the best linear approxima-

tion a P(0,1) is obtained as before and given by.

in the sense that, for

f(x) - g(x) x2 - 2x3
x 2x

2

x x

approaches 0 as x approaches- -el

We can write

f(x) - g(x) = Z2 - 2x3 = x2(1 - ix)

.r,
from which. we ob serve that if .x e 0 then f(X) - g(x) > 0., Thus to the left.

of P(0,1) the graph of f 'lies above the'graph of g. hermore,

x2(1 - 2x) jr--
-
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et:

will be positive for 0 < x an negative for x
1

, j so that the graph

of f is akso above the graph of g to the right of P(0,1), as long as

x <
1

' "
while, for --

> 2
'the graph f lies bqlow toe graph of

2

Similarly, the quadratic function

can be

h:x-)1-x+x2 ,

shown to be-the best ?quadratic approximation to f" the sense tha,:t

f(x) - h(x) = -2x
. 4

contains no terms. of degree y. wer than 3. Thus, if
_ .

0,

g

2 "
- 2x

x / , :...

approaches 0, as x approaches 'O. We see from (35-lhat the graph Of "f

Ves above 'the graph of h for x < 0. and belottl the graph' of h for x > 0.

Tf x is small, then graphs of f and h are lry close together Bee
I

Figure 2-2a.) ,/ .. t - ///. /

1

2

:.,- N ;
\ Figure 2 -2a. A

The graph of e : x ,--. 1. - x + )'..--.--- ...., iti tangent Line

r = g(x) .= a k x, Ad its .bett qu:sdrAtic ap rdttimation
2 ', Or

h : ''x -) 1 - x + x near P 14 . ..--

1



Draw "the graph oif

-3 . -.5.
f :. ayeax +412x x

near its point of'ittersection X22) viii they- axis,.
... -

The best °linear" approxJ ation to' f 'near. F(00,2)

stant'.funCtiOn
... -

obtained. as .usual

Note that ''heir

Writink.

g '':)2'°

by ordittIng.all terms of degree

f(x) - g(x) =0 -x3 + 2x
4

- x
5

.

x is nfta, 4, each term of this difference is very small..
P .

is in fact the con-.

, .

exteeding- 1. We' can Wri/
J

f(x) g(x) = -x(1 - 2x +x).

= 4-x3(x 1)2,
t

e can tell that the graph of f crosses the graph of g when x = 0 and

When x = 1; that is, at: P(6 2) and, Furthe re., the graph of -f

.,:ales, Above the graph of g. wh n e and *low the graph of g, when

R.... '1'IJ.7<X <1 or x >1. -

:ThP expression nil- ,f also contains no second de

best appPOximatiOn of.degree 'not exceeding two -is again

t
-

x-4

e term, so that-its

.*.a best cubic approximation to the graph o f

a

The differenee
17

h : x 2

f(x) - V(x) = 2x4
5

= x (2 - x)

111

x
4
< 2. ,ThereforeT

<0Q. ,and for 0

sftiveif / 0 'anti

6hoye-the graph of
, .

uNe. 2-2bt Shows what we howknow about the. shapp of the graph of f

the graph of f

near



Figure 2-21).

The graph of f : x -) 2 - x near .P(0,2),

with its tangent line at Pt1given by y*= g(x) = 2

and the graph of its best el:tic approximation.

h : x -12 - x3.
AIT

Y

y = g(x)

x

.

A

--N%

441



(0.Foreachofthef011oying,drawthetangentand,sketch the shape

with the f(X),axis.of the graph neari ft's point of intersection

(i) f : x -.,2 + x + 3x -
2

x3

3.

(ii), f : x --. 2 + x .- x
4

'-. c 'ND
.(iii) f : x '--4 -.1 + 2x*- x

2
+ 4x

(iv) f : X L. 4 - 2x3 -4x14.
\

(-1.7). f ; x -.4.4 ..:'3x + x3 -

f : X --. 2x x
2

+ 4x3
A

7x5

(-

(b) For each of the functions of part (a) show that for any ''''t hoWever

,small it is possible to choose I 1 small enough so that f(x) .

, . .

lies bet'weenj .

)

+ aix + (a. + c)x
r

N r
and a

0
+ a'x (a

r
- 5/x 2

1 -
+

..

where ? is less than the degree ofthe polynomial. Specify how

I
must be if E = .01.

2. (a) bleto indicate three successive synthetic diviSions of

f x) = x3 - 3x and resultint quotietts by x - 0:

(b) Determine ex\ and .f(0) if

f(x)
c

= f(6) + (x - 0)g(x)

(c) Determine p(x), and g(0) if

g(x) g(0) + (x - 0)13(x).

(d)Oetermine q(x) and p(0) if

p(x) p(0). + (x -

%

(e) What iF...-..q(0) ?.

(f) Show that for,p11 i, we can write

14- - o) + - oy[p(o) + *IN ])

.



(g) In the next section we shall find it useful to be able to express

a'given.function in terms.of x - We hgve the equipment to do

his for a simple polynomial functiom such as f. x
3 .- 3x;

with a --=*2 or a = 0. While it is trivial to express x3'- 3x

in terms of x we shall use this procedure. in a more general

situation in the next section. Using the results of parts (a)

through (f) of this problem, determine A, B, C, ind. D if, for

all x,,

f(x) =.4% B(x - 0) + C(x - 0)2 + D(x 0)3.

For each of the functions in Number 1(a) give the-best linear, quadratic,

and cubic approximations to the graph of f near the point '(0,f(0)).

S
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2-3. The Behavior of the Graph Near anArb,itrary Point

In Sections 2-1 and 2-2 we restricted our attention to the behavior..of

.the gra o a polynomial function near its y-intercept. Now we shall

genera ize our discussion.to include'the behavior of,the graph of such a

function near any point. In Sections 2-1 and 2-2 the. behavior near the point

for which x.= 0. was determinedfrom the expression for .f(x) in ascending

powers of .x - 0. The behavior near the point for'which ,x = a, say, can be

determined if we have an expression for f(x). in ascending powers of x - a.

2
.To begib we consider a specificcunction, f - 3x + 2x , at a

particular point, where a = 1.

Example 2-3a. Determine the behavior of the graph 9y

f : x -44 - 3x + 2x2 near4the point .P(1,3).
- v

0

Soon we shall show how to write f(x) = 4 - 3x + 2x
2

in powers of

x -'1 as v c .,

(1). f(x). = 3 + 1(x - 1) +.2(x,- 1)2'.

To verify.this'immediately we note that, for all values of x, .

3 1(x -.1) + 2(x - 1)2 = 3 + x'- 1 -; 2x2 - 4x + 2 7 4-- 3x + 2x2.

. We ,assert that the equation of the tangent T may be obtainea from () by

d'ropping the termofhiefest degree; i.e., We asseAthat,the'equation of.,

the tangent- at (1,3) is

(2) ..y = 3 +-1(x - 1). \,

I our assertion is correct, then the slope, of the tangent is 1, The graph

.G is above this tangent T at all'Oints- other, than P(1,3). This is seen

by noting -that 3 + 1(x - 1) +.2(x : 1)2 may. be. obtained from 3'+ 1(x - 1)..

by adding. 2(x - 1)2, which is positivefor all x .except 1.. We giaphically*

record our,aSsertions and conclusions in Figure 2-3a.
,

<9.
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'Figure 2-3a
1

G..is the graph of

is the tangent atP(1,3)

The assertion'that (2) is an.equation of the tangent to the Curve G at

point P can be verified as follows. The expansion (1) .is factored and° .

written in the. form

x 3x + 2x2

(3)
. f(x) = 3.+ [1, + 2(3- 1)](x -. 1).

1
.

,

From (3) note that if x is near enough to 1, that is if Ix -.11 is

-__, i .

suffkicien.tly small,,the expression. [1 + 2(x - 1)] is arbitrarily close to

1.. In other words., for any- e , however small, f(x) .lies between

3 + (1 + e)(Xi91, 1)

3 + (1 - 0 ex - 1)
A

e
ip ovided that 12(X - 1)1'< e, that is, that 1x - 1

2
1 < Hence

3

.

+ 1(x - 1) is the best-linearapprOximation to f(x) near x =i1 and

_11) is thel4angent to the graph 'G at the point, P(1,3)'. It should be noted

that we have followed the same procedures as before with, x - 1 fh place of x.

°Now consider the problem of expanding f(x) in powers of x - 1, that is,

of finding the coefficients 1n (1).,From (3) note that if we divide. f(x) by

- 1); we obtain the remainder 3 and the quotient 1 t 2(x - 1). The

4
remainder 3 is the first coefficient in formula M....Again, from formula

(3), if we divide the quotient 1 + 2(x -1): by x - 1, we obtain the

.remainder l and the new quotient 2. The.remainder 1 is the second coeffi-

cient in formula (1), and-the final quotient; 2 14.hejast coefficient in (1): .

97
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Let us follow this procedure to determine the required coefficients,

beginning with f(x) = 4 - 3x + 2x2, and using synthetic division.

Upon dividing f(x) by x - 1 we have

-3 1+

2 -1

2 -1
1 3

which indicates that the quotient is 2x - 1 and the (first) remainder is

On dividing 2x 1 By x - 1

2 , -1

I'01:

we obtain the quotient 2 and the (second) remainder 1. If we call the

remainders we,obtained in succsion and b12, and the final quotient

b2, we conclude that we are ,justified in writing

f(x) = bo + (x - 1) +b2(x -

Example 2 -3b. Determine the behavior of the graph of

f; X-4 2 + 3x + x
2

- x
3

near the point at which x = 2.

We need to expand f(x) in powers,of x - 2;. that is, to find the

coefficients in

f(x) = b© + b
1
( - 2) + b

2
(x - 2)2 + b (x 7 2)3.

If f(x) is divided by (x - 2) the remainder is b
0

and the quotient

is b
1

+ b
2
(x - 2)

.
+ b3(x - 2)2. If this cuotient is divided by x - 2, the

remainder is bl and the new quotient.is
m

b2 + b3(x 2). A further division

of b
2

+ b3(x - 2) by x - 2 gives the remainder b
2

and the final quotient

We proceed to carry out these divisions synthetically.

Dividing by x - 2

-1 +1 +3 +2

-2 -2 +2'

-1 1 I -4

we obtain the first remainder it and the quotient

-x2 - x + 1.
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Dividing this quotient by x - 2

.+1

). 6

gives the remainder -5 and the new quotient -x - 3. Finally, dividing

this quotient by x'- 2, we have

-3 12_

-1 .

the remainder -5 and the quotient -1. The successive coefficients in the

expansion of f(X)' in powers of x - 2;tare the successive remainders

obtained: b0 = 4, ,b1,= -5, .b2 = -5; the final quotient b = -1. Th us

we can write

f(x) = -5 - 2) - 5(x - - 1 (x - 2)3.



s.
, .... .

Near the point where x = 2,' we conclude that:
.

61) the value Of the fUnction is- 4;

a.

.(2) the equation of the best linear approximation to the graph.

of k 'is y = 4 -.5N - 2), thus tY direction (slope) is

Ir.

(3)

, -5; and

the-equation of title best quadratic (parabolic) approximation,

to the graph of f is y = 4 - 5(x - 2) 5(x

the graph lies. below.the tangent on Both sides of the poiht .

- 2)
2

thus

.under consideration.

k
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Exercises L..2

1. FOr each of the following express f(x) in powers of the given factor.

(a) f(x)_ = 2x3 - 5x; (x - 2)

(b) f(x) = x3 -'7x2 + 3x + 4, (x

(c) f(x) = 3x3 - 5x2 + 2x + (x + 1)

.(d) f(X) - X2 + x - 1, (x + )
2

2. For each of the following functions write the expansion of f(x) in

powers of x - a and determine the equation of the tangent to the graph

!of f

(a); f
f

at the point' (a,f(a)):

x 5 + 24x + 2x2 + x3, a =/2

x + 2x3 + 4x2, a = -3

(c) : x 4x3 - 3x2
+ 2x + 1, a

_)5x4 3x2
+ 2x + 1, a =1

(e) : x 4x
3

4- x
2 + 3x, a = 3

('f) f : x )2x3 + x2 - 16x - 24, a
.

= -2
4r

3.' For each of the follOwing write the equation of the tangent at the

specified, point and sketch the shape Of the graph nearby.

(a) x 4 + 3x - 7x2 + x3 /

(b) x x3 6x2 + 6x- 1 at (3,-10)

(c) x - 4x
3 at (1,71)

(d) 't 2t3 - 4t2 - 5t + 9 at (2,-1)

(e) x 2x3 - 3x2 - 12x + 14 at (1,1)

(f)' s - 6s2 + 6s - 1 at (1,1)

4. (a) f(x) = x3 - 3x in terms of ascending powers,of x - 2.

(b) Write inequalities to show the relative values of (x - 2),

(x - 2)2, and (x - 2)3 near the point where x = 2. (For

instance consider x = 1.9 or x = 2.1.)

(c) If.. y = f(x) = x3 - 3x write the value of y when x.= 2.

(d) Write the equation of the bestlinear approximation to the graph

of f : x = x3 - 3x near the point whei'e x'= 2.

;e: 7 101/09



I.

`.5 .

(e) What is the ditection (slope) df the (tangent to the) graph of

f x --)x3 - 3x near the point where x = 2?

(r) Write, the, qation'of the bept quadratic approximation to the graph

of f : x --,y = x3 - 3x near the point where x = 2.

(g) What is the coefficient of )2. in the parabola which best

represents the graph of f : x -, x3 -.3x near the point where

x = 2?

h) Near the point where x = 2 is the,graphof

flexed (concave) upward or downward? Why?

f : x -)x3 -

/

(i). Compare thc,pehavior of the grah! of f x---).x
3 - 3c near the

point where x =2 `with the behavior of the graph of

F : x 2 + 9x +6x2 + x3 atits y-intercept.

Aiain consider the function f : x -*.x3 3x

(a) Beginning with the simple statement x = a + (x - a), express

x3 and -3x in terms of x - a. Write x3 - 3x in powers of

x - a.

(b) . Make a table to indicate three successive synthetic divisions of

x3 -.3x and resulting quotients by x - a.

(c) Use your table from part (b) to write x3 - 3x in powers of a.

(1). Write inequalities to show-the ,relationships between (x - a

N2 N3
(x - a) , and, - a) when x in close to a.

..(e) If f - 3x, find the value of f at a.

(f) What is.the linear function that best approximates the graph of.

at a?

( g)
What is the direction (slope) of the (tangent to the) graph of f

near the point where x't. a?

(h) For what values of a does a tangent 'to the graph of f have

zero slope?
A

(i)

(j)

At what points is the tangent,to the graph of f horizontal.

What is the, quadratic function that best approximates the graph of.

f near the point (a,f(.a))?

(k) What is the coefficient of x
2 in the best parabolic representation

to the graph of f near the point, (a,f(a))?,
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.(2)

d.

.

a

For each of.the points .found in part (i) deterMine whether the

(paraboliC)gproximation to the) graph of f is flexed (concave)

downward on upward.

(m) Decide ' ch of the pointsfound in part (1) is a relative maximum

and which is a' elative

(n) If the coeffici nt"-of the x
2

in the parabola-which best represents

-

the graph .of.f near some point (Eu.if(a)) is neither 'positive nor
6
negative; then the graph is neither flexed upward nor downWard at

that point. (We refe400 such a point as a pbint of inflectipn.)

At what point on the graph of f : 'x -)x
3 - 3x does this

Phx,ribmenon occur?

(o) Use infoimation acquired in other parts of this problem to quickly

sketch the graph of f :x )ac
3 3x;

lib

w.
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2-4. Application to Graphing

.Consider the function

- 12ac. - 3x2.+ 2x3

and its graph. (See Figure 2-4a.)

We,know how to find the tangeitt and sketch thegraph near any point

P(a,f(a)). So far we have'chosen particular values of: a. It,will now be

useful,to carry out the work with a left unspecified: We Want to expand

f(x) in iowers of x - a, '

f(x) = b0 + bicp - a) + - a)2 + b3(x -

As we know, the coefficients' low bl, b2 and can be found as the

successive remainders in diVision by x -

We carry out the_ divisions synthetic

-3 \

2a

-12
.

2a2 - 3a 2a3 - 3a2 - 12a

2. 28 - 3 2a
2

- 3a - 12 - 283 - 3a2 - 12a + 2

2
The first remainder-is Np(a) = 2a

3
- 3a .- 12a + 2 as we should expect. This

is b0. To obtain b
1

we divide again by x - a.

2- .4 2a - 3 2a
2

- 3a - 12

4183 -

2 4a - 3 I 6a2 - 6a - 12 = b
1

'R
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The required expansion.is

y 4'
f (X)? = f (a) + (62a - 6a c 12)(x -a) + (6a - 3)(x - a)

2
+ 2(

.e

The equation of the tangent at (a,fi0)) is

(6a2- - - 12)ix -

7.
tstants are

t V

3
ra

helpful in graphing to.fiAany places 1.hera the

1} orikontal,L.th4t:is, where the slope of the tangent zero.

dalled'critical points: Inour example, ve--;set

.

a,

6a
?

2
-6

. aOlutionare, a 7'-1 and 'a =

e hdrizontal. cangen-4 at (o-1,9)

-A
To find theshape _of the graph near

Zquation (1) and 'obtain

Such

6 - 12 = 0.

2. Since f(-1) = 9 and f(2) -18 we

and (2,-18), as appears on Figur,24a.

(-1,9) we substitute

T(x) =9 - -9(x'At 1)2 + 2(x + 1)3'.

The 'gr ph lies below the tangent y = 9 on both sides
.

accordingly we call this point 1a relative maximum.

Vimilarly, if we substitute a = 2 in EqUation (1)

f(x) = -18 + 9( - 2)2-1+ 2(x -2)3.

0:

Since the graph lies bove the tarigent 1vGie y = -18

is called a relative minimum,

Another point o interest Corresponds to the
%2

"of (x - a) is zero. s occurs
1

:when a = 7 . ,EquatiOn (1) then becomes

near (2,-18 ) this pbint

case where the coefficient

in our example when 6a - 3 = 0, that is,

-

The

The

tangent. line

) 7(x2

T at (22--,1) has the

.
/70.

graph lies abovel T to the right

-9
2

A'

227:(x

equatiop

L 1)2

1)3

of the.pgint and below T to the
. .

is a point of inflection.Hence, the graph crosses its tangent and

f\
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-..p... -.:7-7-1,...
v

"With sill of .the ,pbove information at-our d'is-riiptl we can sketch the

general features of the'gi4arit o` 4' We,use also the'efact that the pointi

(0,2 %1 lies on the graph a 1that the. tangent tilere, -y--=-7. -.1?..x,-,..' has slope.

lc-12. ;Fla may'..-findthe value 'ofthe.fino(ion.at. .vt,= 1, x 7\3 and :x = -2 '., t

to' sketch the graph more accuVtely.. Note that itl-Ft.gure 2 4a 1.1..e 1-1relised4 -,/

"T.1--fferent'scaSesbn..the.horizoqtEI and v&itical axis in ordi."'td bring Olut the

features of tht-graph more Clearly. 'N

ft

, '-',...

The abili* to looate Maximum and minimum points'and. paintsints of
.

i nf. le. c iOn
. : A

j

.enables us to'sketch.theAraph of a poi .ilial bin;tionl'ather quickly and it

. makes it possible to reduoe the number of. p."-Xilrequired-to'give a rood

picture. .

4

a .

4

bb,



,ak

FOr each funCtiol ,

%

-
N.

.1 : x .416 - 6X2 4- X3
4

2xx-

? . 3
i

,
''

f :

.
.0 add.

1/4"4, ( , .. ) 41V 1
. .

' (el- firidilh 'slope f the tangent. to the graphpgraph at the
0 , .

(b) write the quatinpf the tangent t raph at

0 .

sp

pOint where =
-

the point where

(c) find eac critical point and identify its character;

(d) wevaluate (0), 1(2k- f( -2), f(3), 1(10), f ( -10) ;'

(e) sketch the graph .+

1 f : x 16 6x2 X3

2. f ) 2x3 7 4x - 1

I

1 1 6
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2-5. The*flope as Limit of Difference Qudtents

To find-the,equatioh of the tangent line to the graph of a polynomial
16

function "f at the point (a,f(a)). we'expressed.
.

f in terms of powers of

x - a, and then omitted the terms of degree larger than' 1. .Thus, we wrote

the fdhction
N.01,

'f
0
+b1 x+b2 x +.' .+bn x

f
0
+ c1(x - a) + c2(x - a)2 + + cn (x

a)n

to obtain the equation of the tangent line

y. = c0 + ci(x

to ihegraph.oef at_ the pot (a,f(a)).

We now desCribe an alternative procedure for finding the slope, c1 of

this tangen

.

(1)

based on the following principle.

SIf .Q is point on the g aph of f near the point

-P(a,f(a)),. then the slop e of the chord PQ will

Approkimate he slope of the tangent line at- P.

(See Figure 5a.)
0

,..

Figure 2-5a

If Q is close P, the slope of L

will approximate the slope of T.

L

T



t

Let uS examine principle 41) for the functidt

e, 2'
f : x 1 .=

at .the point 3(0,1),where:it'crossqs the yi;.a-xjs,:.

that the equation of the tangent is

T : y = 1 + x.

Suppose Q(x,f(x)) is another point on the graph of 'f. We wish'to*show'.

.thit. for x close to zero, the slope of -PQ will be approximately equal to

I; the slope of the tangent 'IT° at .1°(0,1). To do this_ we use our "wedge"

discussion in Section 2-1. There we showed that if E Le.any small pOsittiie

number and

is point ue know

ON,

(2)

then the graph of f will lie between the.two lines

W

yA= 1.+ (1 + e)x

= 1 + (1 - c)x.

A

.(0,1)

P T

the
4126

\

\mow
' L2

-c

Figure 2 -5b

x

If - < x'< f, the points Q(x,f(x))

must lie inside the shaded wedge and hence

slope of L2 < slope of PQ < slope of L1..

no,/ 18

x



4 If. x ilea in.the interval (2) the point Q(x,f(x)) will lie li*tweea,

the two lines L
1

arid L2, so that the line PQ lies between these two

lines (Figure 2-5b)./ Therefore,the s1ope.of PQ ,wi11 satisfy

'sope of L2 < slope of pQ.< sropeof

that is,.

1 - E < slope.PQ,-< 1 + E:

This tells us that if ;CI is close enough to 'P the slOpe of PQ !will he

nearly 1, the slolde o'f. the tangent at This verifies principle (1) for

this particular example'.

Our task 'how is to',show how we .can use this principle to 'obtain a formula

for the slope of the tangent line.'
. .

.

As we shall see, simple algebra will enable As.to.express the slope of,-

the line. PQ in such a wlay.th5the number which it approximates is.easy't0

determine: This dumber must then be the Slope of the tangent at P.
7

.Let us again consider, the'graph of the function
1.

(3) 'X -4 1 + X - 4x2

at the point P(0,1). SUppci-se is,another point on the graph of

,f, so that. x / O. The slcipe,of the line through the points P. and Q is

f(x) - if (1 + xt- 4x2) -

, 'x - 0 x

- 4x
2

x

fr
If Q. is close to^ P, then X is elope to 0 and 1-a 4x is close to 1.

The principle (1) tells. us that the slOPe of PQ will approximate the slope

of the tangent at P; so again we'conclude that for this example the slope

of.tangenfat P is 1, the numi4r which the slope of PQ approximates.

' Now for the same function (3).Consider.a general point P(a,f(a))- and

another point Q(k,f(x)), with x / a., The slope of the line through

and Q is .

Using (3) we can write

f(x) - f(a)
x - a

111 1U



f(a) /(1 + x - 4x2 1 + a 4a
2)

=

=

=

1

1

1

x-
2 2

11.(x "a )

- al

x -.a

;0(x'
-,4(x J`x

- 4(x a)4

- al

x / a.

When x. is close.tol a, 1 - 4(x + a) Will be close to 1 - 8a. In other

words,when As. close to P, the slope of 6PQ approximates 1 - 8a. But,

Y principle (1) when Q is close to P, the slope of PQ approximates the

slope of the,tangent at P. 'Therefore, we conclude that the slope of the tan-.

gent at P is 1 - 8a.

Let us review our procedure. The slope of the line through

and Q(x,f(x)), x / a is the difference quotient

(4)
fix) - f(a)

x - a

P(a,f(a))

Replace f(x)' and. f(a) ..b1. their expressions and pexforth some algebra uhtll

it is evident whEit number this ratio (difference quotient) approximates for

x. close to a. This number will be the slope of the tangent at .P(a,f(a)).

"4:

It is common practice to use limit terminology for this approximation
4

procedure, saying

(5)-
) -

-

;

The limit of
f(x as x .

approaches 'a i4_th,f

a

(a)

slope.of Plangent line to-the graph of f at P(a,f(a)).

This is to be taken to mean that

slope of the tangent when x is sufficiently close to a. We shall use

the ratio
f(x) - f(a)

x'- a
approximates the

interchangeably this lit terminology and the approximation terminology.

Of course, we should ex a 'ne closely.the meaning cf.the phrases "approximates"

and "sufficiently close." In this book, however, it will generally be evident

what these phrases mean, just as it was evident that

1 + -6) approximates 1 - 4(a + a)

when x As close to a. Precise definitions and theorems about limits appeal

in the appendices.

Let us now examineome further examples illustrating our procedure. In

0
the next section we shall use our methods to find a general formula for slopes

of tangents.
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Example27,a. Find slope, of the tangent to the graph. of

: x -42x: - x3'

at the point P(a.,f(a)). The slope'of the line through P(a,f(a)) and

Cl(x,f(x)); x / a,' is given by the difference quotient

f(x) - f(a) (2x - x3) -'(2a - a3)
x - a x - a

2(x - a)- (x3 - a3)
x - a

a3
= 2 ( )

x - a

= 2 - (x2 + ax +a2),.x a.

is cloSe tp a, the difference quotient will approximate

, 2 2. 2
- ka a+ a + a ) = - 3a .

We conclude that

2
(6). 2 - 3a =, slope of tangent to the graph of f. at P(a,f(a)).

Example 2-5b. % Find the slope of.the tangent to'

f x -41 - 2x + x2 _3x4.

a the point P(a,f(a)).

The desired slope wilfbe the limit of the difference quotient

f(x) - f(a)
, as x approaches a."

x a

'Using the expression:for f we have

f(a) - f(a) (1 2x + x
2

- 3x ) - 1 - 2a + a2 3a
1IN

)

x - a x -
.:

As x approaches a,

2 2 4 '4
= 2 +

x a 3(x a
x - a - a '

+ (x + a) - (x3 + ax
2 2

a x + x / a.
.

x + a will approach 2a

. .



-3(x3 + ax
2

+ a
2
x +

A

sel that,

a) will appi-oach -3(a

f( x) approaahes 2 + za -
x - a

At

4

+ aa
2

+ a
2
a 8

3
= -12a3

2a 3, the desired, slope.:
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Exercises 2-5

. For each of the following functions, assume that

difference quotient,

r(x) = f(x)
x

f(a)

-in simplest Form...

(a) f : x

(b) f : x X2

3(.0 X

(d) f : x

,
,

.4- 2. For each of the functions in Number 1 evaluate the limit as x approaches

a of the difference quotient r(x).

,

3. Find the slope, of the tangent to the graph of each of the functions in

Number 1 at the point (a,f(a)).

4

4! Find the slope of the -eSnizentito the graph Of each of the functions in

Number1 at thepoint

5. Write the equation of the tangent line to the graph of each of the

functionS in'Number 1 at the point (a,f(a)).

a and write the

1

6. For each of the following functigns, assume that x / a and write the

difference, quotient

in simplest form.?

(a) f x b

,

, (b) f : x -4Ax
2
+ Bx + C

(c) f : x -7)Ax3 t Bx
2

CX D

7. .For eaft of the functions in Number 6 evaluate the limit as x, approaches

4 ,

a of the difference quotient ,r(x).

8:' .Find the slope of the tangent to the graph of each functibn in Number 6

at the pdint (a,f(a)).

Find the slope of the tangent to the graph of f : x---)20x - 3x2 at the

point (a',f(a)).
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10. Consider the function f x -)1 -

(a) Evaluate lim
f(z.) -

-

f(x),
; i.e., determine the .z

z x
Z -) X

approaches X, of the differenCe quotient

(b) Evaluate lim
f(x + h) - f(x)

h 0

f(z) - f(x)
- x

(c) What is the elope of. the tangent to"the graph of- f at-the point

(x,f(x))?

1 }. Consider the. function

f -'1 + x - 4x .

(a) Find the limit as x approaches a of the difference quotient

f(x) - f(a)
x a

(b) What is the slope of the tangent to the graph of ..f at the point

(a,f(a))?
my

(c) Find the limit as h approaches zero of the difference quotient

f(x + h) - f(x)
h

(d) What is the slope of the tangent to the graph of f at the point

(x,f(x))?

a



. 2 -6. The. Derivative

(1)

Consider the function

a f x -) 1 + x - 4x .

,

In the previous section-we established that the tangent line to the graph.of,

f at (a,f(a)) has slope 1 - 8a. In exercises 2-5, Number ll ;.it.can be

'.shown that the 6lope of the tangent to the graph of f at the point (x,f(x))

is given by 1- 8x.
/-

The function

(2) x -41 - 8x

is sometimes called the slope function for f x -*1 + x - 4x
2

since its

value 1 - 8x at a point (x,f(x)i gives the slope of the tangent line to

the graph of f at the point (x,f(x)). The function (2) is more commonly

known as the derivative of f an usually denoted by .f'. Thus the derive-

tive.of

f : x - 4x2.

is the function

f' :*x -*1 - 8x.

the value fl(x) a a point' (x,f(x)) is the slope of thetangent.to the

graph of f at (x, (x)).

Our purpose in this section is to obta4 a formula for the derivative f'

(that is, the slope function) of an arbitrary polynomial function f. This

formula will be obtained as the limit of the diffeipnce quotient discussed in

the previous section.

"
Let us first obtain the derivative of the general AuadrAtic function

f x -)ax2 +.bg + c, a 0.

We wish to find a ;ormula for 41r; value f'(x) of the derivative at the

point (x,f(x)); interpreted geometrically, we seek the slope of the tangent

to.the graph of f at P(x,f(x)). We begin by expressing principle (1) of

the previous section in slightly different terms.

*
The name for this very special function,-among countless functions

which can be derived from the particular function under consideration.
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(3)

Let h be some arbitrary nonzero number and let Q

be the point (x + h,f(x + h)). If h is small,

then the -slope of the chord PQ. will approkimate

f(x), the slope of the tangent at P(x,f(x)).

Y Jai

If h is small, Q will be close to P. See. Figure 2-6a.)

r2

= ax bx + c

/
Q(x + h,f(x +

x + h

Figure 2-6a

If h is small, Q will be close to P and

the Slope of L will approximate f the

slope of jthe` tangent T at P(x,f(x)).

The procedure is'just the same as that used in the previous section.

Perform some algebra to determine what the slope of PQ approximates, for

small h. The.limit of the approximations will be f'(x), the slope of the

tangent T.

The line PQ has slope

f(x + h) - f(x) x + h) - f(x)
x + h - x

Fori-the function -f : x -b ax2 bX c, we have:

1181



f(X1+ h) - f(x) [a(x + h)? + b(x + h) + c] - Eax2 + bx + c]

2axh + ah
2
+ bh

h

Notice that the terms ax , bx and c have all dropped outi leaving only

terms which have h as a factor, so that for h # 0 we have

`f(x + h) - f(x)
h

(2ax + b) +

As h approaches 0, (2ax + b) + ah will approach.. 2ax + b. In other words,

the slope of PQ approaches (2ax + b) as Q approaches P. 'We then con-

clude from the principle (3) thatithe slopeof the tangent at .P must be

2ax + b; that is,

(4)

ft(x) = 2ax + b.

We summarize: the derivative of f : x -,ax
2

+ bx + c is

\J.

ft x -i2ax + b.

In general, we shall see that the following (5) is true for a polynomial.

function.

(5)

The polynomial function

f : r. a
n
x + an x

n-1
a
2
x2 + alx + a0

has the derivative

r x
'na n x

n-1
+ (n - 1)a

n-1
x
n-2

+ + 2a
2
x + a

l'

In other woAs, each term of ft is obtained froM the

corresponding term of f by multiplying by the exponent

and lowering the degree by 1. °

This result has been established for n = 2 in (4). Let us sketch a

proof for n = 3. suppose

The value ft(x) will be the limftof the difference quotient

f : x -ea
3

+ a2x2 + a
1
x + a0.

(7) f(x _f(x) h) - f(x)

x + .h -.x h

-

as h approaches 0. This quotient may be interpreted as the slope of the

line connecting P(x,f(x)) and. Q(x + h, f(x + h)); as h approaches zero



the point Q approaches point P and the slope PQ approaches the slope

f'(x) of the tangent at 14P: UsingI6)In (7) we, have

f(x - f(x) a3()(
h)3 +a

2(X
+h)2 +a

1(x
+h) +a

0
-(a

3
x3-4-a

2
x2 +a x+

1110

h

a
3
x,
2
h + 3a

3
xh

2
+ a

3
h3.) + (2a xh a-h

2
)

2 2

h

+ a

= (3a
3
x
2

+ 2a
2
x + a

1
(3a

3
xh a3h2 + a2h)' h/ 0.'

This expression approaches

\
3a3x

2
+ 2a 2x + a 1

as h approaches O. Hence, we conclude that

4 f'(x) = 3a3x
2 + 2a2x + a1,

which is precisely formula (5) for the case n = 3.

Since the derivative

of a difference quotient,

f' of a function f is calculated as the limit

he process 'of fi ding f' is called differentiation.

Example 2-6a. Giv,en the function f : x -43x
2

- 2x + 1, use (5) to find

the derivative, ft and the slope of the tangent to the graTh of f at the

point (2,9).

Using (5), we obtain f' : x -4(2)(3x) - (1)(2) = 6x - 2; f'(2) = 10.

The slope of the tangent to the graph of f at (2,9) is 10.

- °

Example 2-6b. Given f : x -4x5 - 3x
2 + x - 6 find the equation of

the tangent line to the graph of f at the point where x = 1.

Since f(1) -7, the tangent passes through (1,-7): The derivative

of f is.

(8) f' : x -) 5x - 6x + 1.

So that the slope of the tangent at (1,-7) is f'(1) = 0. Thus, the tangent

,

line at kl,.-7) is horizontal and has the equation

y = -7.



Note Yew much easier it is to find the equation of the tangent by using

the 'derivative formula (5) toobtain its slope, rather than using the method

of expressing .f(x) in powel's of x - 1

Example 2-6c. Find the equation of the tangent to the graph of,

y = -4x3 - 7x t 1 at the polt. (2,-45).

r-.. It is common to denote expression-for the derivative by. yl, so;t:hat

(5) gives

\,"44% Y1 = -12x2.- 7.

This is the slope of the tangent to the graph at any point (x,y). To find

the slope. of the tangent at the point (2,-45) we replace x by 2 to

obtain

-12 2 7 7 = -55.

The equation of the tangent line is

y.= -45 -,55(x - 2).

-
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Exercises 2-6

Consider the function, f -4-3x
2.
--.2x + 1.

Detertine the limit of,the difference quotient

f(x + h). - f(x)
h

as h approaches zero. Compare your.answex with the result of

Example! 2 -6a.

(b) Find the equation of the tangent to the graph of f at the point

(2,9).

2. Consider the function' f : x -, x2 - 1.

(a) Use formula (5) to find f'.

. (b) Evaluate ft(3).

(c) Write ,q(x) in simplest form if h / 0 and

f(x + h) - f(x)
q(x)

(d) Evaluate lim q(x).

h40 4/

(e) Write r(x) in simplest form if x / a and

(f) Determine lim.

x

f(x) - f(a)-
x - a SID

(g) Find the slope of the tangent to the graph of y = f(x) = : - 1

at the point (3,8) by constructing a table of values of'. r(x)

for x successively closer to 3.

41

. For the futvtio : x -,x
2

- x + 1, tabulate theNslopes of the chords'

:joining (2,f(2)). tojx.;f(x)) for x = 2.+ 2 .-.
7 7 7 10 ' 7 10 '

+1 5_ 1 5 +1 5 1
Predict the limit of

7 100 ' 7 100 ' 7 '1000 ' 7 1000

4 approximations from an Inspection of, the table.

,FOrthefunction...f : x x
2

- x + 1, use formula (5) to find f'.

Evaluate

the.

ft(3).

.5. Find y' if y =3x2 +

.122
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l

6. (a) At each of the points (1,7). and (2,16), find the slope of the

tangent to the graph of g : x 43x 2
+ 4 by constructing a table

of values of the slopes of chbrds connecting these points with near-
:

rh

by points.

(`)) Find the slope of the tangent to the graph of g at-the point.

(a,g(a)) using the pi7ocedare of Section 2-5.

(c)... Find the lowest point on the graph of :blalgebraicall

Using the result of (b), check your answer to (c).

7. (a) Find the sib/3e of the tangent to tpe graph of f : x -)x3 at the

point -(a,f(a)) as you did' in Section 2-5.

(b) Use formula. (5) of this section to nd the derivative of

.f : x -)x3.

8. (a) Find the slope of the tangentfto the graph of

f x Ax3 + Bx
2-

+ Cx + D, A / 0, at (a,f(a)).
e

(b) Find the derivative of f : x --)Ax
3 + Bx

2
+ CX + DT

(5) of this section.

9. The derivative of,a function f can be dqfined as the limit as

approaches zero-of the difference quotient

using formula

f(x + h) - f(x)
h

Using the definition of derivative, find f'(x) for each of the.

' following

(a) f(x) = 2x2 - x + 4

'CO f(x) =x3 - 3x + 4

(-c) f(x) = x 3 3x

(d) f(xY = Mx + b

10. (a) Find the slope,of the graph of f : x -)3x + 2 at the points'

(-2,-4) and (100,302).

(b) Evaluate lim -(3z 2) (3x
z - x

z x
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11. If f : x -41 + 2x ?evaluate

(a) f'(a)

(b) f'(°)

f.*

far ft(1).-

1
(e) fl(-10)

1.

12. If f x -,1 + 2x - X2 , find the 'slope of the tangent

f at each of the following points.

(a) (a,f(a))

(b) (04(0))

(c) (2 , f(2))

(d) (1,f(1))

(e) (-10,f(-10))

13, If f : x -4x3 + 2x 1, find all x such that

(ELY f'(x). = 4

(b) f'(x) .= 20

(c) f'.(x) = 0

(d) f'(x) =

14. Determine each of the following*

4 4
X

X -

z5 - x5
z. - x

the graph of

11.

(c) lim
(x + h)

6

h -40

(d) f"(x) if f(x) = x4 + x5 +'x6

15. (a) Find the point (a,f(a)) on the graph of f x -4x
2

- 5x + 5

such that a = f'(a).

(b) Find those points

fl(X) = f(x).

(xl,f(x1))
and (x2,f(x2)) for which

124
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The graph of :f : x --FAx
2

+ BX +.0 includes the point (1,8) and'the

.slope of the tangent to the graph of at (a,f(a)) is 6a - 2.

Determine A, B, and C.

17 Consider the functions

(d)

3 .
f : x -+x - 3x

2
+ 1 and g :,x

2
- x

Find the associated slope functions f' and g'.

Evaluate f2(1) and g2(1).
- .

In each case write an equation or the line, tangent to the graph of

the function at the point where . x = 1.

What is the relationship of these tangent lines to one another?

18. (a) Using x = (x - a) + a and.the Binomial Theorem express x7 in

poWers'of x - a.

(b) Using part (a) determine

x7 - a 7."

(c) Evaluate lim
x a

x a

(a) Determine
(x + Ax)7 - x7

x
7 a7
x a

for x / a.

for 6x / 0.

(e) If y' = = lim
0

determine .i/ if =,x7.
dx

6x -+
eltx 1

y = x
dx

19. If n is a positive integer and c is a constant, use the Binomial

Theorem to show that if y = cx
n

then
dy

= cnx
n-1

dx
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2-7. Applications of the Derivative to Graphing

The derivative ft of a polynomial function f is v y useful in obtain-

ing information about the aph of f. In particular, the tare of f' will -

enable us to describe the in ervals,where the graph of f s rising (or falling)

and to locate the highandllow points on the graph.

We parallel our discussion, of Section 2-4 and again don

: x x3 3x2 12x +-2.."'

and its graph (See Figure 2 -7a).

The derivative ft of f is given by

ft : x L 6x2 7 6X - 12.

4

the function

The value- ft(x) is the slope of the tangent line to the graph of f at the

point (x,f(x)).

It is particularly helpful in graphing to find any places where te

tangent is horizontal, that is, where the slope of the tangent is zero. Such

points (called critical points) correspond to roots of the derivative If'.

In our example we let

6x2 7 6x - 12 = 0

obtaining the two zeros -1 and 2. Since

f(-1) /9 and f(2) = -L18

we have horizontal tarrgents at (-1,9). and (2,-18).

In Figure 2-7a we show these points to be respectively high and low

points on the graph,of f; 'the graph rises until it reaches (-1,9), falls

between (-1,9) and (2,-18) and then rises again. These facts are deter:-

mined/by the sign of thelerivative. We arenot in a position at this time to

establihrigaropsly the relationship between the sign of f' and increase

or decrease of f, but we can proceed on-an intuitive basis.

If we express.the derivative f' in the factored form

f' : x -)6(x + 1) (x 2) ;

we see that

(1) ft(x) >'0 if x > 2.

Let us see.what this. tells us about the graph of .f for x > 2;.. to be con-
s

crete we consider the behavior of the graph of f near the point (4,34).
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Figure 2-7a

The graph of x ,2 .- 12x - 3x2-+ 2x3.

We know that if Ihi is small, then the ratio

(2)
f(4 + h) - f(4) f,(4).

h.

X

-Ca

The quantity ft(4) is positive. Thus the slope of the line through

Q(4 + h,'f(4 + h)) and P(4,f(4)) must be positive if Q is close enough

to P, for the slope of PQ is the ratio

f(4 h) - f(4)

which approximates a positive quantity f(4) = 60; when 1111 is small
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enough. The fact that PQ his positive slope tells.us that :

if h > 0, then Q(4 + h h)) is above P(4,f(4));

that is,'a point on the graph of f which is clbse to .P

and to the right of P is above P;

(3)

and

if. h < 0, then Q(4 + h ,f(4 1.-h)) is below P(4,f(4));

a point on the graph of f' which fs,close to P and to

the left of P is below P.

In Figure 2-7b we illuStrate the case for whiCh h > 0; with scales choseh

to illustrate the relationship between P and Q.

tangent at P.

Figure 2-7b -

If h is small and positive, line PQ must

have positive slope,'so Q lies above P.'

These same arguments. can be applied for any x > 2, since fl(x) will

be positilie. We conclude that

(5)
if x > 2, thedlose'to P(x,f(x)) the graph of f is

rising.

From (5) we can 'conclude that

(6) f(xl) < f(x2) if 2 < x
1

< x2

only if

then

is close enough to x
1

. It is true that if > 2 and
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even if x
2

is far away froM. x that is, the graph of f is steadily

rising to the right. of (2,f(2)). But this fact is surprisingly difficult

to prove and .we.poatpone the proof until Chapter 8. .

In summary; the fact that ,f2(x) > 0 for x > 2 tells us that f is

an increasing function for x > 2; that is:

f(xl) < f(x2) if 2 < xl and xl < x
2

(7)

From the.fattored form

ft x 6(x + I.)(x- 2)

we also conclude that t.(x) > 0, when < -1 (since both factors are then

negative).. Hence, the graph will be rising to the left of :1; that is,

f is increasing if x < -1:

.0° The factored form (7) tells,us that

ft(x). <0 if -1 <x <2,

fromwhl.ch we conclude that

f(xi). > f(x2), if < x
1

< x
2

< 2;
'

that is, the function f decreases on this interval.

The points (-1,9) and (2;-18) must be respective high and loW points

,on the graph of as the graph is rising unto it reaches (-1,9), then

falling between . and (,-18), then rising again. We sometimes

express this by, sayi that .f(-1) = 9 is a relative maximum of f, while

f(2) = -18 is a relative miftimum of f.

, .

In summary, by determining the intervals of constant-sign for the deriva-

tive of -f, we can determine the intervals of increase and decrease and hence

the relatiye'maxima and minima of f.

Example 2-7a. Determine the relative maximum and minimum as well as

,inter*4s of increase and decrease for f.: x -)1 + x - x
2 .3

We haye

4-

/4,

f' : x - 2x - 3x
2

= -(3x - 1)(X + 1).

- 1

: 3The graph of f has a horizontal tangent when x = and.when .x = -1.

Examination of the signs of these factors leads to; the conclusions:



A

ft(X) < 0. if x <

f'(x) > 0 if -1 < x <
1

f'(x) <0 if x >3 .

Thus, f 'decreases if x < -1 or if x and increases when x

between -1 and
1

. In particular'

and,.

. f( -1) ='0 is a relative minimum

f(1). = E. is a rel4tive maximum.
3 27

. . .

,. This informitiowenables us to give. a quick sketch bf the graph of f,

'shown in Figure 2 -7c.. Of course, further accuracy is'Obtainedty plotting

. more points, but such quick sketches are'often all we need .i&"have.

(1 y
!27
E

. :

a relative Maximum

(.71,0)

a relative
minimum

falling

1

Figure 2-7c

f:x)1+x-x2

Example 2-7b. The zeros Of the derivative do'not "always lead to relative

rnaxima:and minima of'a function. 'Consider. the function

Its derivative is
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ft x -43x

which has the"zero x= 0-1-of multiplicity 2. The graph of f, .theKfore,

has a horizontal tangent at (0,0) but this point is nota high point or a

low point on the graph of f. In fact; the graph of f crosses its tangent

at (0,0). Such a point is called a point:of inflection. (See Figure 2 -7d.)

In this case

fl.(x) > 0. if x < 0 or if x > 0;.

that is, f. is increasing on either side of the origin.

x3

increasing

graph crosses its
tangent (which is
the: x-axis). at

thiq point ,

4

increasin

This

1

Figure 2-7d.

example serves to remind us that to determine the relative maxima
a

and minima, we locate.the critical points '(that is, the zeros_of._ft) and

test the .Sign of f' on each side of a critical point to determine if that

point is a relative maximum, minimum, or point of. inflection.
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Example 2-7c. Graph f : x 44 + 4x - 13x2 + 18x3 - xh first by

plotting points from the table below Figure 2-7e and con sting them with a

smooth curve, then by finding the.critical points and intervals of increase

and decrease.

from the table

Figure 2-7e

Plotting points for

f x -)44 + 4x - 13;2 + 18x3 -

x . -1 0 1

f(x)' -304 - 0 44 44 - 0 -304

(.7

x

We have plotted a'few points and connected them with a smooth curve in

Figure 2-7e (using a compressed vertical scale for'negative values of f)..

The graph suggests:the possibility of a relatiVeteximum point between (0,44)

and (1,44). The derivative Of f is

: 4 - 26x + 54x2 - 36x3.

'f4(x) will be zero somewhere in the interval 0 < x < 1.

indeed gives

We suspect

Testing x

that
1

2

ft ( ) = 0

4

1 1
that x - is a factor of f'1(x). .Upon factoring - we obtain

f' : x --)(x 2)(L36x2 + 36x 8).

132 1 .1P



We can factor further tb obtain

ft : x 36 X. ( X (x 2`)
2 3 3

Note that there are three critical points between (0,44) and (1,44).

The product of three factors will be positive if and only if all three factors

are positive, ar exactly one is positive. Therefore,

f'(x) > 0 if x < .-r,
1

3

1
f'(x) < 0 if

3
< x< 1

ar 1
`f' (x) > 0 if -2-, < x < ''

2

, 2
ft(x) <.0 if x> .

We conclude that

while

f is increasing for x <
1

and for
1
< x <

2

3 2 3 '

f is decreasing for
1
- < x <

1
and for

2.

In summary we.can say that the graph of f rises until it reaches

3 3

,

3
f(1)), -then falls to the point (2,f(2)), rises again to k f3 1)

'..
and falls beyond (-Jr,fk- -11. In particular we know that / .

f(--
4 2

9

1
9

) . 44 and f(-3 ) =.44 are relative maxima, while
3 '

f(2) =.44 i is a relative minimum.

We conclude that Figure 2-7e correctly-indicatea. the increase fOr

.x < 0 .and the decrease for x > 1, but is incorrect for theinterval.

0. < x < 1. A more accurate representation of f on this interval is sketched

in' Figure 2-7f.
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Exercises 2-7

1. Make a careful sketch on the interval [0,1] (i.e., 0 < x < 1) of the 1

graph 41" the function f : x )1 + x - x
2

- x
3

given in Example 2-7a.

Does the graph confirm the conclusions of the text?

2. For each of the following functions locate and characterize all qxtrema.
o

On what intervals is the function increasing?. decreasing?

(a) f-: x )4x - 8x2
+ 1

(b) f : x 4X 14 X'4

3. , Prove that, for x > 0, f : x x2 is an increasing function,. (That

is, let x1 > x2 > 0 and show that xi > x2
2

.)

4. Employing information gathered by procedures suggested in the text,

sketch the graph of each of the following polynomial functions over the

interval indicated using convenient scales.

(a) f x x3 - 3x + 1, -2 < x < 2

(b) f --x3 + 3x + 1, -3. k x <1

4 4-, 8x2 + 64, -2 5

5. (a) Describe the behavior of the graph of f x 42x3 - 3x2

(b) Sketch the graph of f x 42x3 - 3x2 on

6. (a) Describe the behavior of the f :.x --) -3x4 + 8x3

(b) Sketch the graph of f : x -3x4 .+ 8x3 on

on -14.3)



2-8. mization Problems

here are many situations which lead to the problem of determining the

relative maximum or minimum values of polynomial functions. Such situations

arise from thd consideration-of distanCe, volume,. area, or cost

of other variables.. In practice, not only do,we often need to

mimum (maximum or minimum as the situation requires) values of

al's'o ,how to_achieve them. In other words, we. peed to know the

domain for which the function values are greatest or least.

as functiOns

know the opti-

a function, but

values in the

SoMetimesthe function is defined by ari equation; at other timls.it is

necessary to translate the information in such a way as to discover.aaunction

to be. maximized or minimized. In either case, it is oilen true that the vari-

ables are restricted to lie in some closed interval, or the problem can be

reducedto such a situation. The problems that we shall consider here can

usually be reduced to an-idealized mathematical model so that we are faced
.

with the problem stated in.(1)..

(1)

%Given a polynomial function f, defined'for a < x < b, find

at leaa't,cyne point of this interval where f has its maximum

(or minimum) value.

In other words, we seek to find a number c such that a < c <.b and

f(c) > f(x) for a <-x < b 2

or,a number d such that a < d < b and

f(x) for a < x < b.

:lb find such Naluea",:cand d, two-theorems are helpful: Tile :first
,

- , --..,,
(Tba0W2-8a) iá'dir.existetb.e.t1100Om;'it asserts that (1) does have a

'.q.'

solutiOn, :but doesiffteil da.::h10 I'X61s6a.ye. it.

THEOREM If 1A* ax;

bers in the db:Pia0r09.t=',-

and d such

c) for a < x b.

:IeliaCtion and a and b are given
.X--

d4c7.bithat a < b,

b and

then there are numbers

This theorem is a sPecial case of a more general theorem '(about maxima

and minima for "continuous" functions),'which is discussed.in an appendix.

Our second theorem (Theorem 2-8b) a means for determining the numbers

c and d. where. f. has its maximum and minimum. We state and prove the

result only for maximum points.



THEOREM 2-8b. Suppose f is a polynomial function defined for Ev< x < b

and that (c,f(c)) is the highest'point'on the graph of f in this

interVal;'Ihat is.

(2) f(c) f(x) for a < x < b.

Then either c is an endpoint (that is, c = a or c = b) or c is

a zero of the derivative' f'. (The same' conclusion holds, if (c,f(c))

is the lowest point; that is, f(c) < f(x) for a < x < b.)

Proof. Suppose (2) holds and c / a, c / b; so that a < c 4gb. We

wish to show that f'(c) must be zero; that is, the tangent at (c,f(c))

must be horizontal. Suppose this is false; that is, suppose f'(c) / O. First

consider the case f'(c) > O. The ratio

f(c + h) - sf'c)

h

will approximate the positive quantity f'(c) if 'hi is sufficientljr.small.

Since we halla,aklo.assumed that c <ID, we can therefore find a small positive.

number h sabl.thai c+ h< b and

f(c + h) f(c)
> O.

Multiplying through by h, we obtain
.

f(c + h) f(c) > 0; that is, f(c + h) > f(c).

This contradiqs_121.1 In summary, the hypothesis.(2) cannot hold if

f'(c).) 0 and c < b. A similar argument shows that (2) cannot hold if

f'(c) < 0- and a < c. So we reason that if a < c < b and (2) holds then

we must have f'(c) = O.

This theorem (and its corresponding result for minima) enables us to

solve optimization problems for polynomial functions.' The following examples

indicate our method.

Example 2-8a. A ball is thrown upwards so that its height t seconds

later is s feet above the earth, where

s = 96t - 16t2.

What is the maximum height.the ball will reach?
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Since meaningful replacement

for. t',and a are limited'to non -

negative values, we shall sketch 15

the graph of

-f : t 96t - 16t2

for the first quadrant only.

Since . a < 0 if t'> 6. we

can restrict our attention to the

interval 0 < t.< 6. The dFriva-

tive f' ,is given by

r. : t :496 - 32t,,

I0

f : t - 16t , 0 < t < 6

Figure 2-8a

w ose only zero is t = 3. Thereforeif f(c) is the largest value of f

on the interval 0 < t < 6 then_

c = b, c = 3 or ' c = 6.

Since f(0) =.0; f(3) = 144 and f(6) = 0 we conclude that

f(3) = 144

is the largest value of f on-the interval 0 < t < 6. Therefore*, the m

mum height the ball reaches is 144 feet.

Example 2-8b. Show that a square is the rectangle with largest area and

a given perimeter a.

Let x measure the width and the length ofthe rectangle, so that

its area is xy. In order to express this area A in terms of x alone we

must express y in terms of.x. Since the perimeter 2x + 2y = a, we have
a

y = -. x.

Substituting 2 - x for

we are able to express the area .

in terms of x:

We.suppose that' 0 < x <
a

for

otherwise'the area A will be

negative. Thus our° problem is to

maximize, find the maximum value of

138
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a a

2.16i x "4 -
2

x - x on the interval 0 < x < .

.

The derivative

has the zero Theorem 2-8a te118.usthat f has a larg st value in-the

interval 0 < k < while Theorem 2-8b tells us that if f(c) is the

largest value of f on, the interval then

a a
c =

2
.0, c = -. or c =

2

Since. f(°) = f(2) end., f.()
'

it follows ghat f has: its

a
greatest value o 2

on the interval 0 < x < when
.

a
it is also true that .y =.2

a
- r Since both dimensions are the same

for the rectangle with-perimeter a and geatest area, it must be a square.
N

a
x = . Now when

a

7

Example 2-8c. A man prOposes to make an open box by cutting a square

fr.= each cornv of a piece of cardboard 12 inches squSre and then turning

the sides. Find the dimensions of each square he must cut"in order to
.

obtain a box with maximum volume. ' -

'Let the side.of the square be cut out be x inches. The base of1"the

box will be 12 - 2x inches on each side and,, the depth will be x inches..

They'yp.1 :IT in cubic. inches will be

v:A/ = (12 - 2x)(12. - 2x)(x)

= 144x - 48x2 + 4x3,

We 'suppose that 0 < x < fon'otherwise

is to maximize.

subject to the condition

Figure 2-8c

will be negative. Our problem

f : x 144x - 48x
2

+ 4x
3

0 < X'< 6. The derivative is

ft x -4144 -'96x + 12x = 12(6 - x)(2 - x)
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so the zeros of 'ft are a, 6. Thebrem 2 -8a tells us that f has a maximum
.

on the interval O.< .x <'6 and Theorem 2-8b tells us. that this maximum. must

occur at one of the points

c = 0, c = 2, or c = 6.

r.

We find thpt f(0) = f(6) = 0 and f(2) > 0, so that f(2) must be the

largest value.of f on the interval 0 < x <.6. With a 2 inch square cut

from each corner, the box will have dimensions 8 x 8 x 2. Since

f(2) = -8 x 8 x 2 = 128, the maximum volume is 128 cubic inches.

c4" .

Example 2-8d. We wish. to plant ohe square and one circular flower bed,

surrounding, them with 15 yards of fencing. What should be . dithensloRs

'of the two fenceS so as to contain flower bedsof greatest possible area?

t s be the side of the square bed and r the radius of the circular

bed. Denote the sum of the areis ofthe two beds by A. Then

(3)

and

( 4 )

A. =. s
2

+ yr
2

43 + 2yr =,15.

Figure 2-8d

Solving (4) for ,s and substituting this into (3).gives our area in terms of

the circular radius r:

We'Can suppose that

(15 2.yrN
)

2
+ yr

y
2

4y,
)r

15y 225(

-T- r-47

0 < r < 7
15

;-r

the endpoints of this interval corresponding to the respective situations of

no-circular bed and no 'square bed. Thus we seek to maximize the function
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f :

2
+ 147t)r2 15v .r .2125

5
over the interval 0 < r <

1 The derivative is
2

Solving, ft(r) = 0 gives

2
+ 47t)r 15,

2 ' 4

15

r +13-

From Theorem 2 -8a we know that there is 6 maximum f(c) on the given interval.

Theorem 2-8b tells us that f mus have its maximum value on thee interval

,

0 < r < at one of the points..

c = 0, c =
2n

1s. or c = -§T

We examine the values of f, for each of these values of c:

and

f(0) = 22255 .1: 14.06

f(ii 8O 7.88

f(E) 17.90.

We see that the maximum value of .

,

f r -4(L2 _i_21)r2 -15v
225

37-6-

15
subject to the restriction 0 < is attaihed at the right endpoint .T7-r..

Our conclusion is that the problem has no sol ion in. the terms posed; a

gquare and a round flower bed together will never encompass as great an area

as a single round bed whose perimeter equals the total length available.

Example 2-8e. Find the point on the graph of

the point A(3,0).

Recall that the distance between (xl,y1) and (x2,

y that is nearest



,

The distance from A(3,0) to a point P(x,x2) on the graph of y = x
2

is

thus given 1py.

Our problem

I

is to choose

AP
3)2 (x2)2.

P so that this distance AP is least.

P(x,x2)

A

minimum distance

A(3,0)

Figure 2-8e.

This expression for the distance AP Is not a polynomial so our techni-

qUes cannot be directly applied. Note, however, that

(AP)2 = (x - 3)2 +

=. 9 6x +. x2 + 7.4

which is a polynomial expression. Furthermore, if x.2 is such that (AP)2 is

least, then. AP will also be least. Thus we need only choose x so that

f : x 7,6x., x
2

+ x

has itS least value.

The' derivative of f is

ft : x -+ -6 + 2x + 4ZY = (x 1)(4x2 + 4x + 6).

.

The'factor 42+ 4x

square to obtain

+ 6. is always positive, since we tan,cooplete the

x2
+ 4x + 6 = 14x.

2
+ -4x + le + 6 7: 1

= (2x + 1) +-5 5.
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Thus, _fl(x) < 0 iff x < 1 and f1(x).> 0 if x > 1. Therefore e know

that f decreases to the left of (1,f(1)) and increases to the right of

(1,f(1)). Since f has its least value when x'= 1, the point (1,1) is

2
.

the point in'the graph of y = x , whi'dh:lp closest to A(3,0).
6 .

.t

a.
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0,-

;

-Jr

Conitider the` function

0

01'

: x 3x`i. + 4x 412x + 5.

emine the behavior and sketch t eograph of f.

;. .4
- n ,

2, Find theOextrema(maxima an. uintMa) of the ,turt&ion

d:
on .tlie

x 4x5. 4ox3

inrval <x < 4.; Sketch.the graph of

5-6..st

, .

. .

te: ;eelspostoffite regulations for parcel p
je

aifirst-alasa poste office in the United States. for delivery at ... any
.4

... firat-class Apoat office ... must not exceed 72. inches in Length

and girthi,combined. To apply.this regulation we must know that the
f ii

length of a rectangular carton is that of its loagest edge .and the girth
1.

is -the perimeter of the cross section perpehdicular to that edge.

Determine the dimensions,of the. carton of largest size-complying with
s

simplicity consideronly cartons with

f.

mailed at

thee:!post office regulation. (For

a
.

cross
. , ..

square section, .)

4. .,Jliedprding tb the specifications of
Number 3 determine the volume pf the

largest carton that complies with the U.S. Post Orfice'regulatio ns.

Sketch the graph of-the.func4iion.

f :x -4x3 + 72x2

Over the. interval [0,18), indicating

A'rectangular boxwith:aquare base.and open top is to be made from a

20 ft. squareiece of cardboard. :144. t is the maximum voluble of such

a box?

. .A rectangularfield

on three sides, the

yards of Sencihg is

largest area.

The sum of, tWo positive numbers is Determine the numbers so that

the product of oiie and the square of the other will be a Maximum,

. 24 .inches long
'
ia cut in two, and then onetpart 'Is bent

is to be adjacent toa-river.and'is to have tenCiUg

side on the. river requiring no fencing.' If 100 '

available, find the,dimensions of the field with

4. i.

,P

into

the shaptof-a c4rcle and. tAemtger4tntcrtb0,khape4of squae. 4ow

1, should it -be cut if the sUM of the,areas is to be a Minimum?
,
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10. Given the requirements of Number 9, determine how'the wire should be cut .

if the sum of the areas is to be a maximum.

11. A four-ft. wire is to be cut into 'two pieties: one piece to hecome the:

_. perimeter of a square,*the other the circumference-of a circle. Determine

'how it should be cut to enclose

(a) minimum area;

(b) maximum-area.:

12. Determine the dimensions of the rectangle with perimeter 72 feet which

will enclose the maximum area.

13. Determine the radius and height of the right circular cylinder of greatest

volume that can be inscribed in-a right circular cone with radius r and

height 1-1.

14. A man has 600 yds. of fencifig which he is going to use to enclose a

rectangular field and then subdivide the field into two plots with a

fence parallel to one side. What are the dimensions of such a field if

the enclosedarea is to be a maximum?

1 . An open box. is to be map by putting out squares from the corners of a

rectangular piece ofcardboard and then turning Up th sides. If the

piece of cardboard is 12'! 24" what are the dim sions of. the box

of largest volume made,in this way?

16. A rectangle has two o' its vertices on the x-axis and the other two above

the axis on the graph of the parabola y = 16 x2.. What are the dimen-

sions of such a rectangle if its area is :to be a maximum?

4

17. A.'stone wall 100 yards long stands on a ranch. Part or all of it is to

be used in forming a rectangular corral, using an additional 260 yards

of fenCing for the other three sides. Find the maximum area which can

be so enclosiid.

. Find the point on the graph of'the equation y2 = 4x which Is nearest
1.

to the point (2,1).

19. Find the dimensions of the right circular cylinder of maximum volume

,%:a inscribed in-a sphere of radius ,l0 inches:

20. What number. most exceeds its square?
_ .

v.

14
- ..5 4.
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21-, Suppose that.the parcel post regulations were to prescribe that the sum

of the length and the firth of a package must not exeed 84 inches.

Find the dimensions of the rectangular parcel with square ends which.

will have the largest volume and still'be allowable under the parcel

post regulations.

22. A rectangle has two of its vertices on the x-axis and the other two

aboVe theaxia.on thd p6rabola y.= 6 - x2. . What are the. dimensions of

such a rectangle if its area is to be a-maximum?

23,''.A.rectangular sheet of galvanized metal pis bent to form the sides and-

bottom of a trough so that the cross section has this shape:

If the metal is 14 inches wide how deep must, the trough be to carry

the most water?
A

24. A rectangular sheet of galvanized metal is to be made into a trough-by

bending it,so that the cross section-has a U 'shape. If the metal-
.

is 10 inehes.widle, how deep must the trough be to carry the m&t water?

25. Prove that With a fixed perimeter. P the rectangle which has a maximum

area-is a sqUere.

26. Determine the area of the largest rectangle that can be inscribed in the
J1

region ,bounded by the graphs of y
2

= 8x and x = 4.

27. Show thatthere°iS no paint on the ellipse given by x
2

+ .4y2 = 8 closer

to the.point -(1,0) than

28. Find the altitude of the cone of maximum volume that' can be inscribed in

.a,:phere of radius ,,:r.

29. A rectangular pasture, with one side bounded by a straight river, is

fenced on the remaining three sides. If the length of the fence is

.400 yards, find the dimensions of the pasture with maxiMum area.

30. A farmer plans to enclose two chicken yards next to his barn with Iencing,

'as.shown. Find

=

(aPthe maximum area he can

enclose with 120 feet of

fence;

(b) the maximum area he can

enclose if the dividing

fence is parallel to the

barn.

Barn

146
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In the following problems (Nos. 31-3 meaningful replacements for the

variables are obviously restricted to positive integers, but we t consider

the functions. to be continuous in order to apply the techniques of this

chapter.

31.! A printer will print 10,000 labels at a base price of $1.50 per

thousand. For a. larger order the base pri'ce on the entire lot is

deci-eased by 3 cents fur each thousand in excess of 10,000. For how

many labels will the printer's gross-income be a maximum?

32. Amanufacturer can now ship a cargo of 100 tons at a profit of $5.00

per ton. He .e.dkimateS that by waiting he can add 20 tons per week to

the shipment,. bj.At that the profit on all that he ships will be reduced

25 per ton-per week. How long will it.be to his advantage to wait?

33.. A peaCh orchard now has 30 trees per acre, and the average -yield is

400 peaches per-tree. For each additional tree planted per acre, the

average yield is reduced by approximately 10 peaches. How many trey/

per acre will give the largeSt crop of peaches?

34. A potato gower wishes to ship as early as possible in the season in

order to sell at the best price. If he shipS July 1st, he can ship 6

tons at aprofit of $2.00 per ton. By waiting he estimates he can add

3 tons per week to his shipment but that the profit will be reduced by

1
dollar per ton per week. When should he ship fora maximum profit?

35. A real estate of ice handles 0 apartment units. When the rent of each

unit is $60..00 er month) all units are occupied. If _the. rent is in-
.

creased $2.00 ampth, on the average one further unit remains Unoccupied.

Each occupied unit requires $6.o0 worth of service a month (i.e.,

repairs and maintenance). What rent Should be charged in order to obtain.

the most profit?

. A right triangle with hypotenuse k is rotated about one of its legs.

Find the maximum volume of the rightcirCular cone produced..

37. Determine the dimensions of the rectangle with greatest area which can

.be, inscribed 1.n.a.circle of radius R.

38. Determine the dimensions of the rectangle with greatest perimeter which

can be----.inscribed in a circle of radius R.



2-9. Rate of ChanAeAnd Velocity

The-derivatiVe f* of apdlynomial function f has been defined as the

function whose value at a is the slope of the tangent line to the graph

at the point (a,f(a)).

In manyphysical situations the value f*(a) can also be interpreted as

velocity. -Let us look at an example.

Suppose a solid ball is dropped from a 2000 foot tower. Let s denote

its distance (in feet) from the top of the tower at time t (,in.seconds) after

it is released: Experimentation has shown that s is approximately related to .

t by the equation,

s = 16t2.

Thus, we sometimes say that" the fallen distance s feet is a function f of

the time t seconds. More precisely, the equation s = 1 t
2

specifies the

, 2.
function' f : t

2000 ft.

. 1500

1000

,

position at t = 5.

s = 1600.

500.

t =10

Figure 2-9a

We wish to formulate a suitable concept of velocity, so' that we can

answer questions such as: tiow fast is the ball falling after it has fallen

5 seconds? To do this we first define the average velocity in the time inter-

val a < t < b as the ratio

f(b) f(a)
b - a

feet/second..

This is just the ratio of the distance traveled'in the time interval to the

length of the interval.



For example, in the interval 4.-5 < t < 5., the, ratio is

16. (5)2 - 16 (11.5)2 1400 - 3214
- 152.

5 -. 4.5 0.5

Therefore, the average'velocit3Cbetween- 4.5 and 5 seconds is 152.

-In the interval 5 <t < 5.2 the ratio is

16 .(5,2)-2 - 16 (5)2 432.64 - 400
.5.2 - 5 0.2

- 163.2,

.

whence the average velocity between 5 and 5.2~ seconds is 163.2
,

t/s0,

Suppose that .h is a small positive quantity. The average ;;ei=..
the time interval 5 < t < 5 + h is then

f(5 h) f(5) ft./sec.-

This is just our old friend, the differenCequotient used in

derivative, We know that if h is small enough"-then..

f(5 h) f(5) Ts (5):.

h

s

In other words, if h is sufficiently small,' the 4Verage.-Ve1*4y:iithe

interval 5 < t < 5:+ h is approximately equel!to,0:the:lfalue.W.470Vec:,

f' at the point where t = 5. ItseemsaioproPriatesto say. hat 'thervelooity,,'.

at time t = 5 is just the number approximated the averagyelOOtyOVen

a small time interval 5 < t < 5 + h (or ,5,t < t <'5 i,,

apprciximOt4.eraie

, .

We thu's adOpt the definition:
. .

The (instantaneous) velocity after' ,t' 'seconds is

the value of the derivative.9-t.

an our example, f' : t -432i Jabd..,f'-(5)-:=160,

seconds,,is 160 ft/sec.

n summary, the function

describes the

so thaV:the...:Velbcityz after

f s

position of the ball at time

t -4

describes its veloeity at time t/In,other Wo.r,d,$) the 3erivati?ieta2;p6int

measures the rate of change
r
qt that point.-
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Example 2-9a. What is the velocity of.the ball dropped from the top of

the 2000 foot building at the time

The distance function is

it strikes the ground?

,

f t 16t.

and the ball is dropped from 6 height 2000 feet. Setting

2
16t7 =.2000,

we see that the ball strikes the ground when

Since the velocity function is

I(515,5
t

T
=w -515.'

f' : x

f

we find fi(515).x 357.8 Therefore the (impact) velocity after 5-15 sec.

is. approximately

357.8 ft/sec:,

Example 2-9b. A car is being driven at the rate of 6o mi/hr (88 ft/sec)

when the brakes are uniformly applied until the car comes to a complete stop..

Suppose that the function

t2

f t 88(t To-)

desCribes,the distance s = f(t) in feet traveled in seconds after the

brakes are'applied. How many feet does the-car move.before it stops?

;;The velocity function is

88
1' 88 t

ellar will stop at the point where the, velocity is 0: Solving ft(t) = 0

5. , Since T (5) = 220 the distance traveled in 5, seconds is

is .often useful in other situations to interpret the valueof the deri-.

*i.the rate of change.iThus for a given polynomial function
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f x -)f(x) the average rate of change of f, in the interval a < x < b

is defined to be

f(b) - f(a)
b - a

Since this approximates ft(a) when b is close enough to a it is appro-.

priate to refer to .f.(a) as the (instantaneous) rate of change of f at the

Point x = a. This is consistent with our interpretation of f/(a) as the

slope of the tangent line at x = a, for the slope of a linedoes measure its

rate of rise (or fall). The tangent line is the line of "best.fit".near

(a,f(a)) and hence its slope (rate of change) gives a measure-of the rate of

'change of the graph of f at that point.

Exavpia.-2-9c. The volume of a sphere is a function of its radius. Find

the rate of change of the volume with-respect to the radius. What is:this

rate of change when the radius is 6 inches?

.Letting .V denote the volume (in-cubic inches) and r the radius (ih

inches), we have

V = 4 r3

In otherwords; if we let .f denote the function f r yr
3

, the volume

V is elven by V = f(r). (in cubic inches). The derivative of f is

f' r t)(3r2) = 141tr2.

The rate of change of the volume V with respect to the radius r is thus

= 6, the volume is changing at the rate of4nr2; when

144rt 1j/ unit change in radius. r.



Exercises. 2 :.9

1.. (a) Determine the rate of change of the area of a circle with respect

to its radius r. Compare yourjesult with the formula tor, the

circumference C of a circle in terms ofradids r.

(b) What is the rate of change of the volume of a sphere with respect

to its radius r?- Compare this result with the formula for the.

surfaCe area s, of a Sphere in terms ofradius r.

2. A certain motion is described, from the time. t = 5 until the time

;t = 8, by the equation

s = f(t) = 2t3 39t2 + 252t - 535.

(a) We submit that.if the distance s at time t is given by

s7 f(t) = 2t3 - 39t2'.+ 252t - 535;

then the velocity v at time t is given.by-i

v = 6t2 - 78t + 252.

Explain why this is'trUe:

(b) Sketch the graphof the function

(c)

f ->s = 2t3 -39t
2
+ 252t 535

on the interval 5. < < 8.

Sketch the graph of

f' t -)v = 6t2 --78t + 252,

,.on the Same 'inteival [5,8].

(d) Determine the zeros of t2

-
.

(e) When does the particle whose motion is being described.come to rest

for an instant as it shifts direction?

(f), When is the particle the greatest distance fromqts starting point

on [5,7]?

(g) What is the greatest distance of the particle from its starting

point'on' [527]?

(h) When is the nekt'time on [5;8] when the distance of the particle

from its.stL-ting point is asgreat as 'its greatest distance on

[-5,71?
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3.

'(i) When is the particle the greatest distance from'its starting point

on (5,8]?

(j) When is the speed of the particle the greatest on [6,7]?

Let,us assume that a pellet is projected straight up and after awhile

comes straight down. via the s apa.same vertical path to the place n the ground

from which it was launched. 'After t seconds the pellet is s feet

above the ground. Some of the ordered pairs (tia). are given in the

following table.

tI 0

s 0 144 256 1336

1.

336 384 400

6

3814

7 8

336

9 10

0

We shall intentionally avoid certain physical considerations such aslair
.,.

resistance. Moreover, We shall deal with simple numbers rather than

quantities measured to some prescribed degree of accuracy,which might

arise from theidataof an actual projectile problem in'engiheering.

a) Interpolate from the data given-to:deterMine'the height-jg the

'projectile after eight and nine aecondS-respectively.- (Guess,

using symmetry as your guide.) Does.extrapolationt.o find values

of s

After

for to= or t = 11 make sense on physical grounds?

how many seconds does_the projectile APPEkr to have reached

its maximum height? What seems to be the maximum height?

(.b) -Does s appear to be'S funbtion of :t? If so, discuss the domain,..

and range:, taking physical considerations into account.

(c) If we wereto plot a'graph of s = f(t),
do

(1) is it plausible on physical grounds to restrictour graph to

the first quadrant?

(2) Does the data suggest that the scale.ohthe a-axis.(vertical)

shouldbe the same as the scale on the't-axis (horizontal)?

.(d) Keeping in mind your reaiOnses to part (c),.plot the ordered pairs

(t;s) fromthe table. Connect the points withS smooth curve..

What is the name of the function' suggested by.the graph? On

physical grounds is it feasible that there would be a real value of

s 'for, every real number assigned to t over the interval

0 < t < 10? Were we probably justigi4; in connecting the points?



(g)

.

AsSUmingthatthe-equation s = f(t) = At2 +,Bt + C was used to

develop the entries in our'table, find valueS'fOr Constants

B, and ,C.

Sketch the graph given by the equation s = 160t - 16t2 aver the

interval 0 < t < 10. Using a more carefully plotted graph of the

above set, connect the point where t = 1 with the point where

t = 2 with a chor': What is the slope of this chord? Estimate
a

- etheslope of the curve at t = 1. and t =

Ithe units of s are feet and the units of t are seconds, what

are. the units .of slope? What'word is commonly associated with this

ratio of units? What would yoeguess are the physical interpreta-.

tions of positive, zero, and negative values of this ratio?

.(h) Draw the, graph of v = 160 - 32t over the. interval 0 < t < 10.

Compare the values Of v for t =.1 and t = 2 respectively with

your estimates for the slopes of the graph of s = 160t - 16t2 in

part (f).

(i) Average the values of .v for t = 1 and t 2 and 'compare this

average with the alopeaof the.chord connecting the points where

t,= 1 and t = (f).

*(j) If\the units of ...N.are ft/sec and the units of t are seconds,

what are the units of the slope ofthe line v.= 160 - 32t? What

word: from physics is commoniy.associated with this.ratio of units?

Does, the minus sign along with the particular numerical value of

this slope have any special connotation from you experience?

4. A projeCtile is fired straight up and after awhile comes straight down

via the same vertical path to the place on the ground from whi01 It was

launched'. After t- sec -nds the projectile is s = 160t - 16'0 feet

above the giound.

(a) After how many seconds does the projectile strike the ground?

(b) What is'the velocity of the projectile after t seconds?

(c) What is the initial velocity?

(d) What is the impact velocity?

\In anticipation of Section 2710.
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(e),.Tbw.hlgh.ls.the projectile after 4 seconds?

(f) How`highl.s.the projectile after 6. seconds?

(g) 'After hot4 many.raeOnda does the Projectileyreach its maximum height?

(h)'HOw high does:the projectile go?

(i),.How far has the prOjectileAraveled after 6 seconda?

5. A ball isthrown.upwarda from the ground so thatiatter 't seconds its '

height s 'feet is given by the function

f S:= 96t - 16t

(a) The Tath of thn'bell4a.straight ap;and Straight dOwn

graphbf:the function -f?

(b) What lathe deriVatiVebf Whatia the

(c) How high iathe:bala Second?,

What is the

(d) .How high is the ball:nfter..5-

(e)i,How far has the ball. traveledjaftnr 5 seconds?

tibn?

,seconds?'

(f) :1What'is the initial v loCity ofAhn't)all?.

( HOW lOng is the ball iwthe air?_

(h) What is the impact:veloCityvbenthe,ball.strikes the ground ?'.

'7*(.0: What is the constant acceleration acting upon,,the ball?

(j)

(k)

(2)

Give a 44tanbefundtion.14 where i s is the number of
s,

.

feet above the ground after' t: aecOndsinpprOpriate for the.Situa-

tion if the ball were thrown Straight:uPwarcith an initial velo-

city of 96 ft/sec from a tower -200 ft. high::

Give a distance funCtion G.,: t -where s is the number of

feet above the ground after seconds appropriate fbr the situa-

tion if the ball were, thrown straight downward with an initial

velocity.of. 96 ft/Sec from a-tower 200 feet high.

Give n distance function F : A where s is the.number of
. _

feet displacement from the top of the tower after t seconds if

the ball is simply-dropped from the top of a tower.

In anticipation of Section 2-10.
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6. The velocity of. an object, whose lOcation on .a straight line at time

t = t is givenlby s = f(t)y is. the limit of the ratio

f(t) - f(t6)

- t
0

t approaches to This lithit is the;valueof the derivative: fl at

t = t
o

. Experimentally it has been 4ablished therCthe distance covered.

in time t by a freely falling body is proportional to.t
2

, and there-

fore it can be iepresented by, the function' ft t-4ct2; Where c is a

positive constant. Show that the velocity of a freely,. fallingbody is

directly proportional to the time.

7. Suppose a projectile is, ejected with initial velocity of v0 feet per

second, at a point P which is W feet 'above the groundeglect

friction. and assume thatstheprojectilepmoIes:Up and.down in a' straight

line. Let. f(t)/, denote the. height (ab6ve p). in_ feet that ithelorojectile..

attains t seconds after ejection. Note that if gravitat'enal attraction

were not acting on the projectile, itwould continue,to move upward with
. ;

a constant velocity, traveling' a distance-of. 'v0.fee-teech second, 'so.

that its height at time t would be given by,'f(t) = vot; We knoW that,

the foroeOf.gravity acting on the projectile causesitto slow down'uhtil

itsvelobiero and then .trave baCk to the. earth, On the beSis of

physicp.190iperimnts the:formUla. T(t):= v
6
t i .t2 where g represents

the force of'gravity is used tOrepresen'ttileheight (above p). of the

projectile as long as it is aloft.' Note that f(t), =0 when 't ....O and

.when t =- . , . Y This means that theprojectile returns to the initial

2v

20 foOt levelfrafter seconds.
g,

(a) ,Find the velocity of the projectile = to (in,ierms.of v0
. .

and.

Sketch'the s vh. t and the v ys. t ,graphs on the same.set of

axes.

.(t) :Compinte (in terms
..."

drop.to zero.

of v
0
).the time required for_theAlelacity to

.

(d).tWhat is the velocity on return to the .initial 20 foOt level?

ASsume that the prOjectile returns to earth ata.point :.30 feet,.

below the initial take ofi poiht What the velocity at.



i4ermine the average

60 miles per hour

9. Thelocation of an object ton a straight

s = pt
2
:+ qt rtp. where and r

instants of time then

QiS

velocity of a cnrfora

going and 30 MilesAr hour reUrning:

e object:

such instants` depends on the constants

10. For any 'but the very simplest motions;

location attime t is unlikeito be

formula for the entire duration of the

description of a motion:

f(t) -=.<
-t

2

5
7'

itaverages

line is given by the formula,'

ar eal-po tants. . Fiid all

Litt, EYiqd show w the number of

p q;-,-\and r:

1 .:

the functibn- f de-dribing the

expressible in eriAs of a singe

motion. Here is a more Plausible

0 < t < 1

t < 2.

7t 29 5 7
+ , t 7

I

L
7712t + ,

a 2

7 <t <6

6 < t < 8

4i

DstermineAthe function f' : v that describes the velocity of

the motion with location s = f(t).

It: is elaimedthat f t )s am3 ft t kv are functions,. What

has tb be checked.to verify this? Does it check? Show the graph dr

each.of these functions on the same axes,

During whdt time_ intervals. do you think theVelocitY is increating?
... .

decreasing?.

Does the object 'spend any. time between t = 0 and t = 3 standing

still?. Does it have any other instants of zerovelocityLdu0.ng the

motion?

11. Find the ,velocity .Of'.an object wh6se

described,bythe eqUation

'arid v..Vs.t on the. same set

location along .a straight line is
c,.;) ;.

= 128t - lyt
2

Sketch the graphs of s

Of.aXes.

(a) 'During what:tithe',.interval or intervals is the object movin,ctoward

thelocation- s = 0?

(6) What are the values of v and

tit)

s is a ,maximum?



,
12. A 1)41 is thrown upwaYewith a velocity if 32 feet per 4econ . Its

height Di a in feet after t seconds is- escribed by ihe equa
= 32t - 16t.

What is the velocity Of the ball when its Mght first reaches,. .
12 feeteor'When it aga4in reaches 12 feet? irk

.9.
41, ...

, y
How high does it go, and how long after ,Deing throWr is the ball
reach its highest position? ,p,

ei.:: 0 .

13.- An object is projectedeup4' smooth inclined plane in a straitt line.
ti

Its distance s in feet from the starting point after at secofids is 4

r described, by the equation- s = OA - 8.t. AftelL-tte object reaches its
if/

highest point it slides back tilong its ort4ifhal path to the starting
point ,according to the equation s = 8(.4;L)-1 Here 7 ,is:the.dis-

.., - 4 n .
tanc.e of the object from the hiOesttipoint and ,t '' is' the time it takes

0, ,.,
n t. o.

the object to reach thephighest po,int. 4,, f ,, A

(a) DAermine hOw AtOng it takescifor q Object tArri;ke the up and down

t r#p
01 , o:

(b) Sketch the s vs. t graph fortthe 49 and down motion
l',i.,

of cooed' ates . Do the Ssitle for tie \r' 'vs . t gi-aph.

,tat , 0'!';

(

ink one'set

fp,lt

is

158 66
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2 -10. The Second Derivative

The derivative of the cubic polynomial functioh'

f

. .

.. ,
.

is the,guedratic polynomial function .

-h. A
--i 4,1

The function
tz-

x 3.

derivative, namely the function

x L).6x,.

ce-lled the second derivative,. of .f. Thec.common notation for the second deriVg-
.

,.

. tive of f is f",- Thus we have.. . -.

' f" i x --) 6x,

Obtained from' (1) by differentiating twice.

g

. The value f!(x) of the derivative -at. x can be interpreted as the
.

slope of the tangent to thegreph of ,f -at the point (x,f(x)). ThevaZue

.f"(x) is thus the slopeif,the tangent.to the graph of f' . at the point

(x,f1(x)). The sign of the 'second derivative and its zeros give useful infor-
,,

mation aboutthe shape'of the graph of f.

Consider again the function ;

f :.x 4x3 - 3x

`'"two tieriyatives't

fir

f : -x ) 3x
2 .

r : .x ) ex.

We knkthat a.polynomial functtOt .an interval if its
4 A.

.derivative
.P.
is positive axer that int'erval. ,Since" f"(x) >-0' for tiositive x,

we know that. f' is isncreAing.for x 0;\ since. f"(x) is negative when

x is negative, the. first derivativeAs a decreasing function when .x <

,(2)

*

If ( 7 < x
1 2'

.< x2, slope of the tangent at- (xl'
f(x

1
))

44
is smaller than the slope of 'the tangent at (x2,f(x2)).

. <

If 11 : < x
2.
.< 0, the sibpe of the tangent at '(--Xl,f(k )

-

41,

,41.arger than the slope. the tangent at: (x2,f(x2)).

bservations (2) and (3) are illustrated in Figure 2-10at

159
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the slope at A

exceeds the slope

at. B .

"44

the slope at C is less
.

than the slope at D.

Figure 2-10a

f x -x3 - 3x.

This %iscussion leads to the conclusions that the ,graph of f is bending

(or flexed) downward to the left of the origin (as its slope is decreasing) and

bending upyard to the right of the origin (as its slope is increasing). The

word convex is often used in blade of the phrase "bending upward;" while con

cave is used in place of "bending downward."*

(4)

We say that

Ia function f is convex in the interval a < x < b if its

graph in this interval lies above its tangent at any poi

in the interval.

The definition of concave is obtained bydreplacing the word "above" by the

word' "below."

The slope of the tangent line at a point (xl,f(x1)) on the interval

'a < x < b is f'(x1) so that the equation of the tangentaineis

Y = ( 1) f+(x1)(x .x1),

This line given by the above equation intersects the vertical line give

x = )P in the point

*It is more common usage in elementary 65Urses to.,employ e Upward .

in place of convex and concave downward in place of concave

i6o
i.



f(x1) + f'( )(x2 xi)

This point will lie below (x2,f(x2)) if and only if

(5)
f(x2) > f(xl) + fl(x1)(x2 -

. A.
Therefore,-the condition that f be convex in the interval a < x < b is

the same 'as the cohdition,that.(5) hold for all x1
and x

2
in the interval

with x1 # x2.. (See Figure 2-10b.)'

.

a'
x2 b

Figure 2-10b

A'function which is convex over a < x < b.

One consequence of this discussion is that if c is a point" of

tion.for f
/
'then f" (c) must be. zero. Recall that if c is a point of

:

inflection then the graph of f. crosses tts.tangent at' (c,f(c))'. If

f"(c) >:p then the -graph. of f is convex near (c,f(c)),, so the graph near,.

(c,f(c)) lies above the tangent line at :(0,f(c))),:If f" (c) then the

graph of f near (C,f(c)) lies below the tangent,at (c;f(c)). Thus; .f

the. graph of .f crosses its tangent at '(c,f(c))
Vellgusttave,J7(d) = O.'

,The,conver'se of this maybe false, that is, c can be a zero of f"

without (c,f(c))' being. an inflection :,point on the graph of f. 0(Con§0:der .

the graph of f : x -vx
4

at the origin. See Exercises 210; No. 4.)



If we reverse the inequality in (5)' we obtain a description ofdondgvity.'.:

The graph of a functiOn is convex or concave according as the.second:derivatiVe

is positive or negative (as we shall prove for all .funetrtons'in Chai;ter,8)

of

Example 2-10a. Discuss the convexity, concavity, increase

f : x - x - 2x
2

+\.

.and use this information to sketh itsgraph.

Intervals on which the.function is increasing or decreasing ,Can-be deter-

mined by sign of the derivative

f' : x -o 4x3 - 4x = 4x(x + 1) (x - 1).

The itical points are (-1,0), (0,1), and (1,0). Analyzing the si ft

we c nclude that the graph of- f

falls to the left of (-1,0);-

rises from (-1,0) to 40,1);

falls from (0,1) to (1,0);/

rises to the right of (1,0).

s,

. :...;:";-77

Convexity and concavity are determined by the sign of. the second 'derive-

' je:4 tive

: x --012x2 4 = 12(x 3) (x -

We observe that

. if "f"(x)
0w,

i.

a.

1 . 4A
t

.points k and k- are points of .infI:ion
- 3 9 3 9

graph crosses its tangentet these point he graph
- .

.., . .

.

dayqg .foregoi
.°



L k r
.i'l'011k .SeCtion, 2 = we 'lino til-;;A:..`if a ..pott,iO4irlial_"fi'inCtiOn f .-..des crib theme

'pbsitiOn of :a inoyit-ig;.giect .5it ti iiel; t ,.eheni.:4..6.'s. clerilative .f ' will crescribe

.:the rate :of change ;(,vicsesity) of at 4.ime tl The .''ate of Change 'of veltci-ty
.,. . . .

i's 'usually ;celled. abee7ei-at'ion;..-t\hp5 Vie' value cif' the se4?rid de'riva-tit0; rt(t) .4V; 'tti

Can ,h6 .interpre-ted 0,s d-cceller'etiificf::efi ;.%

3p:0.. solid ball is dcipped ;from feet froni the
4

top of -the. tower t: .seaoncle,i's en function

(6)

The derivatiye of the &I:stance' tpcisftiOn) .the velO ity function

f
1:* :

i-eprea:eri-ting trtis

The seCOpd deti.itatiVe;'of 'the. c3i.S
4:4 :



The acceleration. of the ball after t seconds is constant and is

.

32 feet per second per second.

In other words, the velocity is increased, by 32 feet per second each second.

In Chapter 10 we shall.establishthat (6) is a consequence of the assump-

tion that'the acceleration is given by (7); and, more generally, that constant

acceleration implies that the positio function must be quadratic.
.

.Example 2-10b. Suppose that th functia.

2
f : t -4s = 88(t - 15)

describes the distance s feet traveled in t .seconds after the'brakes are

uniformly applied to a car moving at the rate of

Show that the acceleration is negative.

6o miihr (88 ft/s4) .

The derivative of the distance function is, t velocity function

ft :

88
88 - t

and the derivative of the velO61:ty 'function is the acceleration function

88:t

Therefore, the aCceleration after t seconds is - 88 feet per second per

second, which is indeed negative' cceleraiion (deceleration). This reflects

the physical fact'that the, car lowag down due to the application of the

brakes. The fact that the acceleraticiriis constant is based on the assumption

that braking is uniform. (Due to brake fade, the pressure applied to 'the

brakes must increase to maintain a ..uniforth deceleration.)

4



Exercises 2-10

, 1, What is the acceleration at time t of the particle whose motion is con-

sidered in Number 2 of Exercises 279?

2. Determine the second der/Native of the function

f : t -)2t
3 - 39t

2 + 252t.- 535.

.
Recall Examples 2 -9b and 2-10b.1

(a). Fot a car'traveling at 60 mi/hr, how many seconds ere required

after the brakes. are applied (and held) before the car comes to a

complete stop?

(b) How far will a car traveling -at- 60 mi/hr, go after the brakes are

applied?

(c) Suppose at time t = 0 the brakes are applied on a'car moving at

velocity .60 mph and kept on until the car is brought to a stop

'produding a constant deceleration (negative -acceleiation). of 011

ft/sect. Give an apptoximaionfor a to ensure that the)car will

continue to travel only 100 ft. afterthehe brakes are applied..

Using your approkimatiOn for a from part (c), determ-inehe dis-

tance the car would require to stop'if it were traveling at 80. mph.

4,- Characterize the origin'for each-Of the following function

f : x x4

(b) f : x -*X - 4x3

Consider the function

) .if : x -44; - 20x3 - 50)(2 - 40Z.

(a) Find f4(x) and f"(x).

(b) Characterize each of the points (-1,f(-1)) and

maximum Onminimullt,

.5

; 6. Consider the function -)T

(a) Determine t'(x).

(b) Determine r(X).

(c) Evaluate f'(-1).

(d) Evaluate .

(e) Describe the behavior of f on 1-.2,-11.

32x
+ x on [72,2]..

3
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(f)

(g)

Describe the behavior .of f on

Describe the behavior of f on [1,2),

(h).. the graph of f pR [2,2].

Determine:the relative maximUm point and'relative.minimum,point of the

graph.of.-'

Sketch the graph of

(See NO. 5.),

Sketch the graph of : x -42X3 - 3x - 12x t

extrema and: point of inflection.

f x ) (x - 2)

f x -) 4X5 + 5x - 20x
3 - 50x - 4

indicating relative.

The point (1,1) lies on the graph of each of the folloWingpolynomial

:,functions. 'or which is this point (i) a relative. maximum, (ii)

relative minimum, (iii) a point 'of inflection; (iv): tone of theSe?

(a) x -) 2X3 - 6x2 + 6x -.1

(b) x --)2x3 - 6x,+ 5 N)

(c) .x 42x3 L,3x2.+ 12x - 4

(a)
3 - 3x

2
= 12x

Consider the' function f : x -)x x3 x
2

- 3x over the .interval

-2 < x'< 2.

(a) .At what pbints is a tangent to the graph of f horizOntal?

(b) 'What are the relative minimum points?

(c) What is the minimum value of f?

(d) What is the maximum'value of f?

(e) Sketch the graph of

12. Classify each of the points: (1,0), (2,-2), '''and (3,_1) on the graph

of x 6x2 + 4 as a relative maximum, adrelative minimum,.a
.

point of. inflection, or none of these.

"4-I
:_f' o



13. The figure at the left shows four

polynomial graphs and their common

tangent, y = 3.+ at (0,3).
Match each graph (A, B, C, D)

with one of the following equations.

(a) Y = 3 - 2"- x3

(b) Y = 3

('c) y = 3 - + x2.

(d) y = 3 - °+ 3

14. Classify the point ..,(2,0)

.
(a) x (x - 2,

2.

(b) x -)

r(c) 4(x - 2)4:

15. Find and classify each critical point (local extremum'or. point

inflection) for each of the folloWing

(a) x .42)0 + 3X2 - 12x - 7

(1)) x -)x -,12)C+ 16'

,
(c) x -) -2x

3
+ 5x + 12x:+ 7.

-(d) x (X 1)2(-x 4:2)

functions.

2
Consider the function : x - 9x + 24X 18:

.(g) Determine f'.

(b). Locate the relative maximum and minimum points of

(c) DeterMine f"
o

(d) What is the-point:of inflection of the.graph of f?

What is the slope Of the tangent, to the graph of .f a (3,0)?

Determine + k) and f (3
Sketch graph of

Discups.tlie symmetry of the graph of f.

w L9



2-11. 'Newtonts Method.

In Section 1-7 the method of repeated biSeCtiOn was presented as a means

for approximating zeros of a polynoMialfunction.7In, this teCtiOn we present

another method, knoWn as'NewtOnts.method for.approximating.anch zero's. Thls

Method makes use of the deriyative and is more efficient than repeated bisec-

tion.. 7:Div

Newtonts method pOceeds as follows. Suppose f is the given'polynomial

function and we wish to, approximate the real zero r. By inspeciiOn of the

graph of f, synthetic substitution,. repeated bisection, or some other device,

we obtain a first approximation of r. Let us call this first approximstion

.Figure.2-11a

If ihe graph ..Of looks like that shown .in. Figure 2-1.1a..we* should.
.. . . .

expect that the 'M entline at (x ,f(x will'intersect the x -axis at a

61point x2,' Whigs H4Oser to r xl., The tangent line at

(xi,f(xi)Y 'hat the equation

Y = 4,,f1(x1)(X

This crosses the x-axis at (x2,0); thatAs.,,,

f(X1).-17 fqxi)(x2 -

AsSuming that ft(xl) 0,' we can salve .for .x2, obtaining the formula

'f(x )
. 1

T771-
1



W. can, now repeat this process, using x2

new approximation

instead of 'xi, o obtain'the

obtain the fourth approxima-

".

t -
= "

a

Thus, equation (1) is the basis for an iterative process; halving arrived at

,

the.apptoximatipn 'x n+, : we define a new apprOxiMation xr1+1 by

ez

f(x )
. n

xn+1 'xn. f 1SZ )
n

*..iocample 2-11§. For the. polynomial funCtiOn
.

.
4

. .

.

f .:. x -4 x3 4. xa -1- X 2 *-

.

. A

esigilmate the value, of the' real zero which lies. between

0 . . .;-, .- ,;,,_,.

0 and

A method of calculation which-consists of the repetition Alteration)
especially usefUl for.' writing a program for a -Computing

mac int. ,
169
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Since. f(0) < b aid f(1) > 0, we know that there is (st;t:,least), ore

real zero bety6en -,0 and 1. Further c&Ilculation shows that

f(0.8) < 0 and f(0.

so that the desired zero" lies between 0. and 0.9, Letas take. x 0.8

as our initial, estimaite We have f(0.8) = -0 .o).03 . Since °

f1 3x? .+ ex +1,

we have

1'1(0.8) = 4.52;

whence formula (1) gives the -second estimate

048)

Now we calculate to obtain

,f(0.81) -.002459 -

and ' N .1'1(0.81) r*4.5883' .

.

We. use x rtplaced by 'x to obtain the third est mate2, '

x
3

4
= 0.81 '-

-

405245624
0 8105:

Correct to two d idial places the zero' of f is 0.81.

Example 2--I1b: Use Newton1s Method to -estimate 31q.

Since 3,rj is 'a .rdot Of the equation x3 = 3,` ',Nlaust be a zero of the
.

functipp . .

4 x3 3:

I .

Since f(1) and f(2) have appOsite signs we take --r 1. Ss our

approxiletiOn! The deyivative of f is

SO. gives.

'f 4 3x

f(x1)
.

',(1:5)3'- j_

.3''' '''). _7 FI51 '7? , :2'.
, .

1 ... -- ,..0 3/1.5)
A .

1.444 Z 1.414.

Using -1'.1414 as 'our second apprOximation, we

.170
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Correct 'to tWo places

4

Convergence of Approximants

ap 'roximerte a real zero r of a function f. Let us

and the first approximant x
1

to r. We seek to
We wand

`8't fond

qua rant

state .a

Tproximants

k2'

;

will approach r .and that each suc'cessive,approximant

than the previous one.

,:'Suppose
,

Suppose a < b and

fl,- have. fifferent signs; i.e., there is a zero r between a and b.

Supppr-ee also that

is a polynomial function.

will be *closer to r

such that f(a) and

(3)

This implies that f is

at most oneebetween a

,this-interya1.4 Suppose

(1#)

(x) > 0 for g <- x < b.

increasing, and hence

and b; that is,

further that

r(X) >0 for a < < b.

its graph.can cress tile x-axis

there is only one zero of f in

This will. guaiantee that f is convek.in the intgerval... Figures 2 -11a and

. e
2 -lib are sketches of.a function satisfying these properties on the inter

a < x < As these. figures

successive approxipant .x2,

viousapprbximant ap

e
'ndicate, if Xi.* lies.tetwPen

'will be..Closer to.

oach, r.

r and b, each.

fthan thepre-

lle.rate:of approach depends .upon the'usteepness and curvature cif

'graptiof !".,,f: These can be measured by suitable bounds on .the 4Pe,.-,. ivative

('.'steepness"). and 'the second: eriVative f7 (convexity)'. Sup0& that.
,,.

.
,

(4) If"(x) l <Jr and 'If. x).1 ? m > 0, a < x 4 b

Suppose.also'hat

(5) 4
m

- a.<..k,

the

where ..0 < k < . ..
i..

.-;_1,1e expect that if, the graph of f .ri er rapidly (that"-*, m is 140'

;.,,Rnd is no:t''tootonvex cthet is, M is 'small) therthetlappoiAmati'ons will-.

, 0 ,
..i

,approxitiaiion
$



approach r rapidly. It can then 'be,shqwn that if the 'initial approxmant

.xi lies betwegii.a and b; then subsequent 4pproximants x
n
; n = 2, 3,,

.satisfy*

4110,

(6)
m 2n

-1
..-.

- r
11±.

< m .
n = 2, 3, ..

'and hence approach r very rapidly. (See Appenddx 7) .,

.411t: ,i*7
These results are not altered if (3) is replaCedibYrthe condition that

r!(x) < 0 for a < x < b or (4) is replaced by the condition f"(x) < 0 for
:; .

----.-.. .

.1

a < lc <'-b-. Newton's meth d may _break down, however, if there is a zero of f
..,, ..

Ur. between x
1

.r fir if the curve is both concave and convex near

' We now Apply t se' results 10 the function'.

4wIren.
7,1;;

x3 + x2 + x -

7

of Example.-lla; using a = 0.8, b = 0:9... The derivatives of f are

s. 2
: x 3x. .+ 2x + 1

f" x 46x + 2.
1

.

Both of the functions f' and, f" are p6sitiVp for < x < 0.9. AISo

both of these functions are. incee6aing on the interval, so the minimum value

of f"

r,

and the maximum value is

!iiffY(0:9) = 7.4 -<

14e can therefore take m =4 and M = 8, noting that

Therefore

satfsfj_es.

, 4,
b - a = 0.1 = k(g), where k = 0.2..

if We begin with xi = 0..8, each successive approX-imant

°

.

Q

In particular

17?':
1



We saw in Example 2-11a that x3 = 0.8105 so We.know that

0.8097 < r < 0.8113

and hence thit,:correct to_ 2 places, r'= 0.81.

3.)

V4/17
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Exercises 27-11

1. Use Example 2=116 to'teapond to each of-the-following.:

(a) What is the slope of the tangent to the graph of. >e°

f : x3 + x2 + x - 2 at the point(0.8,-0,048)?

(b) Write the equation of the tangent to the gtaph of f at the point

(o.8,-o.o48).

(c) The line tangent to the graph .of

intetsTcts the x-axis at a point

of f crosses the x-axis. What

' line?

2. Use Example 2,-11b to respond to each

3.

f at the point

close tothe

is the

place

(o.8,-o.o48) .14 a

where the graphw
4

x-intercept of-this tabgent-

of the follbwing.

Find the slope of the tangent to the graph

the potnt (1.5,0.375),

of f : x x3 3 at 11,,

n.
9

What is t1 equation'of the tangent to the graph of,, f at

(1.5,0.375)?_.

Find the value

the x-axis.
0 0

What is the pmsitiye zero of-the function if 2?

of x at which the tangAt of part/(15) interjects

14 ,

Show that a zero of f lies between '1
P
and 2.

Use Newton's method to approxima to thr% dec al

4.. Cynsicrer the function f : x
3 - 12x + 1.

(a) Shop that -there is at least- one real number

and -0 < r < 1.

(b) Find f'.

(c) Evaluate f(0) and f'(0).

(d) ;To two decimal places

x
1

0.

(e) Use your e

approximate

places.

thaW f(r)4=,0
e

s

f(x
1
) 4,

x2 = 411 T177-7.:EITA:

rom part, (d) to show that

f(Z2) z 0.040512

4

-11.9808.

174 r)
4,

. .*

;

rt



(f) Use Newton's method and the results of parts (a) throughle''to

compute the zero of f between 0 arld ,1 to three decimal places.

5. Calculate tonwo decimal places the zero of

f : x -'x3 - 3x2 + 2

which' is between 2 and 3.

6:. Findten pppr6ximate solutidn of

X = 7

correct to. two decimal places .
t)

Reconsider the function- f : x x3 - 3 of Example 2-11b.

(a) Verify that f'(;) > 0 for < x < 2.

(b) Verify that f" x) > 0 for 1 < < 2.

(c)- Find the minimum value m of f."1 on the interval [1,2];

(d) Find the maximum value M of f" on the interval 11,21.

(e) 'Verify that f(1.4)- and f(1:5) .have opposite siek.

(f) Using yOur value for in from partt(c) and M of (d) verify that

11.5 - 1.41 < ;1711 k where k = 0.4.!;P

(g) estimate x
1

,for

).

1 x2 - r I < 0.04

rl < 0.0064

= show -t,ha-e,

wo

'37

(h). Using the results of (g) and Example 2-11b, shoW

ik

tba.4- 1.44,
.

correct to two decimal places,



.Let. !ivsee.,what,' haPpen.a ."66 Our,
ifferentia,tion,.ornjuLas if we replace'

by be-'-ebncrete,,ye-constdef`the-functiOff

.Let g- be :the! functiorto

P .i ;

. ? i'(x) r-.- .it(x *,-,1));, . .
:-.- ,y ,'' , ,,

: The graph of , g -:1.5 oettain'ea . &y shAtigg...t13,e, graph :6'f- *, f, i 110,1: units

V . .,

left if b 5 0; Qr -to the ;right if b < :0) .., The cases, for 7,4hicli',.. b=
. , 0 6.- (4.

b' = -7 are
o,

iflus tr. a tect 1f1 Figure 2 -12E t.
.-,

. 0 . : v
:>, . . , - , 1 t,. :t: ..
,

,the
6.: and

4i,"

Figure 2,-12a

2:7
x -4 2x e- Jox .+ 9

: x 2(x + 6) - 8(x + 6) ,+ 9

-) 2(x 7)2 8(x 7) + -9
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The- figure seems tit, 1:2141.0.te.th.iit,t,ile T at:a pthint P on

the graph f pareillal:to:the; at the corra;sponding

point '"P on the graph oi",:,the;.t,ranilat;4 Tinis We migtr*a[pect. that
1

e(x'*'.b ):the,tp,.."gt (x) = r (xa gib).:

. This ra/.ationship (i) ran be ' sin dik?.e quotient'.rencd uotient ''argLimnta
- f k

stiff i6.iently,,x at'1:1 for h that

f gt,(x).

.?If .wec replate x

*7.

wk-k-kbh 141,11. hold, t.f.%

471:z sufficiently 1./. know, that

° ;.° 1. h) - g(x)
il:;."

g'(x
A. h

k ,' -
ereforp, -ysIit flohlfl:,) Mi :ri.StA t.rue.,

i't .:: ,;..-.-..- ;::,.`.

formula
. a '1. :>. , .

Tha, formula kl) enables: )Zs to differentiate g rather easily.
a . i

".!!.. ."funct.i.on

:-I`S.:i104t he derivatiV......
,

.,and rep s cep . x by x + 'b obtaii? ,

gad

2
x ax

: x Loc -

: x -4 4(x + b) -

For dx941e, = 6, we have

:.x -4 2(x + 6)2 - 8(x +.6) + 9

: x 7-$ 4(x + 6 = 4x + 16.

For the



We genet:alize from our exailaple to a theorem which holds for any.polynomial

function.

THEOREM 2-12a, Suppose lae,hgve a

. x
n
(X +

)n

Then the derivative is

polynomial function_

an tx, +
n-1

,

: x de ( x + b)
n-

(n - 1) a
n-1

( x b)
n-2

+ - + a2 ( x + b) + a

In other words, g(x) is expressed ip powers of x + b, then each

term of g' (x) is obtained frdin- the corresponding term of 'ex) by

multiplying. by the exponent of .x + b -and lowering the exponent by

Another way to say thisvis as follows:

If g(x) = f(x + b), then to find

,and then replace x by + b.

cf
\

.

first find f'

Example 2-12a.". For f : x 3 - 3x2, and g 'x f (x i), find

g1( -).

We have

.
-

pd.that

and hence

2x -,3x ". 6x

x -4 3(X - 6(x

?

g!(1) = 3(1

Example 2-1,2b. Suppose :

tangent' to the graph of f at the point

;)2 _ _ 3.; .

x (x + 1)19. Find the equation of the

.We could- use the binomial theorem+ to

+,

(1,;1024).

expand (x
+1)10 and then

differentiate.' , HoweVer, it is easier tp use. Theorem 2-12, which gives:/.

-so that

f' x 10(x'+ 1)9
s,

f (1) = 10 x 29 = 5120.

Hence,-tne desired tangent has the equation

= l024 + 512b(x - 1).

178
0
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Exercises 2-12

1 What is needed to establish Theorem 2-12?

:

(a) .Findind 1" if f.: x
2

+ 2X + 1.

(b) Find g : x -7) (x + 1)2.

(c) CompaTO-i- :and.

3. (a) Find: the derivative of each of the following functions.,
4

(i) f x 2x
2 ,

- .ox

P
gl: 2(x + 6) 8(x

(iii). g 2: x 2(x.- 7)
2

- 8(k -. 7)

'6) + 9

+ 9

4.+

(b) Find the slope of.the tangent to the graphiof eash of the functions

in part (a)'at the point indicated:
. e

f at .(3,f(3)*);

at (-3;g1(-3)):

(i)
g1

(iii) g2 at (10, g2(10)).

(c) Show that the tangents to the graphs of f,-gi,-;and g2 at the

points indicated in part (b) are parallel lines.:

(d) Indicate the function obtained by shifting the graph of each of the

functions in part (a) as prescribed: A

(i)

(ii)

('iii)

the graph of

the graph of

the graph of

f

g

g
2

0
two units to, the left;

. ,

four units to the right:.

nine units to the left.

4. (a) -Find the derivatives of each of the following functions:

(i). F : x 3 - 3x

f x --)(x - 2) +:6(x

g, :.x --)(x + 1)3 - 3(x

(b) .Evaluate:

(i)*... F'(0)

'ft(.0)

(iii): gt(0)

(c) What is the equation of t tangent, to the graph of each of the

functions F, f, at the y-aXis?

- '179



(d) Compare the functions and g.

(a) Find the derivative of

(a)

(e)

(f)

F : x x3 + 6x2 +1.2x +

Determine f' if f x -,(x 2)3

Este lim (x
2

C')3
.2)3

,h -40

Tk.tk-1-}s>

Evaluate fl(:-1)-

Evaluate lim
(x ,+ 2)3 (-f +

x + 1
x -1

6. Consider the function : x --0(x + 1)1

(a) Find f'.

(b) Evaluate. f(0). and 1'2(0).

(c) What is the equation of the tangent to the graph of f at the

y -axis?
1

(d) Evaluate f(-1) and f2(-1).

(e) Find"the equat {on of the tangent to the graph of f at the pointl

where. .X

(f) Evaluate f(-2) and f'( -2).

(g) Write the. equation of the tangent to the graph of at the point

where x'=

7. Consider he.function f x - 2)15

(a.) Find the derivative of' ,f.

(b) Evaluate fl(1), f'(2), and f'(3).

(c) Find the equation of the tangent to the graph of f -at the point

(4 ,327g8).'

.

Find f' if : x -3(x ?I
2

.

.2

What is the derivative of .g ': x -+3x + 12x + ivi

Compare f with g, and:fl with, gx.
.s,

For F : x -, (3x + 6)2 find F'

Determihe the derivative of G : x -9,0c, + 2)2.
#

,.

_

Compare F th

r
G, and -F' with G'. -
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2 -13. Higher Derivatives

The 'value ft(a) of the derivative of f can beinterpreted as the slope

of the tangent to..the graph 'of f at the point .(a,f(a)). As we saw in Sec-

tioh 2-3 this valte ft(a) is also the coefficient-of x - a in the expres-

sionsion for f in terms of pbwers cif (x - a). 'We -wish to derive a related re-

sult.for fu(a) and show, in general, how 'the coefficients of expressions for

f are related eo the derivatives Of. f..

(1)

To be concrete let.us look at a general third degree polynomial function

f
0

+ a1x + a
2
x
2

+ a3x3..

We observed in the first chapter that ,

If we e-obtatAl the derivative

)

we observe that

We differentiate-

-and observe that

I

f(o)

fe : x a1 4- 2a
2
x + 3a

3
x2

fe(0) = a1.

to obtain the second derivative

If we differentiate

fit

I

x 262 + 2 :3a3x,

= 2a.27

, we obtain the function

X -9 2 3a
3

.

his function is called the third derivative of f and denbted .by

that

ti

In this case

. .

it

f x 73 2 3a.,.

1.tei( 9) = 2 7,
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(.1)

We summarize: -for the cubic polynoMial unction

0

f : x act. +. aix + a2x
2

+ .a3x3,

the coefficients are reldted to the values of, f and its. Successive deriva-

tives fIl and f,Iltt at )t = .0, by the formulas:

a
0

= f (0)

a
1

= ft(0)

1."
a -.. 7 17(0)
2

"f1

3 2 x 3

Nowc'we express f in terms of powers of x - a:

0

,
a)2 +b3kx-

:1 4!

Such an expression for f can be found by synthetic division as in Section

2-4,. (See also'Exercises 1-5, No. 11.) We can show that the cdefficients

and b
3

are given by ,tb0, b1, b
0' 1' b2,

.t
= f(a)

b

ft(a)
cm.

f"..c6)

1,

2`x 3

To show that b - , we let x = a
.

1117 the expression for f(x) to

. 4
obtain .0 l 1,

f(a) =.b
0

+ b 1(a - a) '+ 'b 2(a - a)2 + b3

, .

The remaining results 1 3) are almost as easy. We .ube

the derivativ,e

whence .

ft
.

: x b
1

+ 2b

Theorem.2-12 Oio obtain

We use Theorem 2-12 again 'to calculate

x ,7b2 :.+.

b3(a

6
.the .derivative

.d.
of V:

(,)



e(a) 2b b
2 2

= fu(a).'
,

Another<differ ntis4on, again using Theorem 2-12, giyes,

.

so that.

fm(a)

_

vl
2 3b3 and hence b

3 2 x 3
- ft"(a)-.

Using the foregoing process for a fourth degree polYnomial function:

f : x -a b0 +
0

b1 (x - a) + b2 (x - L)2 + b
3
(X 1 Ei)3 + b

4
(x - )4

we could obtain

1(a)

= ft( a).

b fu(a):,

1 f M(6)
2 x 3

b14.-
2 x 3 X 4 f" (a)

.f" is the fourth derivative of f;- that ist. f""

of ft" It is common,to write

f(12f, 'rather than f'"'

t

'for. the fSurth delivaiive,of we,use the notation'

is.the derivative

(5); i(6).

for the fifth.derivative, the sixth derivative, etc. It,is alab common
e

to use the factorial:notation

kl-= 1 x 2,x 3"x x x k

with the convention that 01 7 1.

results can be. generalized:

U.

_

A polynomial furiction can be* written as
.

2'
a) + b ( - a

,n

/
18.



'and ,

(6) k:f:icT E. =' 4, 5,' n.

.

4
Example 2,13a. ress °f : x -3 3 --' 2x + in -terms of powers of

x + 1. We have the successive (aerivatives:

--

.

e f
(4):. x;.-4.3.68.-

0-
0 .

-.....

Sthce*x 4-1 .-.-).x'.- we need t6i. find, .the values of these fthictions when

.X = -1,: have

. .

fin

1

x74 -2 28x3,

x 84)(2
I

X 168X',

US ,

; = 12. = 12

'0(4) . =,; x, (-30) =

f!'.-(L1) 84; b 84

=:-.168; = x (168) =
3' 3!

(
. .-f

)
- =16a; (q.68Y = 7

-,

wp can wrike,

: 7 -3 12, 30(x + 1) + 42(x 4- 1)2- - 28(x 1)3s + 7(x +

v.,the same iresulf, can, of course, be obtained' by synthettc -diIision.. (See

-Exercises 2-13 / No: 6.) -:-



Exercises 2-13

No many nonzero derivatives can an n-th degree Polynomial.function

have?

If we write a fifth degree polynomial function 'in the form '

f
0

+
1
(x - a) + + b

3
(x a)3 + b -= a +b

.
4

then b -= k .f (5)
(a)'. What .is the value k?#

5 '

We repeat part. of Numberll of Exercises 1-5 and again consider the'fun6-',

tion f x -4x3 - 3x.. We fybmit a:table to show three successive syn-

thetib. divisions of f(x) = x3 3k and res'ultirg. quotiedts by x 2.,

1 0 -3 0

2' 2

1 2 1 2

1 2

2

4 9

4

2

(a) Determine g(x) and f(2) if

f(x) = (x - 2)g(x) +

(b) Determine p(x) and g(2)

g(x) =-(x 2)p(x)

.(c) Determine. q(x) and p(2) if

p(x)= r 2)q(x) + p(2).

(d) What'' is q(2)2. '

(e) Show that, for bll x5 we can write

f(x) = (x - 2)((x - 2)[(x -:2)q(2) + p(2)] + g(2)) + f(2).

(f) Usingthe'results of parts (a),through (e) of thif prdblem determine

(g)

A, 33, C, and .D `if, for all x,
a

f(x) = x3 -. 3x = AtX - 2)3 + B(x - 2)2 + C(x L. 2) + D.

Find the first,, second and third derivatives of f x -*x3 - 3x.
4
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Evaluate f(2), f'(2), f"(2), ap.a.
f ft (2) .

(i) Eyaluate
f(2) f'(2) f" S2) f "'(2)

0! ' 1! ' 2! ' . 3!

(0 Compare the results of parts (f)'atid (

4. torisider the functions

(a)

(b)

00

G : x -,x3 - 3x

f x -)2' 0

g : 2 + 9(x - 2)

h x 2 + 91tx - 2) + 6()014. 2)2

F : x 2 +, 9(x - 2) + 6(x - 2)2 + 1(x.- )3.

Find the value of each of these functions when x = 21.

What quadratic function best represpnts the cubic functiwn

G : x x
3 - 3x near the point where ';':*= 2?

(c) What function serves as the best linear approximation to G 'near

the pointy where x = 2?

(d) What fun ion serves as the beSt quald;aA tic approximation to G

near the point where x = -1?

(e) What function serves es therbest quadratic approximation to' G

near the point where a?

5.: Find the first four derivatives of .each of the follOwing functions

1 7 x2 x3 x4 x5
(a) F x + + +

! 1! !2 3! 4! 5!

(b) f : x

1
) g x -

x3 . x5 x7 x9 x
11

3! 5! 7! 9! 111.

2 4 6 '8 10x. x.x.xx

. (a) Compile a.table similar to Numbei.3 to indicate four successive

synthetic divisions of '7,[ 2x * 3 by. x + 1.
'

(b) Use the table of -part .(a),to write f
4 -,2x + 3 in terms

... of. powers of x + 1, Compare your result with the result of

Example 2-13a. .
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.Write the fUnctions which give the best! 1-ingar, quadratic and cubic

-1' 4
approximations to ther graph of f x,-)7x - 2x + 3 near the pipin

(,1,12).
. /

P . /

(d) ..At the point -(-1,12)% is the. graph of f .ris4g or fallipg?b/Is

the graph of f flexed upward' or downward near the point (-1 12)?

r.

,cv



General. Polyngmiali Functions
-

-`We close this chapter iiith a summary of the kinds of information which.

can be obtained about the graph of a polynomial function f,4" knowing its

degree. Sapp° e

X -)ao.+ aix +

s9 that f has degree :AS

...graph of ' f dan cross the _x-,axis at most n times, and

x-axis if Ix' is large. enough..
..!1.

The iderivative f' has degree n - so that the equation ,f 4(x)

has At most( , n 1 . solutions . -Thus,, -thg% .gi-afih of `.f s at moat 1 .

40e.: '''
.

critical _points.; in par-Eicular',. it has at, most ri points, whit.h. are rela
'

.

a x3 + .... + a xn, a / 0,
3 n n / . _.......,....

pointed out 'in ( ) 1.o - Section -8,.'the'

I's far from the',

0 tive max or minima.
4

points we can subdi,

which -f -1,s -mono

Sidca f1(2) . cannot change sign between, tra.ical

=axis Into :at most., n intervals, on earth of
.

that is, alwa'y's "decreEtsing or always 'increasing.

The secon derivative -f" has degree n 2, 'to that f moat
.

the gr4ph crosses its

xCce f" cannot
n 2 point's' Ofinflection. .These ere the 1016%;

,

`tangenit;, aeon. ki.pRirrt locirresporid,s zero of f" .

'Obi-range. sign bet1140.0flection poihts, we can subdivide the x-Edis into. t

most. n° - 1 Intervals; On ea dh of which the graph of ,f is always cone

or always convex.

Each time we differentiate, .the

reach the :zero po2rrmit1.1 function.

degree s reduced by

In other words, if f

,.. f(11-11) is the ler° function.
,

. ..

see that this chars-Cterizes polynomials' of degRee
)We; shall 1.ater CC Chapter 10)

n* or less; 'that is 0%

1.

(1)

s de

nally

44

The fune4ion f is_ a polynomial function of degree 'ri or.

less (or the zero function) if and only ifw f
(n+1)

is,tbe
a

ero functicin.

, .

For example, tlie third aegivativ
.rai

f

Is the zero function.

We also know that any polynomial
4

ax
2

+

Of the function,

bx + 'a / 0

funct i.a f must have a maximum and a/

°c gives such a

f'( c) =

minimum on each closed interval a < x <, b . Furthermore, if
,

maximum or 'minimum if( c) and a < c < b . then we must have

\811:7



a

The foll6wing is an example

from such consjderations as thOse we

"

of the kinds'of results,lhich can obtained,

haVe mentioned.
_ e ,
- .

C 4

D'cEitple 2t14a. SuppO4k. 'f has degree -3 and that f(1) =: f(2) = f(3)
..-

Then f has 2 elatiVe extr7ma (a maximum'and a minimum), one between, 1
. .

and 2 and th0 ot er between 2 .and 3.- 'Furthermore 'f has a 'point
.

of'in-

iiflection between the relative maximum point and the relative minimum vint,
- . .

',. . *
has degree 3, the only zeros:of f ale 1, 2, In.particular

.
.

<'2?

Sincef

so that f(x) has constant

().

f(x) / .0) 1 < x

1 < x < 2, Suppos6-sign- for

f(x) 0, 1 <x < 2..

'The graph must have a relative maximum'bette-Cn

.- that this relative r,:.ximum ca

a value 'x1 such that

x
1

<12 and f'(x1) ='07

conclusion (3) i'reached.(for a

10)5,
w

The same

.

and- 2, and (2) tells

e at 2 : s ork, x. = 2. Thus there

us

must e

relative minimum) if-we replace (2)

by,,the. ssumption'thai f(x) < 0 for 'Al x < 2.

there is a relatiye extremum f(x
1
) such that' 1 < x

1

We have the'reT.Qre shown that

pimilar argumedts show t

<2.

at' there'isC4 value z on the'interval

2 < x
3
.< 3; :I.ichthat fl()t

3
) = 0.

of f' mpstIlte x, 'and. -x

'A repetition of theSe drgus

.6.1stbayeazerobet.ween x1 and x
3.

thAit ha's- a. single.zero
2'

which

f" is a linear function such that f"

that f" is'of the- form-
.

3
Since. f' 'is of degree 2, the zeros

using O. instead of f shows that- f"

(

f" has degree 1, we conclude

satisfies x. < R
2 \ 3
W .-(The faqt;thatl

1

(x2) = 0 heads us to the conclusion-

.

: x a(x - x2), a ,/0.

.',From'this we, conclude that f"(x) for x :<X2

f "(x) for x > x2, and hence the.vaph40 f

2 '
f(x

2
))

.

is of different sign than is

must' ross its tangent at

4 /I*. 16-.1r
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11,

.Exercises 2-14

1. Show that the third derivative of heflInCtion
. .

. 4

, "'

f : x ax + 4bx + c a4 0
Y

is the zero function.

--. Give an example of a, .function whidh mgets the requireOnts of the

function desdribed in ExaMple 2 -114a.

(b) .Find the first'and second derivatives (14 and f") of the function f

you have sele'cted for part W.

(c) Find the, zeros of ft and or:
x '',,

. . 4

(d) Find the relative.illaximum and 'minimum points'for the function you '

heve selected.
.

. . .

. r
(e) What is the goint of .inlection for the function you have selected..

(a)
4 7

(a) For what values Of k does the line given by y'=.k Intersect the

parabola given by y = AX2 + Bx + C, (A /. 0) in
. 1

, .

(i) no points?

(ii) 1 point?

(iii) 2 points?
4.

. ( ) Whati is thelowest or highest Poin4Pof the given paratola?

(a) Find the highest point on the graph of

..g( y . 5 - 6x. - x.
2

t.

using Number 3.

(b) Explain geometrically ,t;Ily, the point ip (a). can also Be obtained by

fi ding where the slope 'f the tangent to the graph of g is zero.

.

..

5. What ia\the greatest pOsible numtzv of points where the ttIngent tkthe

graph of a quadratic junction: x(-=;Ax2.-i- Ex 4- C:r; may be horiv041?
A

'Show-that tnt-graPh,of Ocubid-`functioh must have a point of. inflection.

-t

. Determi,lie ihe maxi value of the, function f x
x' - 6x + 10'

(a) Sketch graph of

8

.1" x --) x
5 + xik -.5x3

a
- x + ux - 4:

Respond to eachof the folldwing by instection of your graph for part (a).

(.) .

190
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(b) What are the zeros of f?

(c) Describe the flexure

T(x)4 O.

of the graph of f atthe 'points where

(d)' Desbribe, the flexureof-the graph of f at points for.which

ft(x) = Q: and f(x) > -5.

Determine those points on the graph of f X -4 - + x dt which

the flexure is.neither upward norrdownward.

10. Discuss'the symmetry of the graph of f : x

11.. Consider the. function

3

f x + Bx + Cx + D, A LO.

(a) Find fi;

(b) What is the maximum number of zeros that ft can have? .

.(c) How may relative extrema can f ihave?

,_,;>(d) If'the graph of T has akrelative.maximum point must it have a

relative minimum point? Explai

(e) Determine f".

(f) If f" hasa zero

(g) If ft(xl) = ft(x

12.: Characterize the point

what is it?

= 0 determine
I

221'2' 16!

x
1
.+ x

2

2

on the graph of.

f :

x --)X - 2x3 7x2. + 10x +

(0,0) and (-1,-11) on the graph of 0'

.

.

. 9

14. 'Consider the functions -+(X + 1)2 (x - 2) and

g : 3(x + 1)(x - 1)..

(a) What is the rel9tionship between f and g?
4

(b) Characterize each of the following points on the grdphs of f and

13. Characterize the points
.6 5

f : 2x + 3x. + 10x

(71,p)

(o,f(0)
(iii) (O-4(o))

."



(iv) '(1,g(1))

(v) .(1,f(1))

(vi) (Z,f(z))
A

(c) Sketch the graphs of f and g on'the same.set of axes.

15. Consider the functions f x + 1)3(x + 2) and

g : (x + 1)2(4x + 7) .

(a) How are the functions f and g related?'
-%

(b)' Sketch the, graphs of f and g on the same set of axes.

16. Consider the function f : x -,x3 - 3x + 2. \
. .

(a). Locate the-zeros of f.

(b) Locate the relative:maxiMum, relative minimum and point Of inflec-

tion.

(c) Sketch the graph.

17. Consider the function f x -*x3 -.3x2 + 4.

(a) Locate the zeros of
.

(b) Locate t.- relative maximum, relatiVe minimum and point of inflection.

k (c) Sket the,.graph.

18. Suppose, that x4- and x2 are zeros of

: x 1-,Ax
2

4- Bx +

Show that f has a minimum at

C, A

X
1

X
2

x'° 2

19. Show that' the graph of f x -,Ax2 + Bx + C, A 0, has no point of

inflection.

20. The graph of f- : x -)AX
2

+ Bx + C .passes through the. point (2,3)

and ft : x -'3x + 2. Determine A, B, and C.

21.1. Find an equation of the tangentto the graph ,of f : x -)x3 +.3x2 - 4x -

at.its:point of inflection.

22: Determine the relative maximum and minimum.points of the graiahofmAlt.

. 4
f : x 3x 12x

3
+ 1 x

2
-

:SP

-.4

3.



23.. Characterize the points (3,0) and (-4,0) on. the graph of

f : x ) (x - 3)2(x + 4)3.

24. Determine the. set of values of k for which

: x )2x3 - 9x2 + 12x + k

willibave

(a) no real zeros

(b) one real zero

(c) three real zeros

25. Find an equation of the tangent to the graph of f x 4x3 - 3x + 6

at its pdint of inflection.

26. Sketch and discuss.the graph of

f : x -44x
5 . 5x

4
- 400 + 100

overthe interval -3 < x < 4.

ft:
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Chapter 3

CIRCULAR FUNCTIONS

Unlike the polynomial functions we have considered in the first two

chapters certain functions haye the property that their function v,plUes repeat

themselves in the same order.at regular intervals over the domain. Functions

having this property are called petiodic. Included in this important class

are the. circular (trigonometric) functions.

The simplest periodic motion is that of a wheel rotating on its axle.
..

Each complete turn of the wheel brings itback to the-position it held at the

beginning. After a point orthe wheel traverses a certain distance n its

'path about the axle) it returns to its initial position and retraces its

course again. The, distance traversed by the. point in a Completecycle of its

motion is again a period, a period, measured in units of length instead of

units of time. If it sh d happen that equal lengths are traversed in.equal

times, the motion becomes periodic in time as well and the wheel can be used

as a clock.

The model of:a'whehl rotating provides

4tt

a basis for our definitions of

the sine and cosine functions, whose values are defined as the second and

first coordinates; respectively, of points on a

definitions are ompatible with those of ratios

By defining th

periodicity is

properties

functions.

These

circle of radius one. These

of sides of'right tr..5angles.

sine and cosinef.unctionslin terms of a unit circle, their .

ediately evident. Furthertore, we cansuse the geothetric
40

of-circ es to obtain the properties and graphs of these circular

.(Sections 3 -1, 3-2, 3-3).

definition's and results are applied to uniform circular motions

\..(such as rotating wheels) in Section 3-4. The,basic addition formulas are

derived in SeCtion 3-5, again by making use of the geometry of circles. These

are applied in the next section to the study of pure waves, the simplest type

of periodic motion, While the final sections points toward some of the ways

in which the circular functions'can- be used to analyze more general periodic

phenomena.

J
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3-1. TheiiSine and Cosine Function's

We assume that you hSve some familiarity with the sine and cosine func-

tion5, so that much of the material in this chapter is review. You may have

previously defined these functions in' erms of ratios of sides of right trt-
..1.

angles. We prefer, instead, to define the sine and cosine' as functions of arc . .

length on a circle.' The usual angular definitions in terms of degree measure-

-ment can be obtained from our definitions by a suitable changt,..of scale. Our

definitions, in terms of-the circle, have-two great advantages: first, we

can easily read off many properties of sine and cosine from properties of the

'circle; Second and more important, our choice of scale will simplify our

differentiation'formulas.

For conifenience of definition we use the circle with center at the

origin and radius 1, the unit circle whose .equation is

.

2
u
2

v = 1.

The circumference of the unit circle is 2y units. For any real number x

we measure x units around this circle beginning at the point (1,0). If x

is lkositive we measure in a counterclockwise direction and if x is negative
r

we measure in a clockwise direction. We obtain in this way. point. P with

coordinates (u,v) on the circle given by u
2

+ 'v
2

= 1. The first coordi-

nate of P is called the cosine of x, while the second coordinate of

is. called the sine of x. (See Figure 3-1a and 3-1b.)

Figure 371a

196 t.

"Nt

Note tha x > 0 -and we
measure i 'a counterclock-
wise direction, obtaining-
P(u,v) with u = cos 3,
v = sin 3



Figure 3-lb

...,

-. . . .

Ngte that!. x,<. 0, and we

measure in a cldckWise
direction, obtaining 'R(u,c
with u = cos(-1), v =. sin(-1).

,,:

C-

...

Twoleunctions, cosine and sine (abbreviated cos and sin), are defined

as follows:.

, .

cos : = cos x.= the first coordinate (abscissa) of P

sin : x -, v = sin x = the second coordinate (ordinate) of P.

The values of cos and sin are easily obtained in certain caSes.

For example, referring to Figure 3-16, we see that since P is the point

(1,0), we have, by definition

. cos 0\ 1 and. sin O'=.0.
1.

Since the unit circle,hPs circumference 2n units we can'teasure. 2,t units

around (in either direction) to obtain again the point P of Figure 3-1c.

Thus

-. cos 2v = cos(-2x) = 1

sin 2v = sin(-2v) =..0. .

This point
has coordinates
(1;0), ".

To measure .27r units
around from 'P returns.
us to P.

Figure 3-1c

197
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1. I

d
To traverse one - fourth of the' way around the unit ,.circle is to move

2g.
through -17=

g
or units. 'Thus if x = -f,we have. P

1
with coordinates (0,1

so that

(

.

. if X = r. 71-f then we g

s

.

`pee Figure 3-1d.)

g
cos--

2
= 0

'

sq.n
s

2
= 1;

with coordinates (0,-1

cos(- = 0, sin(4) =

so that.

Further calculati,ons

the exercisesr-

Figure 3-1d

are in icated at the end of this section and in

The sine and cosine are often'defined in terms of ratios of sides of

right triangles. In Fiolre 3-.1e, the sine and cosine of angle AOB are

defined by

. (2)

sin LAOB
opposite AB

hypotenusej OA

cos MOB
adjacent OB

hypotenuse OA

adjacent

_Figure 3-le

198
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To relate these definitions to_our earlier ones, we can plape the. .0 and ,v

le_

axes as shown in Figure 3,-1f, letting x denote the distance along the circle.

from R(1,0) to P. The coordinates of P are (cos ic,sin x).

.:, ,

'

.
/

Figure 3-1f

'.Whether OA > OP (as shown).or OA < OP, we have, by similar triangles that

and

cos x = OQ
0B
OA =.

cos. OB

sin x

31

AB
PQ OA

sin LAOB.

Thus the angle AOB corresponds to an arc of length x and cos x and

sin x are respectively cos LAOB and sin LAOB.
. . .

The right triangle definitions are somewhat restrictive as the angle

AOB must always.be,tetween the zero angle and a right angle; that.is, the.

arc length x must be between. 0 and . Our_definitions (],1-involve no

such restriction and. enable us to define sin x and cos x for and real

number x. Thus(1) gives us a "natural" extension of the definitions f2).

199
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Angular Measure

'^ is.also common 1i)ractice;cto measure angles in degree's, Degi.ee measure

is established by dividing the circlinto 360 equal units, measuring an

angle AOB bSr.The number of units\nf arc it incrudes. For example, if 'LAOB

includes
1 of.the circumference we would say that the angle Measures

X 3600 =

We can also measure angles by arc length.
a -

Note that LAOB determines
the arc length x units. \
(on the unit'circle).

Figure 3-1g

In Figure 3-1g angle .a cuts off an arc of length x on the circle given 1;

u
2

+ v
2

= 1. We say that a measure's x units. This type nf measure is'

Called radianmeasure, its"unit being called.a radian. In Figure 371h we

.illustrate an angle of 1 radian.

Figure 3-1h

200
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A moment's thought indicates, the relationship between radian and deg peg

measure. :Clearly, if the radian measure of angle is doutiled, the degree

MeasUrelalSo doubles. The same r lt is'obviously true,for halving, tripling,

etc. In:general, we have that th
)

egree measure M of an angle a is

directly proportional to the,fladi,ammeasure. x . Thus
. '

M ='kx
I

_where k is constant. Sinc = 360 when. x = 2z7 we have

so we must have k =
180

e-.

see that

(3)

We thus

SCaie.

We

US

=,--k(2y)

x radians corresponds to
180x

degrees:

degree measure is obtained from radian Measur by chap ng

''k)

note the follOwing consequences of_(3)-

4
,

(4), radian corresponds to. 7it "-' M 57.296 degrees180

and:

(5) 1 degree corresponds to TiE = 0.01745 radians.
..

In working With radian measure,.it ia.qustomary simply to write, for

y y
example,

2
when we

/

mean
2

xadians. With degree measur e/ we shall. always

m .

use the degree.symbol, such as 90°, 45°2. etc.
/ .

Example 3-1a. Evaluate sin 990°.

We see that 990° corresponds to

x 990 .
11

t radians. We measure7

11
-2- IT units /around the unit circle in,

a counterclockwise direction. If we

write ./

lln
8= -71 3L= 2(2)

2 2 - 2 -'

,J.

we indicate two times around the circle

3
plus a 7 turn, suggesting arrival at

the point (0,-1): (See Figure 3-10'

Thus sin 990° = -1. 201
(
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Example 3 -lb. If k is 'any multiple _QS 1 , determine CQS Ind
3

*

Solution. The ai'clength
3
- is . th of a circlb andhence corponds.

to an angle of

'11c1 'hence that

f4

A ,

'60°. As. Fig ire 9-1j shows wethusknowkthat, tPOQ = 2,41,4°

- ,/.

OR. lengthlengt - and PR has length .7 .

1'

P2(- (_

2 2

1

' 2

/3"

(1
1 2,J. 2

o

3
(4,0) (1,0)

Figure 3-.1,j

-thus P has coordinates

1 -15

P4(- 2' T

cos. 1

3 2 3 2
and sin -

;/T
= --

Figure 3 -1k

P
5 2
(-

'
-

Measurements of 2v 2r- 111-It 5v 2y give respectiie points
3 ) 3 ) 3 ) 3 )

P P P
2' 3' 4'

P P6 of Figure 3-1k. The Coordinates of these points are easily found using
5- 6
the same techniques as abOve. This.gives'us enough informatit to find cos x

and sin x for .x any. integer multiple of
3

. For exampfe.,,if we wish to

%
find .cosk7-16), we observe that

-161r

) 3

5n -3

We measure in a clockwise direction fft'st 5iT then units to obtain the

Y 71 1
point P. Thus cos(- 7T) - , the first coordinate (abscissa) of P2.

4



.Exercises 3-la -

ill, -8( ' II*
.Change the followStg radian measure to degree measure,

(1 '4, .e

4k

j

(e) ian

'(f) J 'M (2). 2.6

ObEinge the'following,Ogree meas*e to radian measure.

(g). 810°

(h) 190°

.(a) 2700

(b) 300

(c), .135°

(0) 1p8o8

,(e) 195°

A.

( i) 180

(j) o.4°

i

(k) 1620°

(f) (2)
18°

r

,

3. EXpress the following radian measure in terms of, the smallest OsitiVe

ti angle:

(a) WhatWhat is 0 sum of the measures of the an les of a triangle?:

of a rectang e?

(b) Given: a polygon of n sides. Whatis the sugo. of the measure
r

of the.interior angles? of' the e -Eerior angles? .6,..4

(c) The smaller of the two, angles between tie hands of a clock at

11:30 has a measure of

(d) OVer which-partof. a radian does the minute hand of a clock move
V

in -215 mitesmir itesf in '25 minutes?

(e) How many radians

in 3, hrs. 50

ddilt_thelninute hand -s.weepout in 1
2
--- hours?

min.?



r
4.1 Give the coordinates of the' point on the Unit circle corresfrandi to

22v '

(a) 300°

(bf 1'2.00° A

J.41 Express each of the following angles in etts o

qietween, 0 and--12/1,.4tans.

1

.
v

16, ,

(a) . .P. 21 -(c, --
,.., - % ,..'

-1

(b) - t it -
1.2
11 it-

k :

6 Write two equivalent expressions foT each of the followirigles in.

terms of

rfk

P.

positive' angle -.

*

.. 4
n (2v) + a

(ii) n (v) + a

(iii) n (1)

31v
12

, ./

n integer, < 2v

n integer,

n integer, la'

7. )(a) EXtend4/1g=the'information readily Q

t available from the *340-60-900.
t.

triangTeikr5tgfe 3-1,J, find

cos x and sirs xi for x,

multiple of ; ,,,-. by drawing a

unit circle similar t6 .the one
. ,

to the right and labe inMkthe.

cocqpinates (cos x, sin

For Q1, (similar
-1., Q2' "" C12

.... to Figure: 3-1k).

(b)

t

(c)

v
Which of these points duplicate multiples

3
of in Figure 3 -1k?

Which of'the points

Multiplies of.i

(.

91, Q.2, oCtiz.have coordinates for the

r

204



,

to,

ct.e-
Tir,,ifidway betweer and , conjecture whether or not

you can ,.deduce

Can .you make a-
functions from

obyiveratking the value of cos

enerEkl% statement.aboutk reading , off

the dr..a4;ing f
?

cos +cos
o
7,

2
. 2

(a) Aing 14elationskaips betweerr e

sides of a 45.745'-90° tattiangle,k
find Cbs x and sin x 4pr x,

, ,
a, mu,ltiple,..of , by drqwing

.
a unit oirclesimilar to the one
to the .right and labellS4 the .

- .
coordinate (cos x, ) for II-

and cos - ? .
-3 e .

valdh of such

1.

K2, ..., K8.

. 4
(b) From this circle read, off the following

(1) sin , (6) cos

(2) cos 41- (-7)

(3) sin 14-1 (8) cos

(4) cos (9) sin

(5) sin (-

sin

6

(10) os

31

(-2250)

(-135°)

(3;36o° +145°)

rr
2 F rt



9.. Using the coordinates of the points

indicated on t1 unit circle to the

rightlanswer the following:
*lb

(a) Find the, value of

t

Si

v v
, sin 1

Fl
It 3 pa.

'cos
3

-

'4.
COS , COS

What is'the relationship

between ,.--

V
sin i and' cos

3
?

sin
3

and' cos 6

v
sin and cos

In this first quadiant,

(b) ,Find the value of

what is the sign of the sine? of the cosine?

5g
6- '

sin 37t7 , 2v
sin and of- sin

'-,.

and af-'1-cos- --5v .3g 2g
-77 , of T ,

3
cos

.

In this 'second quadrant what is
v

cosine?

(c) Find the value

(d)

of
1(

sin 6- ,

of cos

of

th .sign of'the-sine? of4the

sin

of cos

5g

5g

and f sin
4v

;

4
and of cos ,.

In this third quadrant', what is the sign of the sine? of the

cosine?

Find the value of sin
llv 7g 5g
--6 , of sin, , and of sin ;

3

cos
llv 7g )...

of cos -- .--3-,\ and. of cos
2'1

3

In this fourth quadrant, what is the sign of the sine? of

cosine?

e)
4.1

206 4."
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4.s.

(e) (i)

(ii) In which qua

041)

J

In Which,quEldrants is

is is

In which qu rant

sine negative and

negative?:,

(a) What ere.thecoordinates of P,

indicated on the circleto the

right, if the circle has a radius

of .1? 2? R?

)

sine positive? sinernegVve?.

cosine. positive? cosine--npoetive?

is sine positive and ebsiafrieiativr7

cosine positive, ?. both 'positive,7,- both

(b) What ar.e the coordinatet

indicated on the circle

of T,

to .the

right, if the arc measure is

-and the radius is 2? .7?

V-7 .11

Given a circle of radius 1:

An arc which measure

length

an arc

has le

r.

radian has

ich measures x radians

h x.

Given a circle of radius R:

1 has length %xR.

An arc which measures 1 radian has

length R;

an arc which measures x radians

(a) Show by similar triangles

to the measure of their, and the

the radius, or

that the length of the arc

Rx

207
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(b) th minute hand of a clock is 1-1- -inches long. Approximately how
0

far doee,i'ts tip travel in -15 minutes?

(c) A circle hasa radius qf 15 inches. HoW long is the arc which

measures. 600?: 720?

%
(d) What is the radius of the

circle to the right if thee.

measure of AI is .7'
'

and the, length of a is-.
(i)

(ii)
3

in.

'(iii) 10 dn.'-

(iv) x in.

(v) . 3x in.

(e) What is the radius of,a circle if the measure of is x, and .

the length of. AB is. x? 2x? 10x?

et

B(1,0)

(f) If an arc of length it has a measuNof 15 , whEit is tfle length

of an arc of a semicircle? of one-third of the circumference?

12: From geometry we know that irr any circle the area of two sectors of a

cdrcle are proRextional to the measures of their arcs ; 'for example:

Area sector AOB x

Area sector -AN

rai

i.e., Area sector AOB
2x R2x

4



(-a) This formula-can be re-stated in this

In a given circle the area of a sector
-\.

AOB = constant X arc measure AB or A = kx, where

R
2

that is,
e the constant of proportionality, k, is

A1 2
=2.

What is this constant proportionality for a circle. of 'radius 1?

2? 4?
.

-(b) In a circle of radius a, if a giVen are has a measure m, what is

the area of the sector?

(c) Itr-a given circle, how is the area of a sector affected if the arc

measure is doubled? halved? tripled?
7

(d) In the beginning. of this problem we stated that the area of sector

AOB is proportional to the arc.measure.' Obviously, the area of

sector AOB is also proportional toy-the arc length. What.is this

constant of proportionality?

e) What is the area of a sector of a circle of radius 18 :inches if

the arc of the sector is 12' inches long?

(f) How -is the area of the 'sector affected if the are length is doubled?

halved? tripled?

209



The Use of Tables
(1

In a separate booklet we give tables of approximate values of .cos x

and spi--x for decimal values of x up to 1.60 which is slightly,more

than
2
-- . (Zhe number x, of course, represents the measure of an arc length

on the unit circle, i.4., 'radian measure.) More complete tables, tables in.

terms of)degrea measure and tables for converting from radian to degree mea-
.

sure are also: found in the BOoklet of Tables.

and

The following examples indicate some .of the ways of using these tab

Example 3 -lc. Find sin .7 and cos .73.

We simply read from the tables the values

'sin' .73 .6669
a

cos .7.3 .7452.

Example 3-1d. Find in 6.97 and cos. 6.97.

While our tables. do not include 6.97, we do know that

sin .x.= sin(x - 2v) and cos x = cos(x -

Using 2v 6.28, we have

and

sin .6.97 sin .69 .6365

.cos 6,97.= cos .69 2: .7712.

Example 3 -le. Find sin

Using v 3.142, we have

The tables give

Interpolating, we obtain

m .524.

sin .52 a .4969

sin .53 .5055

sin .524 '.4969 +
10.('5055 '14969).

21q).4



(
Therefore, sin Z .5003.

Of course', we can obserire that

.(radians). corresponds to '30°

1
and read the result sin 7
from Figure 3 -12.

and

Example 3 -lf. Find x such that 0 < x <
2

and sin x .8850/

From the tables we see that

Interpolating we get

S

x z

sin 1.08 z .8820

de sin 1.09 .8866.

3° ( 01) - 1 0865 z 1.087.

Example 3 -1g. Find sin'2.

Referring to Figure 3 -lm we see that

gin 2 = sin (y - 2)

z sin (3.14 - 2

z sin 1.14

Z '.9086

211
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Example 3-1h. Find' sin 100.

To find where the sin 100 is. located

on the unit circle we as how many times

21r divides 100. Since ;2n 74.6.283 we

guess that
100 .,. 16. TR-fact

16 X-.2n =,16 X 6.283 = 100.528., so that

100 = 16-X 2n :53. We show (Figure 3-1n)

that point P is 100 units around the

unit circle (counterclockwise) from (1,0)

or .53'.units short ,Of 16 revolutions.

The tables give

sic- .53 a .5055

so that

sin 100 = -sin .53 s

Example 3-1i. Find cos. 20000.

sin
100

P(cos 100,sin-100)
o

Figure 3 -in

Since there -are .360° in one revolution we write

2000 = 5 x 360 x.360 +20. Five and one-half countercItickwise revolutions.

plus 20° gives a point on the. unit circle 20° into the third quadrant..

We have cos.2000° =,cOrs 200°)= cos(180° +I 200) -cos kl°. We use the

table of No. 5 of Exercises 3-lb to find that -cos,20. = 7:940. To.use our

radian tables we first note that 20° corresponds to. .3 (appoximately)

so that
-

cos-2000° = -0.9394.



Exeicises 3-lb

FOrproblems 1, 2,.3, -4 use Table 3 in the Booklet of Tables

1. Find sin x and cos x when x is equal to

(a) 0.73

.(b)

2. Find x. when <
2

and

.(a) sin x Z.0.1098

(5) cos x = 0

Using

necessa

11
(a) sin 12n

(b) cos 5

4, Find x where 0 < x < 1.57

(a) sin x = 0.2231

(b). cosx = 0.7135

(c) 1.55 ...

(d) 6:97 (Hint: 2 - 6.28)

(c) sin x

(d) cos ,x 0.5403

imate the following, interpolating her

(c)- sin 11.5.

(d) cos 417°

(

(c)

cos. x = .1759

sin x = .8714

Below is a table giving values of sin x. and cos' x when x .is given

in.. degrees. Sin x
o

and cos x° for angles between 0
o

and, 45
o

are

read f mthe top and left, sin .x0 and co x° for angles between

45° and 90° are read frOmNkhe bottom and riglit. For example,

sin 20° = coS.700 0.342.

o.

,

sin x cos °x

oo 0.000 1.000 900.

5o
0.087 0.996 85°

10°, 0.174. 6.965 80°.

150 0.259 0.966
750

20 0.342 0.940 700.

25° 0.423 0.906 659

3o° 0.500 o.866 600

35
o 0.574 0.819 559

40° 0.643 0.766 50
0

45° 0.707 0107 111450

cos
0
x sin°x

213 ;



Using the table above find the values of the following:

(a) ' sin 75° (c) "'tin 480°

(b) .cos 140°. (d) cos(-460°)

6. Using the table in Number45, find two values for x in,degrees

0°f < x°

(a) sin x = 0.574 (c) -sin x = -0.8i9-

(b) cos x = 0.643' (d) cos x = -0.087
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3-2. Properties of the Circular Functions

We have defined the circular functions, cosine and sine, by measuring

arc length along the unit circle u
2
+ v

2
= 1. Many properties of these two

functions are easily derived from this definition. In this section we derive

a few of these properties.

The values cos x and 'sin x

Were defined as the. coordinates (cos x,

sin x) of a point P on the circle
-2 2
u + v = 1 such as in Figure 3 -2a.

Therefore, the coordinates Of* y must

satisfy this equation, that is:

(1) cos2 x + sin2 x = 1

This identity will often be useful.

We have followed the al convention

of writing cos
2

rat er than
%

(cos x)
2

sin
2

x rather than
,

(sin x)
2

c.,,,...,

Since a square is never negative it follows that

d' .-"'''

cos
2

x < co
s2

x + sin. x,

1 Figure 3-2a

and

Combining.thes

in x < cos
2

x + sin x.

(.1) gives the two inequalities"

-cos2 x < 1 and sin
2

< 1,

tr

which can be rewritte as

(2) -1 < cos x < 1 and -1 < sin x < 1.

Another consequenc of (1) which will be useful in our approximation

discussion's in the next .chapter is the inequality

( 3)

2
0 < 1 cos x< 2s. .

2,
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To establish (3) we u ethe familiar distance formula to get .(in Figure

. 3-2b the distance from to Q:

1(1 -4cos x)? + sing x

0.

F(cos.x, sin x)

Mir
Iry

Figure 3-2b

1

This distance cannot, exceed Ixl, since the 'shortest distance between two

points is measured along the straight line joining them. Thus

Squaring and then multiplying out

/ and hence (1) gives:

1

;
2

2 - 2 cos x < x .

x)2 + sin
2

x < Ix'.

cos
x)2

gives:

1 - 2 cos x + cos
2

x + sin
2
x < x2,.

Dividing by 2,
,

6'noting that cos x < 1. and hence that 0 < - cos x.

2

we get 1 - cos x <
2

. The
c-

proof of (3) is completed by
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'Periodicity and Related Results

There are several formulas which

relate the values sin x and cos x

at different points For.example,jf

we traverse the unit circle 2n. units,

we'arrive at our initial position, since
.

the circle u
2 2+ v =. has circumference

2n. (See Figure 3-2c). Thus we have

(4)
sin (x + 27) = sin x

cos (x + 27) = cos .x

Figure 3-2c

Functicins which repeat their valuea at equal intervals are said to be

periodic.. In general, if there is a number as > 0 such that

f(x + a) = f(x) for all x,

then we say that.-.f is periodic with period a. Thus the functions sin.

and cos are periodic with periQd 2y. As sequences of'(4) we have
C'.

and

(5)

sin (x + 4) = sin ((x + 2) + 27)

= sin (x + 2)

= sin x

sin (X 2) = sin ((x 2) + 27r)

= sin x

In fact, for any integer n we can make the general statements

sin (x'+ 2nn) = sin x

.cos (x + rir) = cos x.

Other useful formulas can be "read off" :fromAhe propertiesof the unit

circle given by
.u2

+ v
2

= 1. For example, the points (u,v) and (u,-V)'.

are symmetric with respect to the u-axis. Consequently, we see..(Figure 3-2d)

that-

(6)
cos ( -x) = cos x

sin ( -x) = x
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P has coordinates
(cos x, sin x).

Q has coordinates
(cos( -x), sin(x))

Figure 3-2d

Using the unit circle We can also derive the two familiar formulas:

In Figure 3-2e is

congruent to triangle OQS. y?)'

Then P(u,v) and Q(u1,v1) are

.related so that u = vl and If =U..iL .

It follows that

and

cps. x = OR = QS = sin (T - x)

sin x = PR = = cos

2i8

Figure 3-2e



The useful f'ormula

, (8) cos x = sin (x +
2.

can.also be derived by geometric arguments using the unit circle. Here we

derive it using (6) and (7),"ab. followS

cos x = cos(-*--= sin 1 - (-x)]

= sin (x +

We have given but a sample of the relationships which can be derived from

the unit circle. Other such result; will be derived in'the exercises and, as

we need them, in Sections 3-5 4nd 4-1.

4
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Exercises 271

1. Using x +.2no = f(x), and f : x cos x, find

(a)
f(257T)

(b) (e) fly 7rt)

(c) f(92)
10v)

2. If f x -)sin x, find the values of T in Exercise 1 above.

3. For what values of- (if any) will

(a) sin x = cos x?

(b) sin x = -cos x?

'(c) sin x = sin (-x)?

(d) cos x =-.cos (-x)?,

Hint: RUse the fact that (cos x, sin x) represents a point on the
3

unit circle.

(a) Using only the definition that sec 0 and csc 9 are reciprocals

of cos 9 and sp 9, respectively, show that .the ,expression
r.

sec 9
tst sin

is identically equal to
sec - csc 0 sin e - cos 9

(b) Adding to the definitions of part (a) the definitions that tan e

sin 9
cos e.

and c6t is the reciprocal of tan 9.

show that the expression

to
1 + sin .9

'cos
2

(ii)
1 +

show that and
csc

to sin 9 + cos 9 ; and

tan e + sec 0
sin e cot 19

1 + tan
sec 9

can be changed

e. can both be changed

(iiI)* that sin 9 csc e, cos a sec e, and tan e cot

are all equal to 1.

) r)
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(a) Formula (1). sin e + cos 2 e = 1 can be used to an .advantage in

changing the form of many trigonometric expressions. Using this

relationship,

(ii)

show that cos
2

6.- sin e can be written as 2 cos
2

e - 1

or. 7.2 sin2 0; '-

show that tan + cot e can be expressed as

(iii),
1

). show that 1 - cos e
1

1 cos e

2 csc 0.;- and

show that both' cot e csc e and

are both equivalent to,
cos e

sin
2

e

csc e'
cos e

can be expressed as

1
sec e - cos e

(b) It is simple to prove sin e cot e = cos 6 and cos e tan e = sine.

(Why?) With these 'relationships, those of Exercise 11-(b)(111), and

others developed earlier, prove.the following:

(i) (1 - sin2 )sec2'.9 = 1

(ii) (1 - oos2'6)csc2 9 = 1

(iii) cot
2

e (1 - cos.
2

e) = CQS
2

e

,

(iv) sec
2-

0 (1 - cbs
2

e).= tan
2

e

6. (a). Starting with the relationship sin2 6 + c s
2

6.= 1, prove analyti

cally that 1 + tan 6 = sec
2

6.

(b) By considering 60AT and

the unit circle to the right,

prove geometrically that

1 + tan
2

= sec
2

e
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(c) Starting with the relationShip, stn
2

e-+ cos
2

e = 1, prove

analytically that 1.+ cot2 e = cse2 e.

(d) Adding the relationships posed as problems in parts a, b, c to the -'

earlier ones discussed,

(i) show that
sec e tan e
cos e ',cot e

is identica 1;

(ii)* establish that sec e + csc2 e is equivalent to.

2sec ecsc2
e in two ways; and

(iii (1
,

show that sin? e (1 + cot
2

+ cos
2

0(1 + tan
2

e

always 2. .

(a) Using the figure to the right

prOve sin(x + h) - sin x < PQ.

(b) From this result prove that

Isin(x + h) - sin(x) I < Ihl .

Again, using the figure to the

right prove that

Icos(x + h) - cos(x).1 < lh .

(e)

8. P(cos x, sin x) and

Q(cos(x + 70, sin(x + 70) are

indicated on the drawing to the

right.

(a) By the use of similar triangles,

read off the coordinates of Q;

i.e., prove

cos(x + 70 = -cos x, and

sin(x + 70 =.-sin x.

(b) Similarly,. prove

COS(V - x) = -cos x,

sin(lt -.x) = sin x.

e,

r),)
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9. (a) Using the figure to the right

read off the coordinates of

Q' yto show that

cos(x ) = -cos x, and

sin(x - n) 7 -sin x.

'(b) Use formula (6) to extend the

results .of (a) to show that

"(i) n) = cos(n = -cos x,

and

(ii) sin(x - n) = - x) = -sin x.

10. Read off the coordinates of R to show

cos(x 2) -sin X

sin(x + -f) = cos x

11. :Using the relationships (6) cos( -x) = cos x

(7) sip(i,- x) = cos x, cos(i - x)= sin x,

n
, (a) prove cos(x +

2
-sin

(b) prove

(i) cos(x + n = -cos x,

and

(ii) sin(x + n) = -sin'x;w

(c) pr*Ole

(i) cos(x - n) = cos(n - x) = -cos x

(ii) sin(x n) = - sin(x - x) = -sin x

223
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2
)c

12. The'inequality'0 < 1 - cos x < IT was established as formula (3) in

this section. By numerical substitution of various values of x, let,

us now investigate this relationship.

(a) Using the table which gives the cosine of angles expressed in radian

measure, complete the following table.

*

x
(in radians)
, .

cos x 1 - cos x
2

2
2

0

0.1

0.15

0.3

0.5

'0.6 .

0.7

0.8.

0.9

1.0

,1.2

1.5

2

4

6'

(b) From the completed table, conjecture for

inequality is most useful.

which values of x this

13.. We know that the functions x -46os x and x -4sin x have period 2v.

Find the period of the functions x --;

(a) sin 2x

(b)
1
xsin --

2

(c) cos 4x

cos
1
x

2

14. Show that the functions Ni,siite and cosine/nave. no pOsitiyeperiod less

than 2v.
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3-3. Graphs of.the Circular Functions

The sine and cosine functions hive been. defined in terms of arc length

On the unit circle' given by u
2
+ y

2
= 1. As was the case for polynomial

functions, the graphs of these functions provide.another gedmetric device.

for understanding their behavibr. At this point for nonpolynomial functi6ns-

our primary procedure for graphing is the plotting of points; Fortunately

we\can make use of the'results of the previous section tb.simplify our pro-

cedures.

\lie first plot some points for

(1) y = sin x, 0 < x < 7r.

.1

Table 3-3a lists. some values of'sin x which were obtained in the Lprevious

section. These points are plotted in.Figure 3-3a.

Table 3-3a..

Values of y = sin x

x = sin x

7,

,

0

7

"('- 717, -7 7

87V\

,

2 ,'
87

71
2

1
2

57r

0

0
;

2y 37r 5v

3:x..7

Figure 3-3a; Values of. y = sin'X,
plotted from Table 3-t3a.

Figure 5-31)
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If we connect these. points

with a smooth curve we ob-'

tain the graph shown in

Figure 3 -3b. A'more com-

pletexi4ure can beob-.,

tained using-more points

but this will suffice for

bur present purposes.



Now we can Make use of the prOperti,es obtained in the previous section

to extend our graph beyond the interval 0 < x < v. The, identity

sin(-x) = -sin x

tells us that the graph is symmetric with-respect to the.origin;. that is,

graph contains .(-x,-y) if it "contains (x;y). (Such a function is also

called an.Odd,function. .Later-wesshall show how to approximate the sine

fund4iOn'hy a polynomial function with only odd-degree .terms,) Equation (2)

enables us to obtain Figure 3-3c from Figure 3-3b.

the

-Y

We call this, one cycle of the
sine function.

(3)

Figure 3-3c. x, < x <

Next we use the identity

sin(x + 2n/r) .= sin x;

which holds for all integers n and allrealk numbers x, to obtain the

graph shown. in. Figure 3-3d,

ANIL ANL Aft.
IV `4111/

.

Figure 373d. y = sin x

,226 ff41 , r.
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',The graph of the cosine function can be :Obtained in a. similar' manner.

We can; however,' easily obtain. its graph from that of the sine fUnction.by

translation,for'we know that

'(k) "C11
cos x = sin(x. + 2).

Thus we can picture a shift of the graph of the sine function units to

the left JOr we can think of .shifting the y -axis 2 units to the right) to

.

obtain.the graph of the cosine function.(Flgure.

Figure 3 -3e

y = cos x

, .

'In Figure'3-3f we turther indicate-this relationship by superimposing

on the same axes,the'graphs.of the sine and cosine functions.

Figure '3 -3f

4

Translation and'Scale Change
4'

We have observed that the cosine function.can he obtained from the sine

function by translation. This process generalizes. The.graph of

y = sin (x + C)

. where C is a constant is easily obtained by suitably translating the graph

0 r,
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of y = gin x on the y-axis. We can think of shifting the y-axis (in

Figure 3-3d) ICI units to the right or left according as .0 'is positive

or negative. For example, in Figure 3-3g we show the graphs of. y = sin(x + 3)

and. y = sin (x - 7i) as well as the graph of y = sin x,, from which each can

be obtained by an appropriate translation..

sit x
= sin (x + 3)

y = sin (x

Figure 3-3g

In Figure 3-3h we picture the graphs of

y = sin 2x.,

= sin x,

y = sin .x

y = 2 sin x

y = sin 2x

= 2 sin x, and

Figure 3-,3h

We can describe the.graph.9f .y = 2 sin x being,obtained from the graph

of y = sin x by ".stretching".the'y-axis and the graph.of y.= sin 2x as

being obtained by "shrinking" the x-axis. Such a stretching or shrinking

process iscalled a scale change.

ti
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The graph of

y = (Bx + C),

called the general sinusoidal curve, can be obtained by combining translation

and scale Change. For example, to graph

(5)

we observe that

y = 3 sin (2x t
2.

n\isir ,

2x + = siv2kx + T))

\

so thatthe graph of (5) can be obtained from Y. = 3 sin 2x by shifting the

y-axis v. units-to the right. The graph of. y = 3 sin 2x. can be obtained

,fiiom that of y = sin x by "stretching" the y-axis by a factor of 3 and
qa,

"shrinking" the x-axis by a factor of 2. (See Figure 3-3i.)

y = 3 sin (2x +

y = 3 sin 2x
y = sin x

_

Figure 3-3i
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Exercises

For each of the following, sketch the graphs. of the three equatiOns on

one set of.axes o er the interval(s)1 indicated.

1. (a) y = 2 co x

(b) y 3 COB.X

(c.) y
1=2 cos X

2. (a) y = cos 2x

(b) y = cos..3x

(c) y =. cos i* x

(a) y = cos (x +

(b) y = cos (x it)

(c) y = cos (x + ir)

(a) y = -cos x

(b) y = cos x

(c) y -.cos 2x

5. (a) y = -sin 2x

(b) y = -2 sin 4x

(c) y = -
5
7; sin

8
x

6. (a) y = -cos (x -

(b) y = sin (x + A)

) y = cos (x +

7. (a) y - 1 = cos X

X
(b) y + 2 = sin

2

1 1
( c) y + =2 sin 2x

I

O <x <27t

O < x < 2/r

O <x <2n

O < x < zyt

O <x <27t_
1106

O < x < 47t

-
2
<x <37t

<x <

< x <

O < x < 21t

O <x <27t

O <x <2,t

w
O < x < 21t

0 < x <

O < x < 2it

O <x < 4A

< x < 4A

< x < 4A

O < x < 4A

O < x < 4A

0 < x < 41T

230

6.0



8. (a) y = ain xl

(b? Y = 2Isin 2x1,

(c) xl

M 9 (a) y =. -cos xl

(b) y = Isin (x -

(c) y = Isin - -

10. (a) y sin2 x f
(b) v4 = cos2 x-

(c) y = sin2 x + cos2 x

cos x

O < x <

O <x <

O <x <2n

O < x < 2n

O < x.<



374. Uniform Circular Motion

Let us now consider the motion of a point P around a circle of radius

I....in the uv7plane, and suppose that P moves at the constant'speed of p

units per second:. We'let

suppose

represent the initial position of P..

After one second P will be an arc-distance s units away from P0; after'

2. seconds P will be an arc-distance 2s units away from Po; and similarly

after ,Iseconds P will be an arc- distance ts units frota its starting

point '(r,0). .In Figur 3-4a,we show a point P(u,v), which is st units.
Tt

from P
0

(measured Clockwise if st > 0),around the circle given by

2 42 2u +v = r

Figure 3-4a

We wish to describe the coordinates (u,v), of P. in terms of valu0,$f
L

the sine and cosine functions. Since we defined the functions' x -*sin x,-andf"

x -cos x in terms of a unit circle, we also draw the circle given by

u
2

+ v
2
=1 in Figure 3-4a. (While we illustrate the case where r > 1,

our reasoning will also hold for the case Where r < 1.) The line .0P cross

the unit circle at the point P1(cos x +, sin x).

We can express these coordinates in terms of t instead of x. What

happens to st and x if t is doubled, tripled, halved, or multiplied by

some constant factor k? What is x when st =,2vr? We know that st is

directly proportional to t. It follows that x is directly proportional to
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that is, if .k is a constant, x = kt. When P has completely traversed
4r.la

the circle given by u
2

.-i- v
2

= r
2

, then st = 2vrk; it follows that when

st = 2vr we have x = 2v (since the unit circle.has 'circumference 2v units

Thus, we have

= k(?!s),

-

froth which it follows- t
s

hat k . Alternatively we could reason that

. _

Since x-= kt, we get

'St

2vr

st kt
2itr 1( ;

whence we arrive at the same result:
s
r .

To summarize we can say that the coordinates (u,v) at any time t.

seconds are given by

and

u = r cos ku

v = r sin (--
s)t.

s

The constant of proportionality k =
r

is commonly denoted by w and

is calledthe-angular7Nelocity.of
It is called angular velocity because

the measure of.-.any ,eentral
angleSt00igure 314a) may be written as

In t' secondT::!OP.: rotates throUghl*aangle measure of wt as P
---vzo

a

moves an

(1)

4

arc distance of
we can write

v = r .S.p.W;6

2 : .]:0,:: 7#, .

... .

When wt = P will again be in 'tAoIsbAI 3,,, This motion of

-, .iy ..,or ..
-'cycle.

`the point from :17, back.into'-7P--',:ogONI-js.-:46T -cycle. The time inter-

.-val during whidh a cycle...occurs is callea thepef-iod.; in this case, the

2v
period is -- . The number of cycles which occur during a fixed unit of

m
time is called the frequency. We give a commonplace example of frequency

when we refer to the alternating current in our-homes as "60-cycle", an

abbreviation for "60 cydles per second."

233
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Example 3-4a. Consider the motion of a point' P around a circle of

radius. 2 in the uv-plane. Suppose that -P moves at the constant speed of

3 units per second. Since w =
r 2

'-- 1
/

the angular velocity .is 1 units
2

per second; the coordinates of P(u,v) are given by

U = 2 cos (2)t and v = 2 sin (i)ti

c 47c.
the period is

27 2*
= .= .3 ; and tbe frequency is

2

3

'To visualize . the. behavior of the point P in.a different way, consider

the motion of the, point. Q which is the projection of P on the v-axis. As

P. moves around the unit circle, Q moves up and down along a fixed diameter

of the circle, and a pencil attached to Q. will trace this diameter repeatedly

-- assuming that the paper is fixed in position.' *",. however, the strip of

paper is drawn from right to left at: a constant speed, then the pencil will

trace a curve, something like Figure 3-4b.

Figure 3-4b. Wave Motion

An .examination of this figure will show why motion of thit type is called

wave motion. We note that the displacement y of Q from its central

position is functionally related to the time t, that is, there is a func-

tion f such that y = f(t).' By suitably locating the origin of the tY-plane,

we may have either y = cos wt Sr y = sin at; thus either of these equa-

tionsmay be looked upon as, describing a pui-e wave or, as it is sometimes

called, a simple harmonic motion.. The surface of a body of water displays a

wave motion when-it is disturbed: Another familiar example is furnished by

the electromagnetic waves used in-radio, television, and radar, and modern

physics has even detected wave-like behavior of the electrons of the atom.
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One of the most interesting application's of..the circular functiOns is to

the theory of sound (acoustics). A sound wave is produced by a rapid alterna-

tion of pressurein'some'medum. A pure musical tone is produced 'by an3

pressUre wave which can be described by a circular function of time, say.:

(2) p = A sin wt

where p is the pressure at time t and the constants A and co are

'positive. The equation (2) for the acoustical pressure, 14, is exactly in

the form of one of the equations of (1). even thOugh no circular motion is

involved; all that occurs is a fluctuation of the pressure at a given point

of space.
*

Here the numbers A and w have 'direct musical significance.

The number A is called the amplitude of the waved it is the peak pressure

and its square is a measure'of the loudness. The number, cu is iproportional

to the frequency and is7

the tone.

measure of pitch; the larger w the more shrill

The effectiveness of the application of circular functions to the theory

of sound stems from,theprinciple of superpositibn. If two instruments

individually produce acoustical pressures pl and p2 then, together they

produce the pressure .p1 + p2. If p1 and p2 have a common period then ,

the sum pl + p2 has the same period. This is the root of the principle of

harmony; if two instruments are tuned to the same note, they will produce no

strange new note when played together.

Let us suppose, for example, that two pure tones are produced with

individual pressure waves of the same frequency, say

.(3)
u = A cas'a5t,

(4)- = B sin wt

where A, B and cp are positive. According to

;Ition, the net pressure is

4

the principle of superposi-

p =A cosat + E sin wt.

What does the graph of this equation look like?_ We shall answer this question

by reducing the problem to two simpler problems, that is,"of graphing (3) and

(4) above. For each t, the value of p is obtained from the individual

graphs, since \

*
The acoustical presSure is defined as the difference between the gas

pressure in the wave and the pressure of the gas if it is left undisturbed. °
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p = + v.

To illustrate.these ideas with.ceific numerical values in place of A, B

and w; let,

A = 3, B =

Then we wish to graph

(5) .p = 3 cos' vt-+4 sin nt.

EgUations (3) and (4) become

(6) = 3 cos nt,

(7) v = 4 sin nt.

By drawing the graphs of (6) (Figure 3-4c) and (7),(Figure 3-4d) on the same

set of axes, and by adding the corresponding ordinates of these graphs at
, .

each value of t, we obtain the graph of (5) shown in Figure'3-4e.- You will

notice that certain points on the graph of p are labeled with their coordi:.

nates.' !These are points which are either easy to find, or which have some

special interest.

0
37t

2

. .

Figure -..lic .. Graph o

u = 3 cos Itt .

D'
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3ir

2
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Figure 3-4d. Graph of

v -= 4 sin nt.



The points (0,3), (0.5,4), (1,-3), (1.5,-4) and .(2,3) are easy to

find since they are the points where either u = 0 or v = 0. The points

.(0.29, 5) and (1.29, -5) are important because they represent the first.

maximum and Minimum 'points on the graph of p, while (0.79,0) and

(1.79 ,b) are the first zeros of p. To find the maximum and minimum points

and zeros of p' involves the use of tables and hence we shall'put off a dis-

cussion of this matter until Section 3 -6, although a careful graphing should'

produce fairly good approximation to them. .

pau av

6-

5-
(0.29, 5)

(0.5A)

-3-

4-

-5-

-Cr

(129,50
.

r

lit

277

Figure 3.,4e. The sum of two ,puze waves of equal period.

Bashed curve: u = 3 cos,nt. Dotted curve: v = 4 sin nt.

Full curve: 'p = 3 cos vt:`+ 4 sin vt; 0 < t < 2. (The scales -

are not the -sgme-onthe two axes;-this distortion is introduced

in order to show the details more clearly.)
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'Exercises 2-4

. Sketch graphs of each of the folldwing curves over one complete cycle;

and state what the perlod is, and what'the'range is,'if you can.

(a) y 2,.sin 3t

(b) y =.-3 in 2t

(c) y = 4 cos (i..;)

(d) y = 3 cos:(-x)

(e) y = 2 sin x - cos x

2v -w,

2. (a) Find the length of the arc traversed when (.13 = T r

(i) t = 4

(ii) t =

(iii) t = 6

(iv) t = to'

if

(b) For. a given cp in a fixed circle, how is the arc length affected

if the radius ii doubled? tripled? .

3v
(c) Find the length of the arc traversed when U) = -- , t =.3 if

(i) r = 5 (iii) r = 10

(ii) r = 5'
2

(iv) r = R.

(d) For a given -co and a given time, how is the arc length affected

if the radius' is halved? doubled?

(e) Find the length of the arc traversed under r = 10, t = 4--
1

'if
2

(f)

= (iii) T
2v

(ii)
3.

If the time is given and the

(iv) q

circle fixed how is the length of the

arc affected if co is doubled? quadrupled?

3. For the following,. sketch and identify the

(i) period

(ii) location of maximum point(s) and

(iii) ;maximum points'in this-intei-vai 0 < x < 2v.

(a) y = sin 2x-

-
(b) = 2 cos

3x

y = 21cos 1XI



(a) On one set of axes, using the same scale over the interval

0 <x < ac, Sketch the graphs of

(i) Y

(ii) y =

sin .x

cos x

(b) (i) Using the Sketches. and the scale, in part (a), sketch on 'five .

same graph 'y = sin x + cos x-

(ii). From the graph of y = sin x + cos x, conjecture the period,

and. the maximum and minimum point(s).

(c) (i) Sketch y = t cosx - V using same scale as (b)(i).

(ii) Sketch y = )4-sin(x + V- using same scale as (OW.

(iii) 'Compare the graphs of parts (b) and (c).,

Have you any conjectures?

< 4
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3-5 The Addition Formulas

In Section 3,-4 we added the cOrreSponding ordinates of the graphs of
t ) 3 cos rit and t 4 sin Itt at each value of t to obtain the graph
of

f t' >p =.3. cos rtt 4 sin Itt

over the interval 0 <t < 2v We could have obtained the graph of f
easily if we had.. been able tc4express f in the form

) -
f t 'p = A sin (Itt + a) .

In this section we shall derive formulas which will enable us to show that,
for all real value.. of t,

3 cos ict, + 4 sin Ott .= A sin (Itt +
74).

Nhere A .= 5, cos a = 4
, and

The formulas that W sh 11 der
'lines to the graphs of irchlar func

sin a. "=
5

We begin with the asic formula

will also held us to discuss tangent
ions and areas neneath them.

You may have derived this in an earlier course.. begin our derivaA

ti.bn we refer to Figure 3-5a. Ne illustrate the case for *I hich 0.< a .<
. 4The distanc6 from P to Q is.
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(2) PQ = o cs (3 - cos a)'? + (Til,(3 - sin .

.

..

.

,
We now use the pvinciple thatAarcierigth on a circle depends Only upor the

unit Of measure aV not aln' the choiceftf axes . IX we choose the u' `hand y'
.,,, ; 'k., 4b.

axes (Figure 3-5b), we . see that P. now has,: coordinates (1,0,4 and Q ha; Ir,
__,., , - A gl

the coordinates ,.(cos(a -far , s111(Ct - p)) A

.t, .1. 4

In., Figure 3-5b the distance from to

(3) PQ = 1(1 -_cos (a - 0)2 + (0 - sin(a.7 )2;s:

We -equate this with (2) and''' square both sides to obtain

is

(cos' - cos a)2 4. (sin .3 - sin a)2 = [1 - cos(a .7 (3) 2 +

Expanding and regrogping, we get on the left 11

2 2 , ,
- cos 11+" sin (3) + cot + sing, a) - 2( cos

4 41

and on the. right
.

.1

+ [cos
2 (a :a- 0

0 = sin(a - (3

cos a sin. (3 sin. al)

4

+ sin2(a - (3) ] - 2 cos (a "A)
1V, "

241'
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Since, for all real 'x, sin
2

x + cos
2
x = 1, we have

1.+ 1 - 2(cos 0 cos a + sin p sin a) 1 + 1 2 cos(a -

Therefore, we conclude that (1) holds; i.e.,

cos(a - p) = cos a cos p + sin p sin a.

While we could use a similar argument to derive the formula for

.
cos(a + p), we elect to use (1). Replacing p. by -p in (1) we have

;cos(a .+ p) cos(a - (-0))

= cos a cos (-p) + sin a in(-0).

(4)

(5)

since cos ( -0) = cos p and sip(-0) = -sin 0 we have

cos(a + p) = cos a cos p - sin sin. p.

Earlier we showed that, for all real x,

,rr
sin x = cos k - x) and cos x = sin.

2

We can use (1) and -(5) to obtain

sin(a + P) = cos (a +

cos [(i - a)

= cos (2 - a)cos p + sin 2 - a)sin p

.(6) sin(a ) = sin a cos p cos a sin p.

Replacing p. by' p in (6) we get

(7)
sin(a - = sin a cos p - cos a sin p.

The following examples show some of the many formulas which can be

derived froM the'foregoing addition (sum and difference) formulas.

iF
a

Example 3-5a.

(8)

ShOw that for all real x

!,4

l'We use (4) ,with =

2 1 + cos 2x
cos x -

to obtain

2

cos .2 cos x cos x - sin 2sin x = cos
2

x -'sing

VOF.

Since cos
2
x +'sin

2
x

4

= 1., we can rewrite this as



Solving for

(9)

.

cos 2x = cost x - (1 - cos
2

x = 2 cost x -

2
cos., x we get (8).

Example 3 -5b. Shay.hat for all.real

sin x + cos x = I sin (x +
4

We use (6) with. a = x, = to obtain

sin (x + = cos x sin + sin x cos

Sinded.

we get

n: 1
=,cos - sin -

sin (x +
1 (cos x + sin x).

Therefore., sin x + .cos x = sin (x A slight generalization .of this

prbcess will }fie used in Section 3-6 to rewrite (.From Section 3-4)

3 cos nt.4- 4 sin nt

as 5 sin (nt + a), where 'cos a.= --, sin a =
5

Example 3-5c. Show that for all real numbers a, b, and

(10) sin axcos bx = (E.,in ((a + b)x) + sin '((a - b)x)].

-We-let a = ax and p = bx and to .obtain

(11) sin((a + b)x) = sin (ax + bx).= cos ax sin bxe + sin ax cos bx.

Formula(7) gives:

(12) sin(( - b)x) = sin (ax - bx) = sin aX cos, bk - cos ax sin bx'.,

Adding (11). and (12) we get

sin((a + b)x) + cos((a + b)x) = 2 sin ax cos bx..

Dividing by 2 we obtain (10)'.
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4

Exercises 2:2
Jo

1. Show that for all real x

(a) sin 2x = 2 sin k cos x

(b) cos 2x = cost x - sin x

= 2'cos
2

ac- 1

=1 - 2 s4 x

sin
2

x -
1/- cos 2x

. 2

2. Sketch (0 < x < 27y) and show that

(a) cOs &in x= :14T-sinjx + /7) = cos (x -

= Y2 cos (x + 7711)

(b) cos x - sin x = cos (x + .-1/ sin (x -r)

= iT sin (x +

Using formulas (1), (4), (6), (7) and.Exercise lshOw that

(a) tan (a - 0) -
tan a -tan 0.
1 + tan a tan p.

,tan a + tan p
(a

nN
(b) tan ka P, - tan a tan p

2 tan a

(d) tan Ce._
- cos a 1 cos a. sin

2 1 + cos a sin a 1 - cos a

4. Use the law of cosines to derive formula (3).

5. Show that for all numbers a,.b, and

(a) sin ax sin bx = [cos(a - b)x -,cos(a + b)x]
2

(b) cos, ax cos bx = icos(a b)x +.cos(a + b)x)
2

4.
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A

Using any of the formulas developed in this chapter, find:

x "It It It

(a) .sin ]-5 (Hint:
T.-2- V e

(b)
51t .

cos 12- .t

(c) tan
12

(a) cos
llx

7. Using any of the formulas developed in this chapter, show that for all

values where the functions are defined the foliating are identities:

cos
4

- sin4.e = cos 2e(a)

(b) cos e
2 7

tan e + sin e
2 tan e

,

(c) 1 + sin j
2

2 2
= (sin .2 -+ cos Cc

- .

(d) (sin 6 + .cose),'= 1 + sin 2e

(e) sin 2e -
2 tan e

-

1 + tan
2

e

1 + cos e sin e

sin e 1 + cos

You derived the formula:
e.

cos 2x = 2 cos
2

x - 1.

(a) Sol this for cos2 x.-thus expressing cos
2

x as a linear

funct on of cos 2x.

(b) Consider cos x as (COS2 x)2 and by the same methods as used

in (a) show that

' 1 '

cos
4 x = 7(3 + 4 cos 2x + cos 4x).

2
9. Using the formula cos - 2 sin x, derive the formula for

sin
4.x:

1
in x = 7 - 4 cos 2x + cos 4x).-

0,.
rl



10. Show that the following are identities: that is, they are true for all

values for which the functions are defined.

(a)
sin 2e cos 0 - cos 20 sin 0 = sin 0

(b) sin(x - y) cos z + sin(y - z) cos x = sin(x - cos y

(c) sin 3x sin 2x =
1
--(cos x - cos 5x)
2

(d) cos 0 - sin 0 tan 20-
cos 30.

cos 20

1 .

(e) sin3 .

4.
= -(3 sin '0 - sin 30)

Cr)

(g)

sin x + sin 2k-f- sin 3x = sin 2x (2 cos x +1)

tan x) 2;,_ 1 + sin 2k
ct tan xl 1 - sin 2x



3-6:. Pure Waves

We promised that formulas 'derived in the last section would enable us to.

write

(1)

in the.form

(2)

P =.3 cos nt ++ 4 sin nt

p =,A Sin Ica + a).

We apply the formula (6 of Section 3 -5) for the sine of the sum of two

numbers to (2) to obtain

A sin (wt t a) = A sin wt cos a. + A cos at sin a

= A sin a cos wt + A cos a sin

Noy if this is to be the.same as (1) we must

A sin a = 3
(3)

A cos a = 4.

choose =

To find A we take the sum of the squares in (3) to obtain

A
2 An2

. a + A2 cost a = 3
2

+-4
2

A2(sin2 a + cos
2

a) 25,

A2 25.

We can chbose A = 5 and then choose a so that

,
4

sin a 3

.and cos a
5:

o.

a

- . -
.e:lifiVe'shOwn,%thltt- fore all real valUes of t, we can write

nt + it sin nt" = 5 in(nt + a),

;;;I.WS's.i.4'e044615.u-re'w,highwe have follqwed for ourparti6'uier_

fli.t*eri.c91..#Xcimp1e,-to'*iirki%pyequation,of the type

1-13'coS J + C sin mt

iin(cot .a).

By/al:041e * a) we obilain

;sin a =-'13).,,A cos cl.= C,

247.
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which can be solved,by putting

(8)

and choosing a so that

(9)

A =

sin a = cos ct= .

We can choose exactly one number a such that 0 <.a < 2g. We know from (8)

so there is a unique point

by 'u2 + v
2

= 1. There is, then a unique a on the interval 0 < a < 2v so

that P. is a kuritsVround. the unit circle from (1)0)1 that is, so that

(9) holds.

Consider the function

(10) f : x y = A sin, (wt, + a),

where A > 0 and 0 < a < 2v. The graph of f is called a pure wave (or
2v

sine curve). We call A the amplitude,; a, the_phase; anci,.0-, the period

t ...of the wave. The amplitude A is the maximum value iof .f and -A is the

-.minimum value of f. The period is the distance between successive maxim

(or minima) of f. We can rewrite'the equation of (10) as

(11) Y = A sin (cat 2))..

.From this we see that the graph of (10) can be obtained frOt.the graph of

2

=

P. with coordinates (-AC- ,3/) on the circle given

(12) y = A sin wt,

by shiftingthe y -axis unitsiO the right. This information is illus-

trated itiFigUre .-6a for the grapivof p 7:5 sin (,t + a), where a .643.:

( .t-

4" LI,



A maximum the period fa' 2. A maximum

a:minimum

2

Figure..31.6d.' y = 5 sin (nt a), a x .643

ye,have seen that.in general there is a better way to sketch the graph

of: y = B cos mt + C sin mt than to add the ordinates of the graphs of

y = B cos mt and .y = C.sin mt. To discuss a functiOn of the type.

t = B cos mt + C sin mt

expediently and to be able to graph it .quickly, we canoput it in the, form

y = A sin (cat + cc)

If we write the function in this form we can tell by inspection the period

(21) the amplitude (IAI), .the maximum andminimum values .(4-1A1). We
m.

can obtain the' graphiby shifting the y-axis of the graph of

y = ksin mt..

a
units to the right or left according as

«

249

is positiVe or negative.
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It would be justas convenient to express y = B cos wt + C sin wt in

the form y = A cos (wt + 0). We leave thiS for the exercises.

Example 3-6a. We wish to discuss and sketch the graph of the function

given by the equation

(13) y =.2 sin t - cos
3

-t .

2 2

.We- want to write (13) in the form

= A sin (it + a).

Our addition formUla enablesus to write

A sin (it + a) . A sin lt
2

cos a + A cos sin a.

For all real.values'Of t Werequire.thet

A\sin it cos a + A cos

erefore, we must;haVe

A cos a = 2 and A sin

Following our earlier procedure we write

sin a= 2 .Sin 3 cos
2.:

2k, 2 2
A cos a+ sin. a). = (2)- (- ,

'whence we get. A = I. Referring to:the unit LrcIeof Figure 3- b, we,9ee

that the point .2, lies in .the fourth. quadrant.

1./1 1/375
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We now find a' so that cos:a' =
2 and An a' .831.7 From

137.

our tables we get a' 21 ,98: Since a '= 2v - a' we have

a.:16.28 - .98= 5 jo.

Therefore, we can write (13) in the convenient form

(10 y = sin (it + a), .where a z 5.30.

2v
By inspection we can tell.that the period is = T , the amplitude

24:

is the phase'is 5.30. A sketch appears In Figure 3-6c.



Graph of y = 2 sin



Sketch each of the following graphs over at least, two of its periods.

Stow the amplitude and period of each.

(a) y = 2 cos 3t.

(b) y cos (3i-G)

(c). y `= 3 cos ( -2t)

(d) y = -2 sin

(e), y. =4 -2 sin (2t + it)

.(f) y = 5 cos '(3t +

2. Without ._computing the value of a, find the amplitude and the 'Period of

each.

(a) co,s 3t,

(b) y = -2
-
cos nt + sin it

(c) .y = 2 sin 3 t -2 cos 3
t

2 2

y '= 8 'cos + 6 sin, "ft
3 3

(e) y = 6 sin -2-t= - 2 2t
5cos

5 2

(f) y cos 51ft - 4 sen45"ft
4

3. Express 'each of 'the following equations in the form of y = A 'sin, (at 71- a

(where 0 <.a,< 27)4:

(a) y sin x + 1 cos x
,7

(b). y = -sin x cos x

(c) 'y sin.x - cos, x.

- .14!"

(d) y 'x cos x

Express each equation :in NuMber 2 in the form y A cos .(a-t:.+ q),

(where 0 <4a 5. 27r);. ::by two' methods:.

(9 Use the formtpa. for the cosine of the of two angles;

cos .(e
Convert the answers of Number 2 to A cos (Tut +. a) : by,the

-

SUM

4entities, Such as sin. = cos .

.+ 270, = sin e, cos (-6) = cos 0, . etc..

253
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(a) Using theadd;eion formulas, sh9w that y = 9,r sfftlfgt -

may be put into the form of any of:thetollowing

.(i) Y = A-041)(mt + a)

(ii) y.= A sin'(wt -

(iii) y =A cos (wt
o

y = A cos ((a: q

(b) By the' use of trigometric identities show tkiat the four expressions,

of part (a) 'are.equivalent.

(e) 'Sketch the graph indicating the Period 203
)

1, the

. . .

(using the form y = A sin."(mt 0)) indicating

6. Express each of the tollOwing equations in

for some real numbers A and

(a) y =-4 sin-ot - 3 cos Trt

-y.= -4 .sin /ft + 3 cos nt

(c) y,= -4 sin /ft -.3 cos itt

(d) .y = 3 sin itt + 4 cos itt

.(0 y - 4: cos nt

the. form

a,

amplitUde A,

the lag
a

and

y = A. cos:, (itt -:a)

7. Without actually computing he value of a, show on a diagram how A

and a Can te determined from the Coefficients B. and C of cos cat

and ? sin'cut each of the following expressions of the. form

B cos wt + C sin wt is made equal to .A cos (cot a) Compute'

and findthe. maximum and minimum values of each expression, and its

period. Givereasons.fot.-your answers..

(a) 3 sin 2t + 4-aps 2t'

7(b) .2 sin 3t 3 cos 3t

(c) cip cos

8. 'Verify that the superposition of any two pure waves A pips (cat - a)

and B cos .(wt - a is 'a pure wave of the same'frequency,_that,is,

that there exist real values .0 and r such that

A cos. (cot + B os (wt C cos (wt

a
2514





3-7. Analysis,of Geneal Waves. Period

We hhve seen' that the superposition of two waves, each with period . w
such as those giVen by

gives a pure. wave

A:

y = B cos mt and y,. = C sin -cot

y A sin (cut + a)

' of the same period Now Vre ect our attention to the superposition of two
waves with different periods. ose, for. example, we had to deal with

° .

(1) y,.= 2. sin 3x - 3''cos 2x.

21.r

The pezi,spd of sin 21.t
3x is , the period of cos 2x is T = Tr. At this

point a sille observation is helpful namely, if a is a period of f

'then 2a, 3a, 4a, etc. .,are also periods of f . For example, we ,know that,
A

sin 3(x.4.
3

Sil, (3x + 212) sin 3x

and kence it follows that
21.rs,.n,(3(x-t',2(1 = sin 3(x. + +

1.rN

.5 3 ,

t&;:
In general;

and

must haVe
i

' In particulaV', we have

If?

' h.;

21.rx=,,,sin [3( + -fk 21-r]

a3(x + T) =
u.

for egch integer

sin 3'0c + 3)F'
3

so".'that. 2,r is

8tbs 2(x + nit?= cos 2x,

*
+ 210 = sin 3*

cos 2(x +i,r) = cos 2x:

to
4 .t

Q

r' tfor both ... sin 3x . and cos*2x, Thus the fulptioft
* '

definieby (1)4 s period 21.r. The number a is the least common multiple
21.r ,

4,i of the respeCtiv ReriodV 7r and It

, .'

.4;



In generai, uppose that

(2) y = A sin (at + 0) + E sin (bt + p).

If a = b,' we pan proceed as in the previous section\tmaxupsa y as a //--

pure wave with,period.01,,NL a # b, then. y may Still be Periodic but,.

is no longer a pure wave,
N

Suppose a # b bUt that 31-t and 2g have a common multiple, that is,
a . b

there are positive integers m and n such that-

(31
2v 2n

m
a

= n
u

.

"!.

We can then choose m and n so that theyhave no common factors and (3)
2n

holds. In-this case, the relation (2) is periodic with period m . -This
a

is exactly the situation in (1) where
2.

= 0, a = 3, D = b = 2 and

we can choose m = 3, n, = 2 'so that

,27(' 2vm. = n
. a-

The period *Of (1) is then a 3

(22=ic

oe:Fatirse, it may be that :25. and
2v .

a
7 kiplre no common multiple, in which

case (2) is not periodic. For example, the function ....

..%

y = sin vx + cos x

is not periodic This is difficult to prove and its proof is omitted.

ihe'peribdicity of (1)is thu;easy to determine. There is little else

we .carCconclude in general about'(1). Aboutall.we can do to simplify. matters

is to sketch separately the graphs of

= 2 sin 3x, v 3 cos 2x

and y = u - The result is shown by the three curves in Figure,3-7a.
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y,u,v .

/ a
/
I

/

/

. .

A'?
_t___ v=1-3

/ /

Figure 3-7a

u -= 2 sin 3x, v = 3 cos 2x

y = u v = 2 sin 3x '- -3 cos 2x,

0 < x <.27C.

The superposition of sine and cosine waves of different.perigas can.

produce quite,complicated,curves. ...In !fact, with, only slight restrictions,

any periodic function can approximated arbitrarily closely as-a sum of.a

finite number of sines and c sines. The subject of harmonic analysis of

Fourier series is concerned w h approXimating periodic functions inthis

way. The principal theorem, firststated by Fourier, is that a funCtion f

) of period -a. can be approximated arbitrarily closely by sineaand,cosine's

for each of which some multiple ofkiae fundamental period is a. Specifically,

:tax
27rx.

f( ) + (Al + B1 sin
0 a 1 a

47rx 47rx.
+ (A2 cos + B sin ---)

a ,

and. the more t

+ (A cos
2nvx

+ B cos
n a n . a

the better approXiMation.

25



1

As an. example, consider the function 'depicted in Figure

function is 'defined on the interval -3T < x < rc by

if

if -IT < x < 0

(2) f(x) =
if x = 05

1, if. O<x<-n.

For all other values of 'x we defi-ne ii(x) by the periodicity condition

f(x + = f(x)

3-7b, This

This function has a particularly simple approximation as a series of the

form (1), namely,

1 3 5 2n - 1
sin(2n - 1)x%

/(3)
24( sin x s n 3x sin 5x

0

x f(x) =
0, if x =

1, if el( <

0

Figure .3-

Graph of pericidic

0, x = -Tr

1, if 0 x

function.

Ylsin x sin 3x sin .5x
Fourier series: Ti' 1 :. 3. 5 .;,i- . ' ,..'elii=

. :4 .' :..,': . V.; -

. , i ) , `0":'

. ,
As an exercise, you may- graph. the successive approxiinaiiont t6.4 'i(x). by

. .
_

taking one, then two, then three terms of the series, .a.A.44e4ow .the.`ei

sive graphs apProach.the graph of y F. f(x) .

''. ".4 '-'7,

s 259 .. 0...,.
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Exercisses

1. Without Sketching, find the periods, of the functiohs defined by the
eiptessions

::
)

(g) .1Cti;T:Tc,+':10.17 x.,,.. .

.:..,

') . 4 I sin :cossl.

,,,

:2V-1:Sketch thel graph of v

::1P
2'.Siri. 4fi,-1:,,ein 2x ' '

, .
.P '

: by! kirst sketching : silt. on...*p;.,*inie" kl
. :

;'s4ri '.x.; ..,: tben:

.coordinate syStemfrdin :: 2it ..- , 1;i; .,...

-. ' 0 .4,

Sket 47i.143.1:1$ ,' for lxi t, `Qr 4 i1.:- !7) , tp. ,foti>1.34-kg, ,_,' cil.inre 64, .

,..--- ..- ,

) Find the peridds each of the'.4ce4iye
namely;'

sin, x,

What terms of th\.general -,sertei are %tilisSiTig?- From the ,krarnet

properties ..of'the ' function defined. by (.2).":6,an . See a !ik.elot ark.,

bsehce. of Certain terms? Ai

- F ' '3 '1 :



(a) Thenction defined below is periOdic. Why?

1 x rational

f(x)
0 irrational

Graph the periodic function

x [x]

( "Bracket x", or the integral, part of x, defined by (x],

is the largest integer < x. This functioh x is

known as "the fractional part of x )

Indicate the periods also trie maximUM'and minimum values of

the.function.-

Graph the periodic function

(x)

'((X) is the distance from x to the nearest integer.

Indicate the period, also the maximum and minimum val

the function.

'(ii) Sketch (2x) and (4x).

On each graph indicate period, maximum and minimum.

(iii) What is the period of (nx)? What,arathe maximum and

minimum values?

:Graph the periodic functions defined below in e intgrval, 0 < t < 2._ _

',[Note; See Exercise 5(b) fOr definition of 1 st.A.Rgger fUncticm.]

(a) f(x) ax]

OD) f(x) = [cos Itx1

f(x) = [2x] = 2[x]

261
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Al-1. Functions

Appendix 1

FUNCTIONS AND THEIR REPRESENTATIONS

The precise definition function can be formulated' in many ways:

as a set of ordered pairs (usually, ordered pairs of numbers), as an, associa-

tion or correspondence between two sets,.etc. But no matter what definition

we choose, for a function three things are required: a set called its domain,

a set called its range, and a way of selecting a member of the rahga for each

member of the domain.

Example Al-la. The multiplication.of integers by .2 defines .a function.::

The domain of this function is the set of all integers; the range of the

.fUnction is the set of ell even integers.
. .

We choose to define a function as an association between elemerits of two

sets; thus thefunction of Example A2-la associates With each integer its

double.

If with each element of a set A .there is associated exactly one

element ofe'Set B, then this association is called a function,

from A to B. The set A is Called-the domain of the function:,.',

and the:set 'C -of all members-bf'B assigned to Members: of A

by the function is.called tIce range.of the functiori:

4.

In what follows we shall be exclusively concerned with functions whose

.

doimains are subsetapf real numbers and whose ranges are also subsets of real

numbers. More.compTicated functions (like "vector valued functions") marhe'

built from these.

The range C may be:the whole set B,. in which case the'functionds'

called an onto function, or it may be.a proper subset of B. -In any case,

we.generslly take for B the whole set'of reals, because a funCtiOn is'.

usually specified before its range is considered.

2



It is Cc:Milton practice to 'represent a function bythe letter f (other:

letters such as 'F, g, h,' 0, etc, will also be used). If is an

element of_the domain Of a function f, f(x) denotes the element of

the range whiqh. f associates with x.

function f .at x,!.1 or simply "f at

used to suggest the association of f(X) with

f7A,

or, f(x). "the value of. the

. or "f of .") Anarrow.I.S

(read "f takes x into f(k)",).v This notation tells us nothing about the

function f or the element x; it is merely a symbolic description of the

gelation between x and f(x).

Example Al-lb. Consider a function f defined as fbllows f takes

.eachnumber of the domain into.its square. Thus, if.. 3 is.an'element of the -.

domain; then f takes 3 into 9, f .associates 9 with 3. ConciselgH

03) 79. In general, if x represents any' slumber in the.domain. of' f,

then .f. takes x into x2:

f ..x or :f(x) = ; -
The function is not adequately defiried until we specify:its-domain. If the

domain `is the.setof all integers .1..:; -2; 71, 1 2 then

the range is a subset of nonnegative integers, 4; 9,.16, ...}. If

we chooafi th4"'set of all real numbers as domain, then a different fUnction

definedeVen;ithOugh the rule of association is the same/in'this case 'the

-range:of. the'fnction'is. the set pf nonnegative real numbers.

Observe that a function

reverse association from 'E

Example Al-rb,,f(3) = 9

vonld assign bbth '3 and -3 to 9, violating.the definition ofa,function.

from A to B is,a one -way association; the

to A is not necessarily a function. In

and f(-3) = 9, while the reverse association

It isbften.neeful to

functionmaps-each element

range. In this vein, f :

f(x) is Calfgd the image of x under the mapping, and x' IScalled

preimagtof f(x). This notion is,illustrated in Figure Al -la, where

elements of the domain A and range B are represented by points and the

mapping is suggested by arrows from the points or the domain tb corresponding

points of-the range.

think of a. function as a mapping., and we say that a,

of-its domain upon one and only one. eleTeAt of its.T

x----11.f(x) can be read;' "f maps x upon fix);,"

a

a



jiote that each element of the dotain ismapped into.Uniqueeiemeht of the

mange; i.e., each arrow starts from a; different pOint in.the :domain. This is

the requirement of our definitiOn, that,with each element of-the AOmain there

is associated exactly one element of the range.

Our'deflnition of function contains the,rather:vague phrase, "there
- .

associated," The manner.of association, must be specified whenever weere

dealing with a:partidular fUnction. . In this -course, a function will generally

be defined by a formula giving its value fot example, f(x) 7 3x - 5;
2

ex) = x + 3x + 7.. Otherways Of defining a function includeverbal de

scription, graph, and table..

The notation f(x) is particularly convenient when we, refer to values

of a fUnction; i.e., elements in the range-of the function. We illustrate

this in the-next example..

Example AI-lc. Consider the function

whose domain is the set,

f : x 3x2,_

all real numbers,. Then

o f(x). =. -

f(-2) =.3( -2)2. =

f(0) = 3(0)2, 5 =-

and if a + is a real number, thet f( :1/)



Wenote,.since. x may be any nonnegative real number, that.

3x2'- 5 > -5, .and hence the range of f

less than 75.'

is the Set ofall.realnumbers

As mentioned earlier, a function is not completely defined unless the.

dOmainiaapecified. If no other information is given, it is a-convenient

'practice, especially when dealing wvrth a funCtion defined by a formula, to

assume that the domain includes aiL'real numbers for which the formula

describes a real number. For example, if a. domain is hot specified for the

function f :
2

2x then the domain is assumed to be the set of all

x 7

real nUmbers. except 3 and -3... Similarly, if g is a function such that

g(x) =' 4 - x`, we assume, in the absence of any other informatibn, that the

domain is (x : r2: < x < 2); that is, the set of all real numbers x froM

-2 to 2 inclusive.
1

Me note here that two functions f and g are identical ifand.only if

they have the same domain and f(x) = g(x) for each x in their dOmain.

The graph of .a ifunction s perhaps its most intuitively illuminating,

representation; it conveys important information about the function at a

glance. The graph of f is .the set of all thope points (x,y) for which 'it

is in the domain of. f and f(x).

Example Al-ld. The graph of the function f i25 7:7 is

the semicircle shbwn in Figure Al-lb.* The, graph gives us a clear picture

of what the function is-doing to the elements of its:domain, and we 'can,

moreover, usually infer from the-graph any. limitations on the-domain and range.

ThUs, it 'is easily determined frorcFigure Al-lb.that the domain of:.O isthe

set of all x such that -5',5<5iand' the range is the :set of All y such. .'

that .0 < y < 5. These sets are presented by the heavy.segments on'the

x- and y -axis, respectively.

.

*:n this figure'a.complete graph.is displayed The graph..in Figure Al -lc,

aa welh as most of the graphs in the text, are necessarily incomplete...

266 2. )



DOmpin

Figure Al-lb

We .remind you'of the Fact that not every curve is the graph of a function.

In .parti.cular, our definition requires that a function map each element of

its domain onto only ope element, hof its range. In terms of points of a graph,

this means that the graph of a function does not contain the points (x1,y1).

and (x y
2

) if y
1

y
2'

i.e.; two points having the same abscissa but

different ordinates. This is the basis 'for the "vertical' line test": if. in

the xy.plane we imagine all possible lines which are parallel to the y-axis,

and any of these lines cuts, the graph in more than one point, then the

graph represents a relation which is not a function. Conversely, if every

link parallel 'to 'the y-axis. intersects a graph in at .most one point, then the

graph- 1p,(that qf a function.

Pacample Al-le. The equation x2 + y2 = 25., whoSe graph is a circle with
r.

radius; 5 ,sand center at the 4origin, does not define a functiofl. On the Open
.4
xntervgl 75.' <- x < 5', eveZy value of x is associated with two different

values of `y, con-Ea-14y to the, definition' of funCtion. Specifically, 0,14')

. daa 4,-4) 1;re two pOints of the circle; they determine a linen -parallel to

the y7axis .anl intersectinether, circle in two points,. thus allustrating that

the circle is, the gr5. } of "a reilatiorothat is not a function. We can, however,

separate the, circle into -tlgo semi-ecirles--the graphs of the funations

44i
.6 P

X ---41. 25 - x. A14114) end x -... 25 ..

Through this discussiOKI'We h0e used the letters k and y to

represent elements of sets,.; .4SPFcifically,. if f is the function
4'

x = f(x),



then.; x representssn.element.(unspecied):in'the dOmain of f, and Y.'.

represents. the:correspOnding.elemenr,. in tke range of f. Ip.mani teXtboOks

and Y. .
-are called "ItariableS,'.andince a.particular:iraZuebf

range depends,UPon a:ParticularChOice in thedOmain,

the independent'variable:and the''dePendent variable.

relationship is then described.hy_Sayiiig that is a fu. ctipn

For the-most part this' language' IS nq,Used in this textbbok

We conclude thiS section with a%suMMary.of,several,different special

furictioPs;Yoliaresorneofthel"'

TheConstant Function. If b afi-7e'rbitrary realhUmber,. then. the

function f which aSsaCiates:With every reelhUMber. x: the
. ,

is called.-a constantfunc/tdorM6ee'generallY.,' any function

whose range contains exactly one number is,a constant-fUnction. The graph of.

. a constant function, say f : for all real,, x, Is a_line parallel

-63 and c I -units from the, x-axis .

Ti. Let
.

A. ,be the set ofULT:t=eal. numbers; With:

each
.

.
iii.,..

number a in- A '"associate the number a.' This.associatidn dent:nes-a
. /

function whose domain'is .A whose range is: A, namely

.

MoregenerNly, ffnfor any. dOmaln Su a function :is bailed the

Ifthe.dOMii.inirS the set of all .rnal'nuffiberthenthe graph

'line with equation' y =
, t

The AbsqraeValue :1::.tll'e.,Lch:ren_i number, the absolute Vad.
. . ,

function associates itsOoso:1,ute
, .

identity flanction....,

off. is the.



The graph of f is shown in Figure A171c, it is the union of two rays
,

issitng frot.the. origin.-

.-, .

The tzte er Part.;.Function.3.E Every real number x can be represented as

4 4: - 4.,:1
the sum of .atr.'.;i,nteglr-Y1.n. and a. real number r such that

.,i!1;s;,-,'` ..... k3.
.

"Ic-= n + r , and 0 < r < L.

a

For example,

5.38 = 5 + 38 f

3 = 3 4- 0,

-2.4 = -3 + .6.

We call integer part of x

hat [x] < x < [x] + 1. Thus we

corresponds a iqueinteger part

integer4art f nction

and denbte it by [x] = n; it follows f;

see tha(t to each real number, x there

[x] , and his correspondence define6': the

called the greatest inte r function.



A graph of. this,function isfshown in Figure Al-10; it is called.a.step graph;

i.e.,'the graph of a step fjction.

3

2

-2

Figure Al-ld

The Signum Function.

+1, 7.74tzero associate

ass. iate the number -1

sit ized by sgn x. Th

With each positive real number associate the number

'the number 0, andlwith each negative'real number

. Theae assoCiat4.9ns define the signum function,

us -
.

sgn

leave it as anexercise for you
I .

;A

to sigatech: the graph of this fUnption.

Even and. Odd Tunctions.. Let f

henever it contains x. The function f is said,to be

f(=x).=:f(x)..:!For .example,, the function f with valuS rx) = x .id

even since for all x. Geometrically the graph oX'anpeven

:function is ;symmetric withrespect to the y-axis.

TheNiption .f is said to be odd f(-X). =

. .

be a,function whose domaincontains

even.if.

'functionunction With values .tkxj,= x3 is odd since \ 3=

GeometriCally9the.graph of an bdd function es%symmetric'with respect, to the

origin.
A

", .
,

For example, the

-x3 for all x .



Periodic Functions. Certain functions have. the property that their

function valUes repeat themselves in the same order at regular intervals over

the domain (Figure Al-le).

Figure Al-le

X

Functions having this property are called"periodiainpluded in this important

,class are the.circular (trigonometric) functions, -6'..be.discussed in Chapter 2

and 3.

A'function f is periodic and has period p, p # 0, if and only if

for all x in the domain of f,, x + p fs also, in the domain and

(1) f(x f(x).

From the, definition, we note that each successive

of p brings us' back to f(X) again. For example)

f(x + 2p) = f + p)

= f(x + p)

= f(x),

f(x = f (x -; -p) +

f(x).

. Is

addition or subtraction,

4.1

In general, we infei that .any maltipleof a period of f.

.

"that
-

is,.

f(x +

For stant function

it is obvious tEX f is perio is with aO'petiod

f(x p) .= c .f(x).

271.. 271.
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is also a period;

for any Integer; n. ,



It can be shaWn that for nonconstant periodic functions (continuous at-

one point at least) there is a least positive value of p for which (1) is

true. 'This is called the fundamental period, or simply the period, of such

a function.

Example Al-lf. x ,x txj, x real, is a periodic function:.

If .!x'= n + r where n is the integer part, of x and r .its fractional*

part,- then

and

f(x) = +

=.(n :!:r) - [n + r]

= + r - n

= r,

f(x + 1) =',f(n + 1 + r)

'N - (n + 1 + 24) - + 1 + r

n + 1 + r - (n +1\)

=

Thus, as was asserted, f is periadio- and its period is 1, as shown in'its

graph (Figure Al -1f).

y

Figure Al-lf
O

*We note that = r, the fractional part of x, this function

is sometimes called the fractiopl part function.
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Exercises A1-1

I., Below are given examples of associations.between elements of two sets.

Decide whether eagh example may properly represent a function.1 This also

requires :01.1:t0 specify the dimain and range for each funCtron. Note that

no' paxtAular variable has to be the domain variable, and also.that'aome

of the relations may give rise, to several functions.

(a) As.sign;to each nonnegatfire integer the number
t

(b). Assign.t; each reel number x the number 7:

2n 5

7( ). Assign to the number' 10' the real numbery.-,
1 r. J

(d) ;:,Assign to each pair of distinct points in the plane the distance

between them.

"() Y = -3 (for all x)'.

(f) 'x = 4 (for all y and.

(g) x y

(h):. y = 2x2 +

(i) Y
2

+ 4 = x.

y < 2x -

f(x) = ,../g7=7

2
y2x + y .= 16.

Sketch the graphs of equatlons (e) - (:E) -of

. A function f is completely defined. by the

X ,1 2 3

Number 1.'

table:

4

f(x) 5 9

O
(a) Describe the domain' and range of f.

13

a

.(b) Write an equation with suitably restricted domain that. defines
1 .

..4. ''-.,f f : x--...x2 +..3x - 4, find.

(a) f(0).' e. (d) f(1/D

(b) 1/
) f(2)'. (e) f(2 - ).)

,,'.:,''':
.

f..:

::.

AO:i f(1). (f) f(f(.). (Hint: This is the valUe

Of f at f(1),)'
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(a) g(0)
(b)' g(1).

4(9) g(-1).-2
followingrnip.pPings :represent- ft/net:dons?

Given the functions f x x`ia.1104.'ig Is' a re
number; are e and 5 the samel'Uncti.oh? Wily 'or by n6+4.

Given tRe functions -; f = 2 and g

real, are f and g the s .function? *Why ,N,*hy. not?

9. What number' or numbers have t imd.ge '10. under the following' :mappinga?
..

(a), f : x 2x

Jb). g

)c

o

"".

:

0.

x x 36

t 10 :t Wfiich of the fol4oiihk'stateMenta are always true; fdi. any
AFT "assumibg that x -8.nd are in the dothain f?,:

1 4,C
..(S) If x1 then f(x

1
) f (x4r,--

'(b) If'
1

X:'/ x' then:.f.(X )7 f(x
2

),

(c) f(x1) f(x2), then x2.

(d) If *Oh) /,f(x2), then} xl / x2.

271+ < t'',
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,if:.f(x) `,which of the f 11 iateinet:
numbers ' x and

_. r ,

(p.) 'odd function.

,t13). Tcx :f (x).2

(e) f(?: f(x)

(a). f(.X.:F-t) <-t-,(x)

12. Which of the following fucta.ons

neithe'r "even'nor odt ?'

. f.,,,'.(a),...f, : .x,-7-747 ,?.r. ';: - :.:4,

'.''N.ri+'...-..c)'"f : x..--...2X..:+ -5:"!.6..4,,..... ikt:

C:)1g,..-. . X :.. \--.. ..4x + 447.:
..- *.:

( a) 47; .:-,k ..(h) t.'.'...1'):--;4
. .. ,.........7.,....f.,-;,.- ,.:;.,, ....,..,,.. ,,,...,., .....,... ..... Ale. ; '; ,,, .., ,',. ,.,- ,

...ire' it.3. Which. tiftiithelfol;lowing::gi'aph.C-411d,'x*.eiiiie a entittinktion-s ?
, . ,:, ,. ..

, : .. ,-, .1-..;., :..1;,)
3

'GA 6-.)/4;.
fa

.. .
.1*

!ii

e N.
04.1?



J.A. Suppose that, f ( ) the function whose

YSketch

(a) g

(b) g x Nf(-k).4:2::

(c) g If(x) I. :

(d) g

the graphs of

1 A function f is defined by

f(x) {7'c
0

graph is
t,

shOwn.

foi; x 0,

for x = 0.

Identify this filiition and sketch its graph.

)

16. Sketch the graph of each function, specifying its domain and range.

( a) f : x 2 (g) . f : x sgn k,

(b) f : x7-0- I kl (h) f : x__ ... [' xi

( c ) f : x . 11 xl (i) f :

[xi
x

( d) f : x --.- 1 - I k I i ( j ). f :

x -..

k-- x[x].

(e) -f : ,-7--.-Jkl x (k) f : x... 11 - x

111: x--- . ]kl (.0 f : x ---.. I x2 -1- 2x 31.(f) .f . -1,:lk ...
ta.

(Hint: Consider, separately
the three pos
x , 0<x<1, and

> 1 . ).. v.
1



Sketch the graphs of the fUn tions in Exercises 17 to 19. For -those functions
t

_

Which are periodic, indicate their periods. Indicate those functions which are

even or ,odd.

17. (a) ..f .-13 EK -

(b ) f' : x x2 - [2:4

(c) f x 2x2 - 2[0_1

(d) f : x 2x2 - 2 2

18. (a) f x --- ax - [ax] , a > 0

(b) f : 5x - - [3x]

(t) f x x(Z + 1) - 6:11 - [x]

19. (a) -f
1 + sgn x

2
This function is also called

unit fUnction and is designatdd by f: :

(b). f + - 2).

,.(c) f : -2---..H(x) H(): - 2.)

(d) f : x (x.-. 2)2 7 H(x) .

.(e) f x + H(x - 2) + H(x - 4)

(f) f x H(x2 - 2) 4

(g) f (sgn x)( - 1)2 ± gn(x - 1)]x2 0.

20. If f and g are periodic functions of periods m and n,. respectively

(m, n integers), show that f + g and f g are also periodic. Give

examples to show 'that the period of f + g can either be greater or:less.

than both of "m and n. Repeat the same for the product f g.

the Heaviside

21. (a) Can a function be both even and odd?

(b) What can you'say abOut the evenness or- oddness of the product of

(1) an even function by- an even function?

(2). an even function by an odd function?

(3) an oddfunCtion an odd. function?

(c) Show that every "function whose. domain contains -x whenevei. it

contains x' can be expressed.' as. the sum of an even function plus

an

a'

odd. function.
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22. Find functions f(x) satisfying

f(x) - 1 (called a funtiOnal equation).

Suggestion: Use 21(c).

Prolic that no periodic function other than a constant can be a rational

'function. "(Note: A rational function is the ratio of two polynomial

'functions.)



A1-2. Composite Functions

Qiven,two funCiiOn6 f and with domains whose intersection is non-

Lempty, we can construct new functions by using any of the elementary rational

operations--additionsubtraction,'Multiplication, diVision--Oh the given

functions. Thus, the sum of f and g is definedato be the funciOn

f +13 : + g(x)

which has for domain those elements contained in the intersection of the

domains of f and g. :Similarly there are definitions for the, difference,

product, and quotient of, two functiOns\there is; in fact, a whole algebra

of functions, just as there is the familiar algebra real numbers.

In-this_algebra of. functions there is one operaiio that has no counter-
..

part in the algebra cf.numbers: the operation of com os ion. This operation

is best explained by examplek.
ti

Let

. and

isle observe that,

and,

g(1)

g(2)

2x

2--11.X

= and f(3) = 9,

75 and f(5) = 25,

in general, the value of f .13(x).

(g(x))' -7- f(2je 4" = (2X, 4"

.We.bave constructed a new function which maps x

(2x + This function, defined by

by fg, is called a composite oft,f.

represent the val)ae of the.function

Either symbol means the value,pf ?

onto the square of

the mapping x--- +f (g(x)) ° and denoted

and g. 1.16reafter we shall usually

fg by fg(x) 1-ather f(p(x)).

at g(x).*

The symbol fg, denoting the composite of the functions 7f and g

- must not be confused with .the product of'Aothe functions. In this text we

.distinguish the latter by use of the dot'for multipliceltion; i.e., f-g.
,
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A2-2
..--

An immediate question arises as to the order in .which two functions ari'

composed: is the composition of functions a commutative Operation; i.e., i4

general, are gf(x) and 'fg(x) equal? Li the'eXampleabove we have seen

that fg(2) = f(5) = 25,

1
and ur.calculate- gf(2) :

f(2) = g(4) = 9 / fg2).
, .

This counterexample is suffici4nt to prove that in general gf(x) A fg(x).

The:operation of composition applieeo two functions f and g 'generally

produCes two different compositefunctions fg and gf, depending upon the

order in whiCh they are- .composed.

A word of caution must be injected at this point':' Thq number fg(x) it

defined Only if X 'is in the domain of g and g(x) is kthe domain of f.

N.For example, if

then

',47 and g(x) = 3x ,'

fg(x) = f(3x - 9) =

,

and the domain of fg is the set of real:numbers x for which .3x - 9 is
A. .

nonnegatiya;. hence the domain is the set of all x >43.
,T; .

For the other composition if the same functions f and g,, We have
p

-, *

if(x) =, g(fic) = 3,47 ,m.

'Which Is defined for all nonnegative real numbers

CP

We define composition of functions formally.

The composite fg. of tWo functions f and r is the funct/on

a

: x o-fg(x) = f(g(x)).

The domain'of"fg is the set of all elements x in the'domain

of g for which g(x) is in the domain of f. The operation '

of forming .-07ComPosite of two .functions is called composition.

The definition may be extended to the composition, of three ortiore

functions Thus, if' f, g, and h are functions, tmadompositeis

fgh x fgh(x) =.*n(x))) .

In order to evaluate fgh(4, we tirbt find h( ); then the value of,. g at

h(x), and.finally the value of T. at .gh(x).

-10*
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BEercises A1-2

1. Given that f : 2 and x tx2 1 for all real

(e) f(2) + g(2). (e) f(x.) +.-g(x).

(b) f(2) g(2) (f) f(x) ex)
.(c) fg(2), (g)

(d) gf(2), , (h) gf()
+ 2 and g(x) = 5, find

a

2. If f(x) 3x

(a) fg(x).

(111) gf(x)..,

3.. If f(X),= 2x* 1 and g(x) = ,- fi.nd

(a) fg(X) Arid gt(x).
..

(b). 4or what values, of x,'4 if any, are fg(x) and gf(x) equal?;
° . .

For each pair.of ftinstions f 7 arid g find the. composite functiOns fg
' ands gf and specify the domain (and range,' if possible) of .each.

. P

f :
1k___.... g : x=-2x - 6" .

°x '(Ei)

1(c) f : J. g : x----/Tc

a) f x g x

(e) 3 X -re. x2 X .114 x °

14 xr- x2 - 1
)* g "-

Given that f(x) =jx2<+ 3 'at-1h g(x). F4 )1-L71- 2

fg(x) =*gf(x).
,

problem -a.k.ing

7. Des ibe uiactions, f'

3(;e4 2) -

Y (?c- - 5)1.

2x - 5

'solve the ,equation

g(x)
4 1'3

ripe g". such,-that g will

.(d) x

(xl+)2.
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-For. each pair of functions .f anti_g:find:the'coinposite functions.. fg:'
.

and. gf and specify the'domAin-.(anp. range, if popsile) of each AIL),

sketch the graph of eachvand give the'period (fundamental) of those

which ate-pAriodid. :

(a) , :

(b) f x sgn(Z.- 2) - 1

9. What tan you s abolit-tsne evenness or oddne6A of the composite of

(b)

an-eVen
/
:ftinctIonqf, an ev"...,,,f1Inction?..:

an even function an odd function?:

(c) Ln odd fun:Ction bf an odd f4nc,4oh?

.

(d) an '-odd. function of an even 'f.Unction?.
. .4. 0 .

If the fwaCtion f., is periodic, What,Oan you say,alont the periodic w.;

character of ihecOtilpOsite funations fg.'and gf 'aasuming:these

al-i.Arbitrary fut7pon(not:perio4c)?":Illustrate bY,..examples.

11. If the-funotoions f and.4;+.14-e.eAch periodiC",,ithen t1 composite

tionsJfg And ,gf (assumed. to bxilt)o,exe also:periodic.:'Can tfie'eriod.
/ :

,, ..

of gither one be less_than that'df both f and g? ., .

. 2..i 12. A sequencao, al,. a6;
1. 9

;....,.a1:1, ...... is define
. .-,. 0

^ . . .

,.) a =-f(a )" n = 0 1 2 3 ,n+1 n , . ° ? ? ., ? 0 .

the equAtto

where, f AAA, given factionand '.410 is a giVen number. a0 = 0 '

and f t x,.-



41,1+1:: 1(%), a0
find

an
86

of Aand fOr the rollowqg functgA

f

(h) f

(c) f

(d) f : - x

,

(e) f

pofnndtion

3



Al -3. Inver#41runcttOri

RecaWt,he vertical tin 4est for the gaph'-of a function.(Seci0On Al -1

if every line which is
parailel.tothey-axisintersepts a graph in et most

one point then
thegrapOSthat,ofafunetion. Thus in Figure Al -3a, (i)

and .(ii) Illustrate graphs of
functions, (iii) is the graph of a relation that

. I /is not a function.

:

(ii

Figur A1-3a

/

This figure also illustrates all mpdi-tant distinction betwetn two classes Of

fanctions: for grapht(i) there i' at least one line paallel tO'Ithe x-axis

which intersects the graph in !Ili:5re than one point; 'this is not the:case for

graph (ii). The latter.ia typical of a class 'of fUnCtions called one-tbTone

functions: each element'in the domain is mapped into one.anti?only one image

in the range, and each element. in the ranges correspondspo. one and.only one

preimage.in the domairf.' In.othet words, a function- of this kind establishes,

a one-to-one correspondence between,the'domain and the range of the function.

is one-to-one if whenever f(xj.) = f(x,),°.then

4

. Note the *Stinction between the,definition of function and this definil.

tionA.Theformer states that any'function f ty the property that if d'

xl = 42, then f(xl) =ef(x2),' whereas th0"latter states thst'a one-to-o

function f Is such that f(x,) = f(x2) if and only if xi = x2.

1-

t ,

io,
The* clams of one-to-one funCtion is Amportant because for each member

of this Class we can specify a fonction that, in a loose way of speaking, --

.

undoes the work' of the, ,given function. Thus, for exam le,' if f is the

. .

. ).,

,-



on'o its'double, then there is a functionflinction which maps eadh real number

g, called the inverse of .f,. which

number onto ita half x 2x;

reverses this mapping and aked each real

'g': 23('

',If a functioh .f : x then the fUnction

g.: f(x)LL x,' whote domain is the.crange of f, is Balled

-the;inverseof: f..

e

The functions f and g represent t e same association but considered.

rom opposite direations; the 'domain of, g ois the range of

of g is the domain of f. Furthermore, g is itielf one-to-one

inverse is' f.'

It s. instructive to ook at the composites of two functions

inverse oone'another, If maps' x into y, then g

into x;7-inAitherwol:ds, if7A4.4i7 f(x).: then, x = g(Y).. Henc

gf(x) = g(y) =Yx, for all x in the .domain f,

IP et: 4.

f and the'range

and its

and ;

fg(y)'= f(x) y, for all the range 'of

Observe that the restriction of the domain of -g

"of f 'is part of the definition of the inverse..

ExampleAla. Consider the

what is its inverse ? .Here f is

double .it; and(thert subtract 3."

muStadd AO' then divide by 2, This suggests that the inverse of f
i

x 3 To prove this tact,, we Must show that g+

and g

ack'

to coincide with the range

4 4

one -to. -one function f : - 3;

,

described by. the 'instruction, "Take'a number,

In order to reverse this procedure,

is the action g : x

satisfies

for.811 x

g

2

the definition'of inverse; i.e.,i.show that .g maps f(x)

in the clomairi 4:N f. BY substitution,

figf(x) g(2x 3) - '(?ix 31--( 3
2

.

of f. 'Furthermore, in the opposi,te direction,

/.

is the inverse

e.

for all x in the of

g,,,as expected.

ihto x

'1.s the inverse of the functiohence,



The graph o;,thes.inverse g cif. a. tu.nction f
.graph ..o' , If f maps, a into b, 'then g

.

follows that the point (a,b) is on the graph of
iB on the graph of g. Figure A1-3b shdwg three

(4,2) on the.graph of a function f, and their
by interchange of ,coordinates, on the graph'Of go

foundfrom the
to a.. It '

only if-- .(b,a)
-3 (2,1), and "

point's, obtaine'd
3

I

y = x

vvs \
(2;1)

x
-3 \ -1

1
V \/

...-

4.1 A Figvre.A1-3b

Froth this figure lie see itha,-,t, the points (a.,p) and- (b,a) are sytmnetric

with' respept. to 'the line y =Ix; 'that is, the line segment deternp.ned. by, these

two points is perpendicular to, and bisected by, t e line y = x, We gall

(b,a) the refleetip f )(a;b)°. in theline =

'Y
o.

a

Example Consider the funtions f : x -1 :11X 2, x > ajid

g : x - 2. The fun6tion f is one-to-one; g is not and, hence;

cannot bethe inverse -of f as stands. This can be' restricted by restrict-
ing the domain of g to x 0; i.e., the inverse of r . is g,: 2 - 2, ./
x > b (Figurie A1-3c). The compositetfunetions veri<y that f and g are

inverse to one another.: :

(1,-3) .

0

.

o

) J
28.6

. r



"/ .

Figure Al-3c

!The relationship'beWeen,the
coordinates of. a pOrfft-N(..a.,b) and the

r

'Ytiz,

oorslinates of its reflection.;, (b,a) 'in the line ,y

.method for obtaining anequati6 pf the inverse ofa.

that the
11
invetse'existe.

.±7- Example:A1-3c, Consider. the function
:1

r all real , x..

.it

= x suggests a formal

giAn function assuming
°

If we interchange x

O

(1)

, we obtain

(2)

f x = 3x + 5
.

4

and y in the equation

3x +.5,y=
a.

:( = 3y 4(5.
-1

For eye4iikixsof'numbere (a,b) in;phe-solution stir of (1), a pair (b,a)

is 'inthe.soliitiOn- set of (2). Hence, (2) ift.an ecivalion.defining,implicitly'

the,inlierse of the giTen fpnution f. In' order to obtain .the eXpl it form,

. x .

. .
.,....,

me solve.(2f for 'y in terms of 5: and obtain,/! ,

.,..'

A
v.
i



#

%.

.,. The invekse of f is, therefore,-
. ,

X 5
3

You should verify the fact that:.gf a .= a for any. in the domain of f,

4n4 that kgb),= b.. for any byln the domain of g (range of f).

-e

for all real

1.111

le A1-3d. If -the given equation defines a quadratic fundtion, the

prAbl f inding an inverse is more complicated. In the first place,:the

%ti4ren fUnetio USt be restriCtedt0 a domain which gives' a 'one -to-one

function; in 4e second place; details of'interctlanging the

,,variables x and y in the given;equation and then solving for y are more

involved. *

.

I r t

,w
"001

Consider the function .

0 ( 2f x x + 2x -12' 3

,

whose graph is a parabola with vertex at (-1,2) and openi ng upward.

.
for example, we restrict f. to t e domain (x : x.> 71), then.whe

. , .

.
Function "fl which is one-to-one hence has an inverse. gr. %The range Of

f
1

is (5r: y = f (x)*> 2)-,' and this will be the domaiwtof-

We prOceeeto find a fqrmula.defiting gr.

y = x
2-

.-# 2x.-# 3,

.e
.

and 'we tnterchangeithe. variables to obtain
1.,

1.9
x\-= or + 2y + 3.

; .

.. .

OWd now.sollie for
i

y in
--

the quadratic ecniktion t

. -

. r y2 + 2Y\ (311!f;),

btAtning
,

y -961:7771r or y = :1 -

f

Ch'of. these tiimalas .definee.the function g1?

anyelament'421 theeranie of .thee ihversunctiOn,

the s aEldt of numbert as the.doLin of we

reqdir':; Hence'

We are i en

S

17:7?
P

Since' y her,ecrepresent's .

and since the* range must. be

a

see let y > -1 is

V



y. + ,67:715

.defines the inverse functiOn: 516

: 1 +

Whoseslomain is. (x
(iote, again, that this is the rang f: f )

1*

,to sketch the .graph's of the two inverse functi s in order

to aeAMOre aearly. the
relatibnahips,bepaen:theit domains ands nges. (See

Figure Al-3d.) In faCt, if you graph thaOriginal function f, you may see

More clearly how its domain may be restricted in infinitely many ways to givi

as many different one-to-one functions, each of which has a unique inverse

f4nction.

/
A

°

Agute Al-3d



Exercisew4t1-3

1

. e

What is the reflectiOn of the line y = f(x) = 3x inthe line y = x?
-

Write an equation defining the inverse of f.

'2. Which points axe their own'refleotions in the line y = x . Whel is the

graph of all:such points?. *

3. (a) Find the slope of the Segment. froth. (a,b) to. .(b a); and prove that

the segment is perpendicular to the line y = x.

(b) Prove that thesegment from (a,b) to (b,a)' islbisected by the

9.
line y = x.

4. What is the reflection of (14) In the line

(a) x = 0? {d) y = 2?

(b) y = (e) x = -3?

(c) y = -x?

5. Describe any. function or functions you can thinlc,of which are their own

inverses.

6. An equation or an expression (phrase) is said to be symmetric in x and

y. if'the equations or the expressions remain unaltered by.interchanging

x2 y2
.

x. and y; e.g., x + y = 0.,-X3 + y3 - 3xy, I) YI. = Ix + YI$
xy.+ y: It follows that/graphs of .symmetric equations are symmetric

%
about the y ='x-line. GeoMetrical/y, we'can consider the Ane y =

/
behaving as a 'Mirror, i.e,, f6r,any portion of.the graph there mutt.alto

be a portion whip is the mirror image.
5r

4 4 4 ,y = x
The equation .x +y Ta

is Obviously symmetric with respect /'
/

tb the line,y,=k..Whatother /-

axes of symmetry (mirror type)

does it haVe?

. The expression-

+b. la - b 2c a + b + 1.a - b
I

- 2c

is obviously symmetridj.p a and b. 'Show that it is also symmetric in',

ta and c

Hint: Show, six cases (i)

etc.

. 290
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.
. Find thelnyerse of.each func.Pin.

(a). f 3x + 6

(.b) f. 3x

2
(c) f

-.5

, ..

...
Which.Qf .the following functions have inverses? Describe

means of a graph or equation and give Its domain and rarie.

I (a) t."' : x.-x2 --.

(b) f : X ---0.116-c

.(c) f kI

each inverse' by

: x al- 1
2.

.10. As we have seen, 1' : x ----...x .for all real. ciot:b nc,-. 1).13...vc' an inverse.

Do' the following:
. .

2
(a) Sketch graphs of f1 : x- --- x2 for x > 0 e...:d x% --prx for.

x COI and detetmine the inverses of el and
_ ..-

,

(b) What. relationship exists among the domanS of ,. .121, p-1.44 f2 ?

4.

(f1 is, coiled. the restriction of f to the cloma...:_n (x : x > 0),

and: is similarly the :restricion of. f .-...o the domain

. :(x :' x < 0) .,)
4

, . .

11, (a) Sketch A. graph of- f' : x 477 wand show that f doesfnot have
, .

an inverse.

(d) f : x --o- [x]

(e) f : x --...x i x
'`.0

°.:' (f) f -: X --.- Ec. ,2.. 0-,\s

..(b Divide the dorhain of f .into two parts such that th re3triction of

f to .either part has .gan fhVer6e:,

,

.(c)' Writ an equation defining each inverse aIr. sketchetch the

graphs..

12., Do Problem 11 for f X X - 4x.

13, Given that f( x) .= 3x - 2 and g(x) f

-fg(x) =.gf(x). For this value.Of wre. f and t one

another? Give reasOnsf0 your answers.
.

. Show. that f : x x2 - 14x 5 for ',X > 2 and f:.; - 2 ÷
-.J.

for x > 1 are inverse to one another by .s1lOwirg the:1. ) = y for all
.

Y-in the domain. of g, and .that. (x) x

Of f . .

0

15:: If f(x) = (2x3;+ 1 find at las", two func )r:.

fg(X) = gf:(x).y

I 291
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Al-k. MOnoto e Funationa-

If We 'examine the behavior; for x increasing, of the functioris

f 167: and g x xi we note that the values of', increase

as x, increases, ,while the .values g are sometimestincreasihg(ind,some-

times decreasing. Geometrically this 1w:4E1ns-that the graph of f. is con;

we:survey it from left to right (thefdirection of increasing

x), whereas the graph of g, like a wave, is now rip.a;'now falling. The
. -

graph of a function mays also contain horizontallooVoWparallel to

x- axis), where the yalues of the funCtion remain:COnatar4-on.an interval'' A
,

function such as x illustrates this, and 4S6 points up the fact.

that the graph of such a function need not be continuous.
. ,

Example A1-4a. The function h,

° 2
-x , .0 < x < 1;

defineV.

x3

h( x) -1

13-

has.the graph shOwn in.Figure A1-4a.,

x <2;

2 < x;

o

tt

A



It is easy to see that the function decreases as x 'in-creases except on the

interval 11,21 on which it i'emalns constant. '

Taken as a class, the.increa,sing, decreasing, strictlyAncreasing, and

strictly decreasing functions are called monotone (compare with monotonous)

because the changes.in the values of the functiont as x increases are

always in one direction.
.

.

'- ---
%

Let f ,be .a function defined on an interval I and let .

yi = f(x1), y2 7 f(x2) for xl, x& in If, for

pair of numberS x
1

and x
2

in I, with
1
< Y

corresponding values of y satisfy the inequality

(1). 5'1 < Y2'

(2) y
1
> y2'

(3) Y < Yi 2'

Y1 Y2'

each

the

then f is a strictly increasing function;

then f is a strictly decreasing function;

then f is an increasing function;

then f is a decreasing function.

Briefly, this definition states that a function which preserves order

relatiOns is increasing; a functioh which reverses order relations is

'decreasing. Note particularly that a strictly increasingfunctionis specill.

case of an'increasinefunction; similarly, a strictly decreasing function is a

special case of a decreasing function.

.1'

A fuhction which is either increasing or decreasing is-called

monotone. A function which is either strictly increasing or

strictly decreasing is called striCtly monotone.

For example the function h'of Example Al4a Is monotone over its

entiredomain and strictly monotone on the closed rhterval '0 < x «c 1 as

well as on tle interval x

The graph: of a strictly monotone, function suggests that the function

mist be one-to-one, hence must have an inverse.

In some texts the term "nondecreasing" is used instead of "increasing";

"nonincreasing" is used insteaQ of "decreasing." In Volume 1 of this book we-

.. . usually drop'the phrase "strict from these definitions, using (1) or (3)

as the definition of "increasing."

tr

6

293 299



THEOREM:A1-4: If a function is strictly monotone, then it has an inverse
.

which- is strictly monotone in the same sense.

Proof,. 'We treat the case for f strictly; increasing; the proof for. f.

strictly decreasing is entirely simiidr. If xl / x2, take xl < x2, then

f(xl) < f(x2);:- that-48, f(xl) / f(x2). :Hence; f. is one -to -one, and f

has an inverse.

c.
:

.

defined for ell values f(x) in:Jle range of f.
. ,0

Finally, g is strictly increasing, -for if yl end y2 are in.the

domain of g and:.yi- < y2, then yi = f(x1), 72 7"f(x2) and x
1

must be

less than x2. (Why?) Therefore, g(yi) = xl< x2 -=g(y.2).

: <

Example A1-4b. The function

f : x ,

n a natural number, is strictly monotone (increasing) for all real x > b.

Hence, f has the inverse function

(1)
4 n

g : x x,

which is also an increasing function. For an arbitrary eleme4

domain of of g, we denote '13(y), by
niy;

thus.(1) may',)pe rewritten

.

(2) g Y

x > 0,

in the

:CoMparing.(1). and (2), we see that rilfir,is the unique popitive solution

of the equation. xn = y; we call . 947 the n-th root of' y for all real

y >

If :the' natural number n is odd, then the funbtian -f
n

is

',strpngly monotone for all real x, as is its) inverse funaion. This means
.

that every real numberclad unique.n-th root :for n For example,
k-,

=. -a.n. -an :for n odd and a., real, TV7

If n is even, f x-Vsdecreasing for all real x< 0 and

increasing for all real. X.> 0. If fl, is the restriction of f* to the

domain -le >0 and f
2

is the restrictionOf f to x < 0 then each of

these funotions has an inverse, namely

294 t
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THEOREM:A1-4: If a function is strictly monotone, then it has an inverse
.

which- is strictly monotone in the same sense.

Proof". 'We treat the case for f strictly : increasing; the proof for. f

strictlydecreaking.is entirely simiidr. If xl / x2, take xl < x2, then

f(xL) < f(x2);,- thatia, f(x1)4 f(x2-). :Hence; r is one -to -one, and f

has an inverse.

g : f(x)---4x

defined for ell values f(x) in:the range of f.

Finally, '.' gis strictly increasing, -for if yl and y2 are in.the

:
domain of g and:.y1. < y2, then yl = f(x1), 72="f(x2) and x

1
must be

J less than x2. (Why?) Therefore, g(yi) = xl< x2 =.g(y2).

Example A1-4b. The function

f : ,

n a natural number, is strictly monotone (increasing) for all real x b..

Hence, f has the inverse function

(1)
' 4 n
g : x x, x > 0,

whiCh is also an increasing function. For an arbitrary element St.',in the

nf-
(1)

..!

domain of g, we denote 'g(y), by iy; thus.(1) may,pe rewritten

(2) g Y r167, Y

CoMparing,(1) and (2), we see that .
nIc',is the unique popitive solution 1.

of the equation. xn = y; we call . n147 the n-th root of' y for all real

.y > 3,,

Ifthe' natural number n is odd, then the funbtiion -f x-o-xn
is

',strpngly monotone for all real as is its) inverse funaion. This means

that every real numberclad unique.n-th root :for n $odd. For example,
P 44 k.,

for n odd and a., real, V.-1:5 =. -a. :

.If n is'even, f 'x x
n
- s decreasing for all real x 44< 0, and

increasing for all real. X.> O. If f
1

is the restriction of f to the
. .

domain -le >0 and f
2

is the restrictionOf f to x < 0 then each of
.;

these funotions has an inverse, namely

294
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1
rfly-

g2 : y
n
yy

tor t Leven: and 4.11 tea y >..011. For n even, the positive n -th roottOf

.-Arm nonAegaiive reS,J, number is soietimes called' its principal n-th root. The
II

12- symbol.15-alAysikeams the r-th

.7

. e k
\,,

C-

1. Prove that f
2

a

hp"
Exercises Al -4

for x > 0 is'a strictly increasing function.

'(Hint: Let. x
1

> x
2

> 0; then xl - x2 > 0: From this show that
.

2
.)
%

rx
1

2
> x

2

2. Which of.the.following functions are decreasing? increasing? strictly

decreaqing? strictly.increasing? In each case the domain is the set of..

real numbers ualess otherwise restricted.

(1)'.fli x c

(b) f2 : x

f

) f4 : x

(e) f sgn x
5

x---...

(f) f8 A
2,

(g) f7. : V;

x

a constant (h)*

(1)

.(j)

(k)

(2)

x < 0

> 0

f8

f
9

: + Ix'

fio x

f
11_,

: - 11 + lx

gl

g2 x -f4f3(x)

-31

For each fUnction in Problem 2 which is not monotone, divide its dOMain

into parts such that the restriction of f to any of these parts gives

monotone pfstrictlymonotone function.
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7-.

given that the:funaion

f
1

'is increasing, L-
.

f
2

is .strictly increasing,

gi

1 g24

-in a.comMon domain. 14ht is the monotone character, ifany, oethe
,.. , *.....re

4olloWing functions: u

(

(0, f
1
f
2

. s

ii) fl +. 4.2'

_

(b) f2 + gi's.
(j) f2f1'.

(c) fLi + g2. , (k)
f2g1.

(d) ,g2 + fl' (1? glf2'

(e)
fl

. f2. (m) g1g2.

(f) f
2

. g .

1
(n)

g2g111

(8) g
(0) g f

1. g2' 2 1 l

(h) g2
1.1 (P) f1g2' 0

is decreasing,--

fs, strictly,decreating,

r

6,

t.
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Al-5. Polar Coordinates

*A fundamental li

.pOints was forgeel_by,

between the algel)fa of numbers and the geometry of.'

ene Descartes,(1556='1650) when he introduced
.

notion oi iepreSenting a point :in the iplane by means of an brdered pair of
a.

'.numbers, 'Beautiful in its simplicity, this concept_paved the
0
way'for the'

..deyelopment.of coordinate geometry and calculus, By, introducing a!Pair.of

'perpendicular number lines (coordinate axes), Descartes Wasiable to to

eactLpointAn the plane a'unique hair of real numbtre. Wcall these 'numbers.

the (rectangular) Cartesian coordinates of the point you have_used. them ever

'since you first began to repreent eobations by their graphs.

Other coordinate systaMs have been initeAdd since. Descartes' time because

theyfare better adaptedto treat some problems which.are awkward to handle in

cartesian coordinates. We consider here the polar coordinate system and a few

examples of its use.

We suppose that we already. have a rectangular (cartedian) coordinate

,system in. the plane.. .We locate a point P in the plane by polar coordinates,

an ordered pair .of real numbers (r;b)* where In is the. length of the

'.segment pp (sometimes Called the, radius vector) and e is the direction

angle made.by OP. with the positive x-axis .(polar axis) (Figure. Al-5a):

.

J

Figure Al-5a

SI
*r is sometimes- called the radial coordinate and 6 the polar angle or.

azimuth.

297

1,



a '. 4
There are, infinitely many such angles lor each point

then 44' 2nrc (n. 1,.2,.3, ...) 'are the. others. Thus,

A
identified by infinitely mally pairs of polar coordinates.

.

.(Figure A175a), point. p math poler codrdinates'

71( .v57(
(4 ---), , - ---), and, '1,n general,' (4,, Lc 4:

) 3 3

The pole.(origin) is )1. special case: to it we as

3

if' 6 is one angle,

a point ma3i'be.,

Fprexample

also has coordinates

2n7r) for any integer: n.

n as polar coordinates Any,

,pair (0,6)*,, 6 any real number. -111

/ r

When we'assign pOlar coordinate t lOcate a.point, it

allow r alsb to be negative. For r > 0, the point (-r,6) is located

is customary to

symmetrically -to tij pOint (r,6) with respect to the origin (Figure A1-5b);

it 'has, coordinates (r e + 7c) al so

L
9

Ina cartesian coordinate
system every point in the plane has a unique .

pair of coordinates (x,y). In a paler coordinate system, by contrast, thit

is not true; a given point in the plane does not have a unique representation

(r,O) in polar coordinates (see point P An Figure Al -5a). In both coordic

nate systems, however,'a giyen'pair of coordinates speCifies a unique pointin

the plane.

A relation between 4,4d y may pe represented by a. graph in a

cartesian coprdinate plane; A ration in r and 6 may be represented

by a graph in\a polar coordinate systerft; a point lies on the graph if and. only

if it has at leapt one-
coordinate'pair. which satisfles the given relation.

discus the graph4 of a few functions defined by ec ations in

coordinates:

ei.
298. I )
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: .1

The graph of the equation,

(-7-\ =4c

.

. Contailo pilloints (c,6), e any rea.Yhamber.;kt. is a ctrcle.1.6f. radius

11.0ilig-kt.s.rtenter at The equation r describes the sae

citfl*:;"; -4%
,

pOints for Which .

. A

0,

NA ,
t. ,, ..;.--I

lie on tfie line passing through the ispie whi forms.)anangle o c radians A

with the polar axis; each point of the 11 has coordinates (rye. for solie ' /

.,6 ..
. - ,t

real r. For r positive, the points: form the. ray in directiorytt"0 fo'r

nagat:ive, the ray has direction e + g. The line has infinitely many. eque=

bons e = :pg n an integer: K

.

The ciraular ' kunctions of are 'espdcitilly conveniently 'represen'ted :in

. . --F-

.polar'Coordihates because Ithe 'entire graph is Raced out in 'one Peri6d..

shall illustrate a procedure for Vc.etchinq_ a graph of such a function using '

.7-polar coord late graph paper. Note that the function ecifies the graph; a

- funetion, oweyer, cannot. be recovered. from its' graph in polar Goordinates..

. ,

Example_A1-.5a'. Sketch graph of the functi defined. by .

,
...)

r . 4 cos e.

Since r is a function of e, we consider values of e and, Calculate
. .

,
-aie corresponding value's of r." We know that the cosine increases from the'

value 0 at e ! - Ic i 0 1 at 9 = 0 and then decreases to 0 at e -dn.

'6

,

fence; in -this interval, r increases from .0 . to 4 and then decreases to

.

0 Since Cos(e + x).. -cos e, the poiht (4 cos(D + 0 9) is the same as- ,..

.(-4 .608 e,,e)i and
x

anthe curve for - < e
ic< is the entire graph.

_.

To sketch the graph of the function, we calrulate r for a feW convenient

k
'*',.." i. it It x

values '6f :61 - , - ,-.
, etc..), locate .the corresponding poi s on polar

coordinate diaper, and sketch the graph (Figure Al-5c); it appear to be. a

circle and we shall pre sent4y verify that it'is .

C.



., Figure Al-5c
,

Since each point P in the plane has both rectangular 8.45 polar coordi-

nates (Figure Ai-5d), for r > 0, we,

have from: the r:trigonometric functions

11-

of .angles

(1) = r cone, ji F

`-1.7e leave it to-you to verify that:

equationsW. hold for r < Q. Thus

the 'rectangular and polarfsoodinektes%

of each point. in .the plane are related-

by 111P. It follows that

,P(x,y)
(r,0

(2) x =,r 4

Figure A1-5d



if . -
.4.

4 - I,4

ow 'we re-exalt:tine the,tunctiot defined bpi.. r -= 4 c e; (Exarnkle Al-

andprove that its graph, is Ercircle. We shall dpi so boi.atransforining the

:,giv.en eqUatibn ihto an expiation, involving rectangular ordinates% x and.

Now the give equation r = 4 cos 8 ' hER. the same*. grek 4s° the ecrilkon
. "

a

.,

4414,,f .

,,. _ .
'44

(3)..4: 5 -0 3.2 = 4r -cos. 8,
..0 ,

..ioi"i'f' #.0,) we may divide both menibe,rs Df equation by. ;I- :tcp obtain the
,

given equations r ,..--
0 ,eFo.r.tesponas to th4 at that the pole is on both

-- raphst. Ttiis may not be inimedietel5; obv,iou6 since Only certain pairs of> (
.0 .

aiss .representing themf,oli will satisfy the equation r = 4 cos. 0,.

both (0,;p and ,_(0; ) replesent the pole, yet(nly th4 latter., It

2. , er %

tisfies, r ---- 4 cos 9. ,4,

:r

cob

For examp

of these pairs
.

We use ('4) (

,
. .

t'sto.qbtainfrom (3) that
,

/ . '
i;

.34.. x2 + y2- = 4r
,

,

(x,- 2)2 +y2 e4,

41

tqUivalent equation in rectangular coordinates. We recognize this as an .

equation .of the circle winterenter at (2,0k\and radius' 2, verifying the

gryph in Figure Al -5c.

Example A1-5b .61,4Find an, equation in, polar coordinates of the curve whoser 2 2 2 2 2 2.
,equation oartesian coordinates.is + y = a (x -'y ).

Applying Equations (1 ) and (2) , we have

14- ,r = a2r2 kcos20 - si.D20)

4. 2 24= a .r `cos 20,

This is equivalent to .

r2 = 0 (the .pole) an = a2 cos 201.

Since r2r = a2. cos 26 is satisfied by coordinatesco
r

for the pole, we:see that r2 = 0. contribsites no points not in the graph of

41:

r 2 = 62 cos 26. Hence, the latter is an equation in"ps.l.ar fOrm which is the

3017



equivalent of; the given otel Thellgraph of this equation is

leianisCae 04L Bernoulli ay is displayed in Figure. Al-5e.

W

U'

-.-

4 "

called the"

O

Figure Al -5e
116 _

i

We now dci op a>Q equation which, for sui ble choice of a parameter,

will represent either para)Dola, a ellipse, or a;hyperboia. For this

purpose we'netld.tho oftthese curves' (conic sections) in terms of

-

focua,:directrix, pnd eccentricity. Every Conic, section (otiper than'the

circle) may be cWited to be the set (locus) P such that the

w
ratio of-'the distance between' P and a fixed point F (the foctilt-to-the

distance between'. P and d fixed line i '(the directrix)

siant. .e c.11(=j: ....:ic.'eccentPicity of the conic section.

section is a parabola, if. 0. < e.< 1 'it is n
t_.

a hyperbola.

In order to derive alyegnation in

polar coordiriates^o,f,a conic sectiRn,

it is convenient to play the focus

F°- at,tht pole (origift) and the

dIrectrix. pertendLcular to .the

extensior.1 of thPola.:. axis, at dia-

tanca. p.> 0 froF.A pole, as shown
.

..
in Figure Al-5f.. (Dt'he orientations

s'., aripossala. see Exercises A/-.,

:1,1oS:87.10-) AN4 P pis any ifoint.

.'. of the conicisection.

.
'.'

.i.

is a positive con-

If '-e = 1 the conic

ellipse, and if e > 1 it is

'This curve is deffnadWas the set (locus)

proluei.cfthe,(2.stahces of .P from two fixed

the dlitance between th6tWoyfixed O\
ints

Figure Al -51

of.pointS P
ppints is the

such.that,the
square ,of half



. r .. i

We let'. ('r,6 be-any pair of pblar coordinates of P. for which l'...> 0;

then FP '= r and 'DP = p + r cos e. (Figure Al -5f). The-definition f the-
. L

DP
P

conic sections requites that - e or +
r

, e.. Solvil,ngsfo

y7e4tai4- - i r ".

\.

(10 r =
1 , cos

II

whichwe table to be the standard Vtmil ofthe polar equation of conic sectIon$

hdving foctis an# dire.ctrix oriented as in Figure Al-f. From..Equation () ,7

'if e < I (ellipse oy Parabola.), theirs r >'0;.. if .e!ar 1 (hyperbola), r'_

may be negative and ;these Values gage 114:ihe.::- h 0411he hyperbola lying to
.,.to ...t-

s.-,

/the left of the direct x.i, ,. -
i

V'
,

,15temple Al' c. Describe and'sketch th6 graph of the e4laation

it
16

r 5 - 3, cbs e
,

,./ .

We-Lay put this equation in the standard form

16
5-

1 - os

3 \,,s
5

5 3

1 - 1 cos
5

from which e = and
16'
-- Since e < 1, the 'graph is antellipse Ifith

focus II- at the pole and majoi' axis on the polar axis. By giving'..a the
5

1

, Ne.1.14es 0 and A , we f.jrnd the ends < the major axis to be .(8,0) and

(2,10. Thus-the length of the major axis is 10, the center of the ellipse

is thepoint .(3,0)2 ant the other fOcus is the point F (6,0),
2

Since ...

°

=
16

p -- (the distance between a focus and corresponding directrix of thp
3 -

1

ellipse), the equation of the directrix i corresponding to the focus at the
1

pole is /- cos e = -
16!

(see Exercises Al -5, No. 6a.), and the equation of
a A

: the direc-(riic i
2

corresponding to
34

2

.

F
2
(6,0) is r cos e = -- . When e = -

3 '

'Alien r 4.. , and we have the point k--
' 2

)

5
at one end of the focal chotd./16. A%

(latus recrUm) through F
1.

The other endpoint has polar coordinates
..-

16 31t% these Points help us to sketch the ellipse as shown in Figure Al-
. -

..
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Exercises Al-5\I\-*6-Nt

1, Find all polar 'coordinates of each .of ihe f011Owing points:

(a) (6, t).

(b) (-6 4). .(d)

2. Find rectangular Coordinates of points in Exercise 1.

; "4 '" 1

3. Find solar coordinates of each of the following poihts given in

lar coorilinates:.

(a) (4, -4),

(b) i).
.(c)

(d) (0, -10.:

4. GiVen.the cartesian coordinete (X,y)

(e) , (-3 , 0) .

,(f) (-3 /O.

(g) (-IL 1) .

(ii) ,

of a point, formulate unique

polar coordinates (r,e) for 0 < e, < n. (Hint: usearccos .)

Determine the,polar-coordinates.of the three verticis of an equilateral.'

triangle -if a-side of the triangle has length L, the centroid of the

triangle cOincideswith the -pole, and one angular coordinate of a vertex

, is 0 radians. ,

1

6. Find equations in polar coordinates of the following cur-I.Set:

= P(a) x c a constant.

(b) y = c, c constant,

ax + by

2 2 2
x + - k)1 = k

2 \

y 14.ax

2 2 2
x - y = a .

Find,equatIons In rectangular coordinates of the following-curves:

(a) .1. = a.

(b) r sin

..(c). r.= 2a sin e.

d
1,
cos U

(e) r = 2 tan @ .
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; .

Irive an equation in- 'polar coordinates

at:the pOle and directrix perpendicular to the polar axis
4

for conic sections with a focus

/to the right of tpole

and p units

f

Jth!: rec rix ia,parallek :, the,polar axis and

c.usa the pole. ,,
4

if the Airectrix is.parallel to the polar: axis and

focus at the pole.

Repeat BUMber 8.

units. above the

Repot Number 8

units l5elbw the

11. .Discuss and sketch each of the

...** Example A1-5c and Nos.' 8,
.

12
(b.) 1 3 cos-e

r /3+6;in e

(d)
16

5 + 3 sin (9

(e) r sine = 1 - r

fellowin

9, 10.)

p

p

A

curves inspolar coordinates.

At

12. Certain types of symmetry of curves in polar coordinates are readily"

detected. For example, a curve is symmetric about the pole if the equa-

tion is unchanged when r is replaced by -r.-

occurs if an equation is unchanged. wilbn

.(i))

e is replaced by -e?

e is replaced by n - BZ

(c) r and e are replaced by -r and

_(4) 9 'is replaced by n'+ 9?

13. Without' actually sketching the graphs,

graphs of the following equations:

(a) 'r2 = 4 sin 29. 410

(b) r 1 - cos 9),= 10.

lc) r =:cos
2

29k.

What kind of symmetry

-9, respectively?

describe the symmetries of. the-

:3 1 0

'1



14. Sketch .t

(11.) r = ae..

(b) r cos'e).

(c) p4 .a sin 2e.

folloWing curves

't
in polar °ordinates:

4 (d) r = a2sin2e.cos2e.

(e) re = a.

\
'15. In each Of the following, find all points of intersection of the given

A *
palv of.equaAons. ',EBeCell_thet the polar representation of a point is

not Uniqueo

(a1.-0 = 2, . 2 sin e, rt.:2 - 2 cos e

Ort:= sill 2e, r = 2 cos e

(c) + cos e), r(1 - cos e) = 3

4

6?

r-



. Appendix 2

por4YNakwi

90.enificvice of Polynomials

The impOrtan0eOf:Ipolynomials in applicatidns to engindbring'end the
.. .

:natural sciences, as well. es:in the .body of mathematiot itself, it nbt arr''

accident.. The ntilr6 of polynomials is 'iased largely on mathematiCal proper-
, . ),

tiee that, for'all practical purposes, .permit the replacement of much.more cod.-

plicated functions by.pblynomial futctions in a host of sittietions.. We shall

properties:e il' umerate
4
some of these properties: ,

' ':.

4 Or

. .
(a)

4
PohynoMial fUnotions ere 'among the simplest-functions-to TianiliUlate,

formally. The sum; prOduct,.and composite of polynomial functions,

zeros and

methods. (

the determination of slope, and area, andb.theloset(Ign of

maxima and minima ere all within the reach of elementary

(b)0 iolynomi#1 functions are among the simplest functions to evaluate.

It is quite easy to find tb7gf-value of of f(x); given

.s

f : x 'BO 44.0 a2x' t "'d+
*4.

a
octi

with a specific set'of coefficients a0, a1,i ..., an and a specific

number for, x.. Nothing more than multiplication and addition is

invotved, and the computation ca be, shortened by using the method

of synthetic substitution.

e foregoing two propettles of polynomial functions are those that Ice

them Valuable as ,replacemehts for more ,complicated functions..

/.

Frequently an experimental scientist makes a. series of measureMents,
tsp. (c)

plots them as points;

continuous curve that

a polynomial-function

anW then iries to find a reasonably simple

will pass throughYthese point8 The graph of

can always be 'Used for this purpose,, and be.

cause it has. no sharp changes of direction, and only.e limitad,nuriber

of ups end downs, it is in'many ways the best curve for the purpose..

Thus, for the.purpose of fitting's continuous graph to a finite number of.

poir4s, we Would prefer to work with pcilynomiale and weneed tlOt4 took beyon4

the polynoMiale, s we shali.prove. We can state the-problem formally as

.follows: i
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.....". '

The impOrtanCe:Of:Ipolyno;ials in applicaticins to engindhring'snd the
.. . .

Hnligral sCiences,aswellas:in thebody of*MathematioS itself, it nbt, arr--

jOCident..: The ntili, of polynomials is '(esed largely' on
,..
msthematiCal proper -

.
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POLYNOMIALS'

ties that, for all practical PurpOses, permit the, replacemeht of much mOile

p]1icated functions bypblynomial futctions in a host of sittastione.' We

pr
efUmerete some Of these properties:tis 4

. .4
.: (a) Pelynoinial fUnotions are 'among the simplest-functions-to Oniliulate,

shall

formally. TheSuM; prOduct,.and composite of polynomial functions,

zeros andthe determination of slope, and are, andhthelodetign of

maxima and minima ere all within the reach of elementary

(b)0 dPolynomi#1 functions are among the simplest functions to

It is quite easy to find tEg,value of of

'S 2 .f:x--)a +ax+a
2
xt...,+

0
"L.

methods. (

evaluate.

with a specific set'of coefficients a
0'

a1i .. , a
n

and a specific
e

number for, x.. Nothing more than multiplication and addition is

invo/ved, and the computation ca be, shortened by using the method

ofsynthdic substitution.

e foregoing two properties of, polynomial functions are those that Ice

them Valuable as replacemehts for more ,complicated functions..
0

11* (c) Frequently an experimental scientist makes a, series of measurements,.

,

plots them as points; an then tries to find a reasonably simple

continuous curvekthat will pass through these point8 The graph of

a polynomial-function can always be used for this purpose,..and be..

Cause'it has. no sharp changes of direction, and only. a limited,nunlber

of.ups and downs, it is in'msny ways the best curve for the purpose.

.

Thus, for the.purpose, of fitting a' continuous graph to a, finite' number of.
_ .

poir4svile Niould prefer to work with polynomials and weheed not took beyond

the polynomials, s we sh/241.prove. We can state. the-problem formally O.'
Y

.follows:

t



Given n 'distinct numberP
A

and corresponding. values

yi, y2, yri that a functionis supposed`to
assume,iit is possible to find

./11. polynomial fUnefion'of degree at most n - 1 whose graph contains the n

pOinta (xi,yi), i = 1, n.. You have already done this for. n = 2: you

found a linear or. constant
fUnction whose graph contained two given points

1,y1), (x2,y2).x2 4Xi, If y2/ is also diderent from yl, the result is

a linear function; if it is a constant function.

e

One way of doing this,is to assume a polynomial .of the stated form',

% 2

. -
f(X)- = d

+a1 x+a2 x + ... '4- aril
x
n
7

1

'
.

. J
4. i

and write the n 'equation p

f(xi) F i ,
i

7.
1, 2, ..6 n.

This gi.7.6s.'.n linear,,equations in \he n unknowns a0, a1, ....., a

to these circumstances such,a system will- always have .a solution.

(

-1'

v"

and

...ExampleA2,1a;
Suppose'thallta want the graph of a function to pass

through the points. t2,2), (1,3); 12,;,1), and 14,1Y. We knew that,there is

a polyaoMial FraPh of degree no geater,than 3 'which goes through.the'Se

Points, Assume, therefore
. -

f(x) =.a 0
'+ a

1
x + a2X

2'
a3x3.

Thew, if the graph of 17 ,.is to go.through the,give points, we must haVe

f(A-2).-= 2, 'f(1) = 3,,f(2) 1% -1, and f(4) 5 1; tha ,is,

.*.

Solving thesei we fincl 8

Hence-

a0 2a1 4a2 -.- 8a3 2,

a0 Pal a2.+ 83. 4 3'

a0 + 2a1 + 4a2 + 8a3 =.-1,

a
0.

+ +:16a + 6Ite
3

=.1.
1

20 31 '37

f(x) = 4(160.: 62x - 37x
2

+ 11x3)
24

, .

o

The labor of solving systems of linear equations such as these'can be

ratheidiscOutaging, especially if there are many ecmations. For this reaSon,.

various; methods_haye been worked out for organizing and reducing:the labor in

volved.. 0ne4of the most important of these methods,.called the Lagrange Inter-
.

'polatiodFormula,iis bgsed.on' he following simple'lne of reasoning. We can
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easily write down a.forMula fora PolynOMialof degree n - 1 that ia.zero

at .n L.1 of thegikren x's.

(x4, y4)

1(x1,Y1)

. XI 2 1X3 X4

( 02)1
6(x3

Figure. A2-1a

x

-.A set of valueetO be taken on by a polynomial function. SiApPoae,. far.

instance, that we have four points (xl,y1),.(x242), (x3,yi) and (xOyif)

as in Figure A2 -la. The polynomial

(1). g
1
(x) = C (x - x )(x - x3)(x

1 2 4)

zeros at .x. x and .x By proper.choice of C
1'

we can make
has

2' V 4-
g1 qx 9.= y

1.
'Let us do SO! Take C such that

,.

y
1-
= g

1 1
(x ) =-C 2)(x1

that As, take

(2)
Y1

CI.- _ x2)(xl: x3) (xl

If we 'substitute .C1 from (2) into (1), we get,

(x - x2) (x - x3) (x - 4)'

g
1
(x) = y

1 (Xi"- x2)(xl - x5)(xl - x4)

yl / 0, Equatia (3) defines a ,polynomial of-degree 3 that has the value

at :41 and is zero at x2, x3; and.
4

'xL

(X X1)(X 7

X1),(X2'(4) g2(x) = y2

Similarly, one finds that.

)(x - X4)

:)(x2,-



-. x )
1 2)(i 4)

(x 7 1):(x - x2) (x - X3)

5.r4 ..(xl; - xl)(x4 ,-. X2) (x4 - x3

ar`e also polynomials,
eachhaving the property that it is zero atithree of the

, ,

four given values of **Hand is the:aPproPriate' y" at the fourth *x.,. This

is shown in.thetable below. ;';

,
1

"s

,

oi.

The Lagrange Interpolation Formula Illustrated.

Values of

Corresponding,y
%

4Value of g,(x)

Value of g2(x)

Value of g3(x)

Value, of g4 (x).

If We form

(7).

x
1

'72

Y1 0

0

x3 '`4

. Y4:

0 0 ..

0
?

.0 y3 0

O

g(x) = g
1 2
(x) + g'(x).+.g3

(x g4(3c

then it is clear frosithe. table'that
.

O.+ 0.± ° Y1'.

g(x2).=. 0TeY2 +.(Y

g(x3) = 0 + Y3 + 0 = y3,,

g(x4) . O.+ 0 + 0 + Sr4 = y4..

From Equations (3),. (4), (5),.and (6) it is.also clear that is a polinomisil

in x whose degreeits:at most 3. Hence' Equation (7) tells us how to find a

.. .

polinOmial of degree .whoSegraph contains the given intS:

t:
...FXimole:A21b rind s polynomial of degree at most

tril.ns the points -(71:2.T.7`(0,0),
and (4;2).

We find that -

whose grapn con-

.

gi(x) 2(- - 0)(-1

- 2x(x
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1 2 --
- .

+ 1)04 - 010.- 2) .

1)(x20 (x5.(x +.11cx - Onx -

and

g(x) ='- 15 X(X 0.(2C tbE 1)(X)(X §(X. :I. 1) (X) (X

" t

, The right-hand sides of Equationi (3), (4), (5), ia d (6) have the

f011owing structure:

N
i
(x)

Oi(x) = yi :Di
'

= 1, 2, 3, , 4.

'The numeratOr of the kraction is the prodnct of all butone pf the factors,

, .

and (x )54))
I

*?1)' (x,- X2),

and the missing factor is (

numerato at x =

3),

The denominator is .the value ,,of the

D ='N (x )

This. same, structure .would still hold if we had more (or fewer) ,points even.

(d) .Instead' of a:.V.nite set Of Tints to which a sikple continuous func-,

tion is to be fitted, a mathematician is sometimes confronted with a

continuous but very .00Mplicateci'functiOn.that he-would like to

.
spProifimate by a simpler function.: Fortunately, there is an extremely

pOwerful theorem of higher mathematicS that enlarges the breadth

application of polynomials to this situations In a sense this 'theorem

permits the Ptittingr of a polynomial-graph to any Continuous graph.

_ In other words,. any, continuous function whatever can be approximated

by e polynomial' function over a finite interval -of its -domain, with
:

preassigned.accuracy. More specifically, if the. function f(x)
I

is 'continuous over a < x b, and. c is any positive nuedbee there

exists a polynomial function g 'nob that

if(x). - g(x)1. < c for all a < x < b.



Figure A2 -lc

A atriktletween. f(x) - c and f(x) + c.

s is known as the Weierstrass ApproximationTheorem. The geometric gmter--

pretation Of the theorem is indicated In Figure A2 -1c The graRh. of f is .

continuous curve, but it may. sharp corners or even infinitlii many.maxiMa

and"Minima between )( = a 'and = b. "No Pglynomial, graph behaves like that,

But supposetat we introduce a strip, cente'ed on the graph of fi extending*:-.

between. the graphs of the functions -
.

and

x .-)f(x) c,

.

where'.c. is any preassigned'poSitive number', hoWever

guarantees that there is ,a polynomial fundtion.

g : x

small.. Then the theorem...-.

4,-

whose graph on a < x< b lies entirely.insidethia:strip. This.is the-pre-.

cige meaning of the statement: "Any continuous function whatever can be

approximated by a polynomial unction over a finite-interval pf'its domain,

TAiith'i)reassigned accuracy."

.
Exercises A2t1

Carri. out the computations; Ekample A2 -la, above.
t

2. Simplify the expression for g(x) in Example A2-1b,. aboVe. .

3.- Find a polynonlial function" of degree less than or equal
to 2. whose.-

graph contains the points (-1,2),10,-.1) (2,3).'

Find.a polynomial functiOn whose graph contains the points (0,1), (1,0)',

(2,9), (3,34), and (-1,6).

3114



A2-2. RStional,Zeroe.

If t(x) is a polynomial a
n
xn + a

n-1
xn-1 +:... + a

1
x + a

o
, all of whose

,,,

- . .

...coefficients an, Link, a0 are integers, then we may'find all rational !,

.zeros of fil&py testing'only a finite number of possibilities, as indicated by

r
'the following theorem.

-
Y

iikORE14 A2- Rational Zappsof Polynomial Functions.

) a. x + a
;c11-1

+
. n-

+ a + a
0

0o.efficients a
p
, a

n-1
a
0

, if. f hasa-rational
.

1, r> 0, :expres6ed in lowest terms that ft .1). and q -are

teg erewith no commoninteger divisor greater thdn 1), .then p is a

_ Alivisor 'of a0 and is a divisor 'of an.'

(Note thai.in this discuss nn q is a positive integer and is not to be

!confused with the polynomial ction q, : x -)q(x).)
.,

..

is a zero ofProof.' If.

f(1) =
q

then !i((2) = . By Equation. (1)

(2.).11

an-

1(p)n

-1n'q' .n-l'qi

.when ,cleared of fractions, ,

. n-1
a pn c + a p 4-,
n n-1

- n
. + a

1
pq +.a

o
q O.

Sol -wing Equation .(2).ior eoqn we obtdip

n nT1
a
0
q
n

= rta p. + a
n n-113 q

n-1 n-2
an_ip .q +

= pN,

where
n-1

divides a qn a
0

To.dd this,

factorization oD

and q haye

+-a p
1

n-1.;

-0 a q
11.;].

1

an.
-1

ion12q + ....+ alq
n-1

1 is an integer. Hence b

. , p. .

whole number, N, of times. W, ewish to show that.: p divides

we.appeal to the Fundamental. Theorem Of'ArithmetiC, that the-,

positiVe integers is. uniqae; namely,We note. that since p.

no common integer 'divisor greater'than 1, neither hay? p' and

315
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flore of .p aye

of

fa6tors of a and0!
p a factOr.

To prove that divides a
n

, we write Equation (2rin :the form

'(.3)-1.
.

n r, ;
n -2 --

+ a
1
pq + Evolq ].

Then we reason that Since q divides the right-hand side of (3), it divides

the number anp
n

. A sin, Since. p and q have no common divisdi greater

... than '1 ither ire and e Hence, all the factors of q are..factors',

° of 'A , and q is afactor of a
n
.

' The foregoingtesult may be eaierto remem r.if. weretate it in words:

,

Ia fraction in lowest terms isa root of a p. ynomial equatiOn with integer

coefficients, then'the numerator ofthe fraction
Otst'diyide the constant term

of the polynomial and the denominator must divide the .coefficient of the

highest power. of 'x. To;keep things straight, we can always see how the

theorem works for

mx + b 0, m 0.

The only root is -
b the numerator .,1) divides b, while the denoMinator
m

m *Vides m.

If the playnomial has4fractional coefficients, the theorenicanbe'applied

after the polynomiRl.hae been multiplied by a nOnLzero'integer to.clear of

-fractions,. becausethe roots of f(x) = 0 and,the.roots of k(f(x)] =

(k 0) are the same.

Example A2,2a What are the ratceinel roots. of

3 . 2
3x - OX + 3X + 2 = 0?

Y.

It is Clear that 0' is not'a root. If E is a rational root, in

lowest terms, then.

The possibilities are

BO that

p divides q divides

, t 2, q = 1, 3,

1 +2 +1 + 2

1 - 1 Or °- .

3

We test these:one ty one and find that the roots of.the given equation'are

1, 2, and -
1'
-7

316 I
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7
..it,

. .

.. .

.(Note that in the statement of TheoremA2-8,,we 6edified q > 0; so

the possibilities for q, are all'positive. There is no point in testing both. .

, 1 ;17.) -

,

3. -3

Example A2 -2b. Find the rational.roots of

Ow,

if .and7:oray if either

or

(4) '3x3 - 8x2. + 3x + 2 0.

By' Exelliple A2 -2a, the roots of Equation (4) are 1, 2, and

root 0, we, see.that the-Toots of f(x) = 0 are 0, 1, 2,

3x
4
7 8x

3
+ 3x

2-4.
x =

f(x) = 3x4 - 8x3 + 3x2 + 2x

= x(3x3 8x
2

+ 3x + 2).

f(x) = 0

X = 0

Corollary A2-2b. Integral Zeros.. If

f(x) = xn + a
n-1

x
n-1

+ 8
1
X +

a0

Adding the

4
is E(polynemial with integer Coefficients, with the constant teroCiab # 0, and

.

with the coefficient of.the.highest power of x equal to 1, then the.only
. .

possible rational zeros of f are integers.that divide a0..

. Proof. 2Suppose .(in.lowtq terms), q-> 0 is a zero of f. Since

a0 = f(0) / 0, 2 / 0. Hence, by Theorem A2 -2a, p divides a
0

and q

diVides 1. Therefore, q = 1; and P = p is an integer that.divides

. e q

Example A2-2c. Find the rational zeros of

f : x -)x
3

+ 2X2, 9x -.18.

, By Corollary A2 -2b, the possible rational zeros are integers that divide

namely 1: 1, ± 2, '1' 3, t 6, -1- 9, t 18. By trial, the zeros of f are

'72,- and:. 3.
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Reduction of degree; After we have found one zero of a polynomial function,

f we can'use a speCialdevice to
make it: easier to find. further zeros. By this

wecan cut dOwn'the number ofPoTS-iibIe.ziros we have
:CFI tegt,,and..some-

timieswe can even use it to help us.find certain irrational zeros.. We explain

'Nis device as follows: ".

We know from the Factor Theorem that at, s.a zero of f if and:Only if

there.is.a polynomial q such that

(5)
f(x) (x - a)q(x)..

'Since the product (x - a)q(x) is-zero if and only.if either x -.a = 0 or

q(x) .= 0, it follows that thset of zeros of f: consists of a together

with the set of zeros of q:

(6)
(x.: f(x) .= 0) = (x = a or q(x) = 0).

MOreover, the,degree of q is one.less than the degree of f.. Thus, if we
.

',can find one zero of f,
Equationst5)and (6) allow us to reduce the problem

of finding the zeros of f to that of finding. the zeros of a polyhotiel q

of lower degree. Naturally we may repeat the process, with q in place of

.f; if we are fortunate enough to find a zero of q,,%pay b. For then we,may

:apply the Factor Theorem, to q and-write .1 .

- Or(x),

and

(x' q(x) = 0) = ( x = b or r.(x'.0).

If we are successful in repeating this.
reduction until we have a quotient

Which is either-linear or quadratic,.we.can easily finish the.job.by solVing

a linear or quadratic epution.
: Ilk

(7)

Example A ? -2d. Find all solutions.of

2x3 - 3x2 - 12x'+ 13 = 0.

Direct CalcuiatiOn-shows that .1 ds a solution of Equation (7). There=

fOre, x - 1 is a divisor of 2x3 - 3x2 :12x + 13. Performing, the diyision,

2 :3 -12 13

2 -1 -13

-1 .-13 0

- 3x
2 12x 47 13 = (x -11)(2x - x - 13),

,1
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. 4:4i
and the solutions of-Equation (7)'sre 1 andthe

By the quadratic foimula,

Solutioneelf.:EquatiOn (7).

2x --'x - 13.= O.

solutions of

1 4. 1./755) (1 ,

.4
and

05.
the additional

r^

I
ExampleA2,2e.. Find ell zeros of

x -)12x3 - 8x2 - 21x + 14.

This is the same function that we considered earlier in Section 1 -6,

Example 1-6a. At that.time.We fund that there are.zero6.between 0 and 1,

between 1 and 2, and between and Thus, We know that thereare-eA

thtee'real .zetbs, but we do not know whether they are, rational or irrational.

If all three.are.irrational, the best we can do is to find decimal approxima-.

tions.. But if at least one zero is rational, then we can obtain a function of.

t
reduced degree -- in this caseti'vadratic -- that will enable us to find the

exact ,Values Of the remaining zeros whether rational or irrational,

Ifthe function has a rational zero,:it will be of the form and by,

W the Rationalltbot Theorem the pOssibilities for p 'are ,;1' 1, + 2, t 7,+1,

and for q area 4, 6,-12. Thus, there appear to be a good Many.

values of to test as possiblereros of the. given function. But since. we

already know.something about the location of,t6.zeros, we need test. Only

those .possible rational. zeros E between 0 and 1, between 1 and 2, and
q

between -2 and -1, until a . zero. is found.

Now' the Possible ratipnal zeros between and 1 are

'
1 1 .1 .1 1 2 7

q ' 3 ' ' g ' .12, ' 3' 12

BY synthetic substitution, we find that f(2)'= 3.. Since f(CO 7 14 ,and.;

f(1) =+73,:'the zero lies between
2

eand 1. Hence, Wneed, not test the

values

7

-
3

, T- , , This is a good example of how the Location,

Theoie0 may'save us. unnecessary work.

1
Continuing, we know that the only possible rational zero betwen f and

2 7
l'; t,-

3.

or . Testing' these, we find that f(2) = 0, and we have'found'
12 3

the rational zero - By the Factor Theorem, ,x is a divisor of f(x),

and the quotient, obtained from the. synthetio substitutiOn of is

= 12x - 21.
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1

r000,;

the roots or

which: are r and.

.

12x 21.= 0,

Thus,t.lie zeros of the given polynomial are

Exercises A2-2

Find all raiiona1, zeros of. the polynomial functions in

and find as many irrational taros as you cab.

.1. (a) . x - 3x 2

(b) x 2x3 - 3x2 - 2x

la) X -4 x3 - 6x2 + 11x - 6

(b) x4 6x3 + 11x2 - 6x

3.:.(a) x x3 -.2x2 + 3x -

(b) x -) x4 - 2x3 + 3X2 - LIX

it (a) x 2x3 - x2 - 2x +`' 1

(b) x -0 2x4 - x3 - 2x2 + x

x -012x3 10x2 + + 21

x 3x
3

- 10x
2 + 5x + 4

7. x 4x3 - iox2 -4 5x + 6

8. x x4 - 2x3 - 7x2 + 8x + 12

9. x x4
8x

2
+ 16

10. ".'x
4

- 5x
3 + 5x2 + 5x - 6

11. x -3 + 3x4 5x3 15x2 + 4x + 12

12. x -0 3x4 - 8x3.41-28x2 + 64x -
1

3. 'Show plgebraidally that the equation x x

if n is..a real number such that Ini <

14. Find a cubic equation whose roots are -2, 1, and 3, (Hint: use the

Factor Theorem.)

Exercises 1

2

3'

n has no. real solution

12,

k



You-are familiar with the fact that for

-ax
2

+:bx.

-c .

Sidilar relationships exist between the. roots
. . .

'pol.knonnials Of,hifherlegree. The following. are

.Eherte relptiOnShips tor:third-degree pOlynothia18.

'15, Use the roots of the equation
given in Exercise 14 for each of the.

0-;

411.

Find the sum of 'the roots. Compare this result with the coefficient

t .0, the sum of the' roots is

the general quadrat.ic eq ation.

-
b
.- and the produ f he roots'
a

and thecoefhcients of

intended to illustrate

following Parts::

' (a)

of x obtained in Exercise 14.

qb) Find the sum of all.possible
two7factor.products of the roots. That

is., find (-2)(1) + (-2)(3) + (1)(3): Compare this result with the
. ,

.coeffiCient of x Obtained in Exercise 14.

.
(c) .Find the,product of the roots.

Comparethis result with the con-.

stant term obtained in Exercise 14.

16. If the roots of a.3rd-'degree polynomial equation are -2,

(a) the stun of the roots,

(b) the sum of all possible two-factor pr'ducts of the roots,,

(c) the product of the roots.

Using the. results of (a), (b), and (c), write a polynomial equ4tiOn
(d)

.

d 3,-

Of '3rd degree having the .given roots.

Check your results by using the 'Factor Theorem to obtain the equation.

Using theFactoi.
Theorem, write in expanded form a 3rd-degree polY-:

homial equation having the roots ri,.r2, and r3..

(b)' FroPithe result obtained in part (a),and from the fact that any.

.polynomial. of 3rd degree can be written in the form

a (x3 4' 2 x2

a
1

a
3

x+

.tind expressions for the coefficients

of the roots r and
1,

r
2'

r3.

3

a2 a1.

; ' 8
3

a

and
0 in terms

a3

18: Find the polynomial function; f of degree '
that 'vanishes (i.e., has

.2eros) at x = 1, and -4, and satisfies the condition "f(0) = 12.
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_La.. Number. of 'Zeros
. -

As a'reault, of your work with.polynomialS this- far,you may haVe the

impression that every - polynomial function. of degree n > 0 has exactly n

c 4

-zeros. This%la not qUite righti what we Must-say is that every such function .

has at most n zeroa. We have proved a theorem to this effect in Chapter 1..

Let ua exhibit a'polynomial
functicin for which the number of zeros is. less .

/

th he degree. The quadratic function-
,

.7 6x 9 =(x - 3)2

has, only one zero, namely 3. But since the quadratic has two identical

factors. x - 3 we 60 that the zero 3 has multiplicityltwo.

,We define the multiplicity of a zero r of a PolynoMial f to',be the

exponent of the highest power of x- r that divides fex)-. That is, if

f(x) = (x -*Ok q(x), k >

where: q(x). polynomial, and if, x -,,r does nOtdivide q(x), then r

;is a zero 901 f of Multiplicity k.

The proof of, the general theorem 'about the'numberof zeros of a poly-.

nomial function depends
onae.fact that every,suoh'function has at least one

zero. This fact,'Often.referred to as Gauss's Theorem,:isstated as followa:

THEOREM A2-3a. The Fundamental Theorem of Al ebra. Every polynomial function

of degree greater than zero has at 1.rxt one zero, real or complex.,

This is the simplest form of the Fundamental Theorem of.Algebra. '(Asia

matter of, fact, the theorem isgorrect even if some or all of the coefficients

of: the polynomial are complex=numbers.)r

The first known proof of the
thedrem waspublished by the great German

mathematician Carl Friearich Gauss (1777'- 1855) in 1799,. (Eric Temple Bell

has written-an interesting account of Gauss:, See World of Mathematics, Simon

and ScilualSer, 1956,, Volume 1,
pages 295-339, or ). T. Bell, Men of'Mathematics,:.

.0

Simon and Schuster,1,107, pages 218-269.) The proof was contained in gauss's

.doitoraldisseriation published when he was 22. A translation of his second

i5r68i...(1t6).is in 'A Source BoOkinMathematics, by bavid.Eugene Smith,) McGraw-
Awe

Rill:tePOk co.; 1929; pages 292-310..
Gauss gave a total'of four different

proofs of the theorem, the lapt in 1850. None of the proofs is ,sufficiently,

.:elemegtary.tO a4 given here: Ifyou.study.advanced mathematics in c011ege.

you may.learnaeveral proofs. You might now like to reapLthe proof in



,

Birkhoff and Mac Lane,:A.S4rVey Of'Modern Algebra, Macmillan, 1953, pages 107-

woriy if you do. not understand of it You inay. .stql enjoy

'-seeing what ,the mainideaof the procif is. (A pi.'oof is also given. in L. E.

Dickson, New. First 'Course .in the Theory of Equations.; John Wiley and Sons, .1>

1939.)

We are now ready, to, state :and prove the general theorem.

.THEOREM' A2-2b. .The General Form of

f 'be a polynomial function. of :

and at most, t" complex. zeros,

zeros ,is exactly n.

. .

ProOf. By Theorem. A2-2ay

call, the Factor Theorem) there

that

the: Funamental Theorem of Algebra. Let

0. Then f has s at least

and the sum of the multiplicities s'of tIre

f has at least one zero, say- r1.

a polynomial q(x) of degree nis

;f(x) ,-.= (x°- r
1
)9( ).

if n = 1, q is of degree zero and we

of q is -n - i and is positive. ,Thed by Theorem

Then ( re-

such

Alave finished. If n > 1, the degree
. ,

2-2a again,, q has at

least one, zero .r2 could .happen that r, = r1)
.

and

(.2) q(x) (x.-.r
2
)s(x),,

where e is. of degree n.- 2. Combining (1) and (2) gives 4,

5

E3)14
!(x) = (x - r

1
( r

2
)s(x),

If 'n = 2, 'then. .s in Equation (3) is of degree zero and we have

Otherwise, the process ,may be continued udtil we arrive at the final stage,..

(4) f-(x) = - r )(x
,,

r2) (x - r
n
)Z(x),..%

where the-degree of z ins n. = 0. Hence, zkox) 1.s a douLtant CotPari-
.

son of the expanded form OVEquation (4) with the.. e9ulIalent rform

4%
f

a.

(i.)
a

-1- ... + a
n-1'

tl-

-

finished.

shows that z(x) = an O. Hence,

f(x) = a (x r
1
)(x - r 2)( 5)
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Birkhoff and Mactan'e,.A Survey Of`Modern Algebra, Macmillan, 1953, pages 107-

109. Don't worry-: if you do not underStand all of it You may still, enjoy

'..seeing what; he main idea of the proof is (A pi-Oof is also given in L. E.

Dickson, NeW First. 'Course in the Theory of Equationp; John Wiley and Sons, N

1939)

We are now ready, to state and prove the general theorem.

THEOREM. A2-2b. .The General Form of theFunhamental Theorem of Algebra. Let

f .be a polynomial fudction of degres..;> 0. Then f has at least ,ontet:

and at most n complex zeros, and the sum of the multipricitiess.of tire

zeros .is exactly n.

ProOf. By Theorem. A2-2ay f has' at least one zero', say: r1. Then (re-
.

call, the Factor Theorem) there is a polynomial q(x) of degree n 1 such

that

;f(x),= (x°- ri)q(x)

If n = 1, q is of degree zero and we 11*ave finished. If n > 1, the degree .;

I!. . .

of q is -n - 1 and is. positive. ,Then"; by Theorem 2-2a again,. (1 has at

least one, zero . r2 (it could happen that, r, = r
1
) and

2

. (.2) ,--.
q(x) = (x -.r

2
)s(x),.

.,

,Nk - ,;\

where 5 is, of degree n - 2. Combining (I) and (2) g* res ,1.,

5 .

C3)14
f(x) = (x - ri).cx'- r2)s(x)

If n = 2, then s in Equation (3) is of degree zero and we have finished.

Otherwise, the process may be continued udtil we arrive at the final stage,,

(4) f(x) = ( - ri)(x - (x.- r
n
5z(X),

where the. degree of z n = 0: Hence, zk,g) is a con;:,tant. CoMPari-.

son of the expanded form Q %-Equation (4) with the. enuiiaient'form
. . . -

f(x) = a x
n +a x,r,

n-l 0'

shows that z(x) - an 0. Hence,

(5)
o

f(x) = a
t
(x - r

1
)(x - r2) (x -. )!
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-Now,Tif. we subititute any complex number, r different from r1, r2,
2'

.

in place of x in equation '(5), we get

f(r) = an(r
rl)(1. 2) :'

(r - 'r n)

Sinceevery factor is different. from zero, the product cannot be zero. Hence,

no number except rl, r2,: ..,,r is a zero of f,' and f has at moat n

5
Zeros;

Since' ltis poSsible'that some. of the .ri's may be equal, the number of

zeros of f..tay. be less than h. But Equation (5). shows that f has exactly

n .,:feetor of. the form x -.ri, and therefore tiie. sum of the mul4plicities..

ofthe zeros must be :n.

.
Example A2-38.,

f : x 0 x
5

+.x
4
-5X

3 ,
- X

2
+ 8x - 4

has zeros of multiplicity greater'than one. Find the zeros and indicate the

multiplicity,of each.

Since. the coefficient of the term of highest' degree is 1, we know that

any rational zeros of f must be integers that are factors of 4. (Refer to

Coioftary A2-2b.) Using synthetic substitution an0 the polynomial of reduced

,degree obtained each time 6 zero is found, we discover that 1 is a zero of
.

.

multiPlicityAhree and -2. is a zero of multiplicity two. Note that the sum.

. ..

of the' multiplicities is
five, which is also the degree of the giVen polypothial.

It may be helpf4 to .snow a practical 'way foi.-putting wn the synthetic

substitutions by which we:obtained the zerosland their multipl cities, This

is done 'in table A2-3.

.

Table A2-3

Finding the Zeros of f : x ---) x5 + x - 5x3 -, x2 + 8x -

'1 / -1 8 -4.. 114

2 -3 -4 4

1 2 . -3 -4 4 0

1 -3 -4 4

1 i 0 -4

1 3 0 -4 0
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.
The entries I, 2-,.:-3, -4 4. in the third row, .1,:3, 04--;4. in the

sixth row, and '1, 4,-4. .in the last row are coefficients of polynomiirls of
!

'.:degree:fOur, three,.and -WO, Z. bpeciiiiely. The quadratic UnCtiOn ,.

.x -vx + 4x. + 4 has ..,2-Yas:a Zero of multipliCity two since ..-.,,r'-

.

,:-

x2 +...4x.+.4 '....,Cx + 2)-

Thus, the zeros of are 1 (of multiplicity threebd -2

multiplicity two). C.

The graph:Of f. is ihOWn ib,Figure-A273a in order to giveyou some idea

of its:Shape in the neighborhood of the zeros -2. and 1 (points A and B).,



4

The FUndamentelTheorem of Algebra implies that the range 6f any =peon-.
.: . ,

statt.poiynomial function includezerO when itt domain is the set of all gpm.
. .

. , .

Plex numbers. The range does not always include zero when the domain is the
..:. .

Set of real numbers. Far example, if

f x -)y = x
2

+ 1,- x e R,

then the range of f is the set

y > 1).

When the domain of f is the set of complex numbers, and the' degree of

f is > 0., then its range is also the set of. all complex numbers. For,

'suppose that f is a polynomial of degree n > 0 and a + ib is any com-

.plex number. Then the equation

f(x) = a'+ ib

is equivalent to

(6) .
f(x)~ -a - ib = 04

This is.a Polynomial equation of degree n; hence", by the Fundamental Theorem.

.of Algebra, .Elquation (6) has a solution. That is, there exists at least one

complex nut* x that is mapped b f into .a +

f(x) a +.ib.

Moreover,there may be as many s n different numbers In the domain that

map.into + ib, and the sum of the m4ltiplicities'of the solutions of (6)

will be exactly n.

TheFundamental Theorem does not tell us how to find even one of the zeros

of f. It.just guarantees that they exist. The general problem of finding a

'.complex zero of an arbitrary polynomial is quite difficult.. In the 1930s the

SI1 telephone Laboratories built a machine, the Isograph, for solvingsuch-'

problema'When the degree is 10 or less. See The Isograph -- A Mechanical

Root- Finder, by R. L. DietZOld, Bell Labs Record 16, December, 1937, gage 130.

..Nowadays,/eIedtronic. computers are used to do this job, and many others.

Numerous applications of computeis in Science and industry are discussed in a

s.
series of articles in the book The Computing LaborPory in the University,'

University of Wisconsin Press, Madison, Wisconsin, 1957, edited by.Preston. C.

Hammer.

°

. .

*ThefolloWing quotation is taken from a book called Mathematics t.

andCotnuters,'bydleorge R. Stibitz acrd Jules A. Larrivee, McGraw-Hill Book

'Co., New York, 1957, page 37:-
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4 "There .is an.intereatingruse.for the roots of tha`'characteriatic.eqUa-

tiOnt of a vibrating systemin the dynialics of electromagnetic and mechanical

systems where many of the prOpertieiof amplifiers, filters, servos, airfoils,

and other devices must be
dete'rmined.:If'any.one of the complex roots of.

chatacteristic equation for syttembas. a positive real part,-the system

amplifiers 'Will hOwl, servos will'oscillate uncontrolla-

plY, and bridges.wiil
collapse und,ar'the stresses exerted by the winds. The

.

predication ofsUth behalli.ior, is
of.greatnimportanCe to.designers of the ampli-

thatbooSt your voice as itcrossee the country over telephone

and't#e sarVos that point guns at an attacking plane."

EXeAihes A2-3

. Assume. that the equations given below are the characteristic equations of

some mechanical or electrical system. According to the quotation from

,

Stib'itz and Larrivee, are the systems stable or unstable?

(a) x6 x2 + 2 .= 0,

(b) .1 x3 3x
2. 4x - 2 .

'('c) x3 + 3x2 + 4x -4-2 0,

- 2

.:(e) .x3 +,6x' + 13x + 10 = 0.

2. The following equations have multiple roots. Find them and, in each case,,

show that:the:sum of the
multiplicities of the roots equals the degree of

the polynOthial.

(a)

(b)

(c)

x34'-: 3x -'2 = 0,

x3"1,' 3x ; 2 0-,

4 w

.x + 5x
3
+ 9x

2
+ : 7 x 4 : . 2 = 0.

. Find the roots and
theirtultiplicities of each of the following equa-

iOns. Compare the solution*sets of the two equations.

+.4x14+ x3.- 10x2 - 4x .4- 8 = 0-

(b) -. 5x:3 - X2 + 8x - 4.= 0
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:A.number aystem.laaald to be algebraicalc,losedif, and, only if, every
I

polynomial. equitiOn of degree > 0, with coefficients in that:systemi"

hasa solution in that system. Which of the following number systeMs are,

not, algebraically closed? Give reasons POr your answers,and which are

(a) The.integera: -2, 0, 1, 2, 34 .

(b) The rational nuMbera.

(c) The real :numbers.

(d) The pure imaginary numbers'

(e) The complex1umbera.

You may-have heard that it yas,necessary for mathematicians,toAnvent

.

1T and other complex numbers in order to solve some quadratic equations.

?.

Do you-suppose that they needed to invent something that meght. be Called

-"super-complex" numbers to expreSs such things as 41/71, 647E, and so

on? Give reasons, for yoUr answers



luabw. 'that 4! q adratic equation

W' ax
2
+ bx + c.= 0,..a

has roots given'by the quadratic. formula

The' coefficients a, b, and c in-'(1) are here assumed to be real numbers.

The quantity under the radical in (2) is called the discriminant. Its Sign.

-detarmiiieSithe natu&of the roots of (1). The roots are

1.

real and unequal if b
2

- 'tat > 0,

(c)

^

real and equal if b
2

- itac = 0',

imaginaty if b.2 - Itac < 0.

.i:

Example A2-4a.: ..What are the roots of x + x + 1 = 0?

The toots are

-1 +
2

We notice that these roots are complex conjugates; that is, they have the

-form U 4- iv and u - iy, where

1
2u.=

2
- and v = .

u and v are.real. In this example,

Is it just: a coincidence .that these roots are complex conjugates? Lett.

us look at (2), 'Elruk suppose that 'a, b, and c are teal.numbers and that the

discriftinant is negative, say.t -d2. Thsn the roots of ax. + bx +

b.

+
4.( d a '1) ;444 d

2a .2a1
These are complex con

b, and c are:real..and .if. the roots of (1). are imaginary, then the

are complex conjugates,. -This
is..ttue of polynomials of any .degree, as we

,
shall' now 'prove. 4ic the following theorem, the letters a and b represent

.
the real and imaginary parts of a tomplex root of an equation of any degree,

and do not. refer to the coefficients in a guadvitic expression.)
. .

e = 0 are
4

tes. Thus, if a,

roots

4



THEOREM A2-4a. complex7con)Ugates Theorem. If f(x) is a polynomial with:

real coefficients, and if a + ib is a complex root of f(x) = 0, with,

imaginary part 'b 0, then a - ib is.alsba root.

(Another way of saying this is that if f(a ,+ ib) = 0, with a and :

b real and b / 0, then f(a - ib) = O.).

146 shall igivetwo proofs of this result.

First,Proof. The k-ay( to this proof isthe use of the quadratic polynomial

that is the TtOduct 'of z - (a + ib) 8nd x - (a = ib). We-show that it

divides . f(x)., We canthen conclude that f(a - ib) = 0, and we have com-

pleted the'prOof.

.Thus, 'let

(3) p(x) = [x - (a 4 ib)][x /0]

= f(x - a) - ibx - a) +,57-

Note that .p(x) is a quadratic polynomiipl with real coefficients., Now when .

a polynomial is'aivided by a quadratic, a remainder of degree less-than _2

obtained. Hence, if -f(x) is divided by p(x), we get a polynomial quotient

q(x) and a remainder r(x) = hx + k, possibly of degree 1 (but no greater),

.where h, k,. and all the coefficients of q(x) are'real, Thus,

(4)

This is an

(3), ga
(4), we get

identity

ib) = Q.

Since real and

(>)

and

(6)

.f(x)*= p(x) q(x) +.hx + k.

*
in x. ByilOpothesis, ,f(a + ib) .= 0, and from EqUation

Therefp'celi
we substitute 'a + ib for .x in Equation

a. 4 4,
e. .

C's4

hp 0 + ha + ihb + k.

imaginary parts

:
tql

'1Hil

Since b / 0 (Whir

.
.tion (5) gives. i

zero, and

(.7)

Since

.4 :* =r

- ib)

be 0,

+, k =

we have

4StIon'(6) requires that h = 0. Then Equa-

4isforeq4Wremainder hx + k in Equation (4) is

fromIquation (7) that

380.
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. ,
Second t6of. Lat.

(8) f(x) =ax a
ri

n
+

n -;1
xn-1 + +ex+a

1 0'

.
t-.

.

and suppose that f(a + ib) = 0. When v ubstitute a+ ib for x in

Equation (8), we can expand, (a + ib)2, a ..+ ib)3, and so on, by the Bino-
IF

)311111 Theorem. We can prove the complex - conjugates theorem, however, without

actually carrying out all of these expansions, if we observe how the terms

.0
.behave. Consider the first tew.powers of a + ib: I

(a + ib)1 = a + ib,

+ ib)2 = a
2

+ 2aib +
i2b2.

=.(a2 b2)
i(2ab),

+ ib)3
3a2ib TRI38(i2b2)

+ b
i3 b3

= (a3 3ab2) + i(3a2b - b3).

Now observe where b occurs in the abOve expanded forins. In thereal partsi

either 0,4 not occur at all; or it occurs only toleven powers. In the
/

imaginary parts, t: always- occurs to odd powers. This follows from the fact

that all even powers of i are real and all odd pow rs are imaginary. If we'

change the sign of we therefore leave the real art unchanged and change

/the sign of the imaginary part. Thus, if. f(a + ib = u'+ iv, then

f(a,-:ib) u - iv. But by hypothesis,

f(a + lb) = 0,

so that

add therefore

Hence ,e

u + iv =

u v

=. 0.

Example A2-4a. What.is,the degree of a polynomial function ':.of mini-

'.:,istu.p,'degree if '2 + i,1, and 3 - 2i are zeros of f?

not required that the coefficients of the polynomial be..real,

maytaice

f(x) = [x, (2 i)][x - l][x - (3 - 2i)]

= x3 (-6 t i)x2 + (13 - 2i)x + (-8 + I).

n this case,.thedegree of is 3. No polynomial function

can have:, 3 zeros, so 3. is the .answer. HowevA, if it is reqUired

coefficients of :f(x) real,th6.the:answer to the qUestion is

of lower degree

that the.
For
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then the cOnjUgateslof.2 + 1 and 3 -,21 must also be zeros of No

poinomialfunction Of degree less than 5 can have the 5 'zeros

.

, 2 + 1, 2- i, 1, 3.- 2i, 3 +°2i.

Brit

fx.! (2 +.011x -
IIIX - (3 - 2i)][x - (3 + 21))

is-a polynomial of degree 5, with real coefficients, that does have the

:
nUmberi. listed in (9) as its .zeros

Exercises A2-4

1. Multiply the factors in (10) abo/e to show that the expression does ha/

real.coefficients. W114, is the coefficient of x
4

in your answer?

What is the constant tern? Compare. these with the'sum and the product

of the zeros listed in (9).

2. Write a polynomial function of minimum degree that has 2 + 31 as a zero,

(a) if imaginary coefficilents are allowed,

(b) if the coefficients must be real,

3. Find aliroots.of the following equations:

(a) x3 - 1.= O.

('b). + i 0

(?c). x2 + .2x = 8 .

(d)

(e)'

(g)

x14 + 5x.
2

+ 4 = 0

x4 r 2x3 +'10x2 - 18x + 9 =

+ 2x5 + 3x
4 4x3+ 4x + 3x

2

2x5 + 3x
4

- 4X
3

+ 3x
2

0

+

-

2x + 1

2x + 1

= 0

= 0

4. What is the degree of the polynomialequation of minimum degree with

real coefficients having
2 + i, -2 + 1, 2 - 1, 3 + 1, -3 +1 as roots?,

.
Consider the set of numbers of the form a .4-11)& where a and b are

rational. Then a - b1 is called the cAjugate surd of a + Prove.

3 .;'the following theoreM on conjugate surds:

If f(x) is .a polynomial with
rational coefficients, and if

a.+ bit is .'a root of f(x) = 0, 'then. a b/ is also a root. (Note

that if u = vV = 0, and u and v are rational, then u = v =. O.

Otherwise, we could solve = - ,
.the.quotient of two rational

numbers.. 'But we know that if /5 irrational.).
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. . ,

. 'Find a polyhoiial with.rational coefkidients.and minimum degree having°

- 3 + at.a zero,

State and prove a theorem sfMllar to that in Exercise 5 above for numbets

.ofthe form at.b13. Is there a comparable theorem about roots of.the.

form a +, bAlf Give reasons for your ansWers.

Write i polynoMial funCtion of m4nimum degree that has -1 -and 3 - 2J

at zeros,. if.

. .(a) irrational coefficients. are allowed;

(b): the coefficients. must be rational.

9. Find a polynomial of minimum degree with rationai;coeffitients having

+ If as a; zero. ,

What is the degree bf a,polynOmial of minimum degree With (a) real, and

.

(b) rational coefficients having

(1) i + g as a zero?

(2) 1.+ i1' as a zero?

(3) 1 + if§ as a zero?
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. Find a polynomial with.raiional coeftidients,and minimum degree having'

3 + 2.g. aa.a zero.

V. State and prove a theorem sfmilar to that in Exercise 5 above for numbets

.oftheform at.biI. Is there a comparable theoremabout roots of.the.

form a +, bINI? Give reasons .for your ansWers.

Write i polynoMial funCtion of mknimum degree that has -1 -and 3 - 2I

as zeros,. if.

.(a) irrational coefficients, are allowed;

(b) the coefficients. must be rational.

9. Find a polynomial of minimum degree with rationai,coeffitients having

.10. -What is the degree of a.polynOmial of minimum degree with (a) real, and .

(b) rational coefficients having

(1) i as a zero?

(2) 1.+ if§ as a zero?

ig + 1i as a zero?
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